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A BRAIDED MONOIDAL (00,2)-CATEGORY OF SOERGEL BIMODULES

YU LEON LIU, AARON MAZEL-GEE, DAVID REUTTER, CATHARINA STROPPEL, AND PAUL WEDRICH

ABSTRACT. The Hecke algebras for all symmetric groups taken together form a braided monoidal
category that controls all quantum link invariants of type A and, by extension, the standard canon
of topological quantum field theories in dimension 3 and 4. Here we provide the first categorification
of this Hecke braided monoidal category, which takes the form of an Es-monoidal (oo, 2)-category
whose hom-(co, 1)-categories are k-linear, stable, idempotent-complete, and equipped with Z-actions.
This categorification is designed to control homotopy-coherent link homology theories and to-be-
constructed topological quantum field theories in dimension 4 and 5.

Our construction is based on chain complexes of Soergel bimodules, with monoidal structure given
by parabolic induction and braiding implemented by Rouquier complexes, all modelled homotopy-
coherently. This is part of a framework which allows to transfer the toolkit of the categorification
literature into the realm of co-categories and higher algebra. Along the way, we develop families of
factorization systems for (oo, n)-categories, enriched oco-categories, and oco-operads, which may be of
independent interest.

As a service aimed at readers less familiar with homotopy-coherent mathematics, we include a
brief introduction to the necessary oo-categorical technology in the form of an appendix.
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1. INTRODUCTION

1.1. Overview. Braided monoidal categories of representations, particularly quantum group repre-
sentations, serve as a powerful framework for understanding invariants of knots, links, and tangles. Via
skein theory [Wal06; BK01; MW12] or (relatedly) factorization homology [AF15; AFR18], such braided
monoidal categories are also at the heart of 3- and 4-dimensional topological quantum field theories,
such as those by Witten-Reshetikhin—Turaev [Wit89; RT91] and Crane—Yetter-Kauffman [CKY97].

Following the paradigm of [CF94], our work is motivated by the desire to construct higher-dimensional
TQFTs by categorifying these theories. To this end, we will provide a construction of a “categorified
braided monoidal category”, which we believe encompasses all the necessary data to form the basis for
future constructions of 4- and 5-dimensional analogs, respectively, of Witten—Reshetikhin—Turaev and
Crane—Yetter—-Kauffman theories of Lie type A, see also [MWW22; Str23] and references therein.

We begin our discussion in the decategorified context. The Reshetikhin-Turaev link invariants
[RT90] give an interpretation of the Jones polynomial [Jon85] in terms of morphisms in the braided
monoidal category of representations of quantum sls. In fact, all of the Reshetikhin—Turaev invariants
of type A are controlled via Schur—Weyl duality by a single braided monoidal category H, just as the slx
link polynomials are specializations of the HOMFLYPT link invariant. Recall for n € No := {0,1,2,...}
the Hecke algebra H,, which is a quotient of the group algebra over Z[¢*!] of the Artin braid group
Br,, for the symmetric group S,,. The braided monoidal category H consists of the following data:

(1) The objects are given by natural numbers n € Ny.

(2) The endomorphism algebra of each object n € H is H,,. All other hom-sets are trivial.

(3) The monoidal structure is given on objects by addition, i.e. m ® n :== m+n, and on morphism
as the map H,,, X H,, = H,,+, corresponding to the parabolic subgroup S;, X S, <= Sp4n-

(4) The braiding—a natural isomorphism m ® n — n ® m for each m,n € H—is given by the
image in Endg(m + n) :== Hp4p of the positive (m, n)-shuffle braid in Bry, 4.

In the pioneering work [Kho0O0], Khovanov defined a homology theory for knots and links that
categorifies the Jones polynomial, leading to a plethora of categorifications of many other polynomials
invariants; see e.g. [KhoO6b] for a survey. Despite the diverse flavors and contexts of these constructions
(e.g. involving perverse or coherent sheaves, matrix factorizations, symplectic geometry, Lie theory, and
diagrammatic calculus), these categorifications are all—whether explicitly, implicitly, or a posteriori—
shadows of a universal categorification involving Soergel bimodules [Soe92]; see [Str23]. Specifically,
there is a monoidal additive category Sbim,, of Soergel bimodules, which categorifies the Hecke algebra
H,, i.e. whose split Grothendieck ring is H,. Concretely, Sbim,, is a certain full additive subcategory
of the category of graded bimodules of the polynomial algebra R, = k[z1,...,z,] over a Q-algebra
k with each z; in degree 2. The Z-action by grading shift categorifies the Z[g™!]-action on H,,. The
image of braids in H,, can only be categorified to objects in the (monoidal) bounded chain homotopy
category K®(Shim,,) of Sbim,,, the so called Rouquier complexes [Rou06], see Section 2.2.

The natural next step is to assemble these categorifications into a “categorified braided monoidal
category”, in which categorified braid invariants can be seen as morphisms. Our main Theorems
A and B yield this as a consequence. Namely, they provide a braided monoidal 2-category H—more
precisely, an Eo-monoidal (2, 2)-category—which decategorifies to H upon taking Grothendieck groups.

(1) The objects are given by natural numbers n € Ny.

(2) The endomorphism monoidal category of each object n € H is K®(Sbim,). All other hom-
categories are trivial.

(3) The monoidal structure is given on objects by addition, i.e. m ® n := m + n, and on morphism
by a parabolic induction functor K®(Shim,,) x Kb(Sbim,,) — K®(Sbim,, ).

(4) The braiding isomorphism m ® n — n ®m is given by the Rouquier complex in K®(Sbim,, )
corresponding to the (m,n)-shuffle braid in Bry, 4.
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In fact, we go much further: we work in a homotopy-theoretic context based on higher algebra
in the sense of Lurie [Lur09; Lurl7] and construct a braided monoidal (co,2)-category' K2 (Sbim);
a truncation of which recovers the braided monoidal 2-category H described above. Explicitly, the
hom triangulated categories K?(Sbim,,) are replaced by stable co-categories K®(Sbim,,) of chain com-
plexes, chain maps and chain homotopies with the full hierarchy of higher homotopies. In contrast to
K®(Sbim,, ), using the stable co-categories K®(Shim,,) has an essentially advantage, which we crucially
use in the construction of K¢ (Sbim) and its braided monoidal structure. Namely, K® has a universal
property: It constructs the free idempotent-complete stable co-category on an idempotent-complete
additive category, see Section 3.4.

The braided monoidal (0o, 2)-category K _(Sbim) yields, in the spirit of Rouquier [Rou17], a suitable
derived setting for defining invariants not just of braids but also of braid cobordisms with their isotopies
and higher isotopies. Hints of such (coherent) braided monoidal 2-categories from link homology have
appeared in the literature, see e.g. [MR20]%.

A further motivation for such a derived setting, and for working co-categorically comes from TQFTs:
passing from the triangulated categories K®(Shim,,) to their underlying stable co-categories K®(Shim,, )
yields better finiteness properties. These finiteness properties can be essential for extending TQFTs
to manifolds of higher dimensions, and for ensuring that the resulting invariants are small enough
to have well-defined decategorifications. See [MWW23, Thm. 1.5 and § 4.7] for an example of this
phenomenon.

1.2. Monoidality theorem. Our first result is an upgrade of A to a monoidal (oo, 2)-category whose
hom-oo-categories are k-linear, stable, idempotent-complete, and equipped with a Z-action given by
the grading shift action on K?(Sbim,,).

To formulate the result, we let st; denote the co-category of small stable idempotent-complete k-
linear oo-categories®. Let sthZ be the oco-category Fun(BZ,sty) of such oco-categories equipped with
an additional compatible Z-action. Then, Day convolution? induces a symmetric monoidal structure
on stPZ and in turn on the oo-category Cat[stP%] of small co-categories enriched in stPZ in the sense
of Gepner-Haugseng [GH15].

Theorem A (Proposition 6.4.2). There is a monoidal (00, 2)-category K .(Sbim) with objects labelled
by natural numbers n € Ny and whose endomorphim oo-categories are the k-linear, stable, idempotent-
complete co-categories Kb (Sbim,,) of chain complezes of Soergel bimodules, with a Z-action by grad-
ing shift. More precisely, K2 (Sbim) defines an Eq-algebra in the symmetric monoidal co-category
Cat[stPZ].

The (o0, 2)-category K (Sbim) from Theorem A is constructed in Section 6 via certain enriched

variants of Morita (oo, 2)-categories developed in Section 4 following [Lurl7], see also [Haul7; JS17].

1.3. Braiding theorem. To motivate our main theorem, recall that braided categories of quantum
group representations do not exist in isolation: Rather, they come equipped with forgetful fiber functors
to the category of vector spaces, carrying representations to their underlying vector spaces. Likewise,
our monoidal (0o, 2)-category K2 (Sbim) from Theorem A comes equipped with a monoidal ‘fiber
functor’, see (6.9), more precisely with a morphism in Algg (Cat[st£%]) of the form

Hyoe: Kb .(Sbim) — stPZ.

3We refer the reader to Appendix A for a brief introduction to oco-categories.

2Indeed7 as mentioned in [MR20], such a construction “requires working in a suitable homotopical setting (Aco-
or oco-categories), and this creates technical complications for the full construction of a braided monoidal 2-categorical
structure”, also see [Roul9].

3Such oo-categories can be modelled by small pretriangulated idempotent-complete k-linear dg-categories [Cohl16].

4We stress the distinction from the pointwise symmetric monoidal structure; Day convolution uses the symmetric
monoidal structure of BZ.
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In particular, here sty plays the role of a 2-categorical version of the category of vector spaces. Hence
sthZ = Fun(BZ,st;) may be thought of as 2-vector spaces equipped with a Z-action. The Day con-
volution symmetric monoidal structure on sthZ may be interpreted as being the natural convolution
structure induced by thinking of these as 2-vector spaces graded by the abelian Lie group U(1) ~ BZ.°

Homwise, the functor Ho. is induced by the functors K*(Sbim,) — D(g, grbmody ) which send
chain complexes of Soergel bimodules to their corresponding objects in the derived oco-category of the
abelian category of graded R,-bimodules. They then act as morphisms in sthZ between certain stable
oo-categories of graded R,,-modules.

Theorem B (Corollary 8.2.2). There exists a unique braided monoidal (i.e., Eo-algebra) structure on

K? .(Sbim) € Cat[stP?] that enhances its monoidal structure and satisfies the following conditions.

(1) The fiber functor Hyo.: Kb (Sbim) — stPZ is braided monoidal.
(2) The braiding 1 ® 1 = 1® 1 in Kb _(Sbim) admits an equivalence with the Rougquier complex
F(o) € EndK;, (Sbim) (2) = K®(Sbimy) corresponding to the braid group generator o € Bry.

We emphasize that the uniqueness statement of Theorem B must be interpreted in the co-categorical
sense, where the notion of “unique up to unique isomorphism” from classical category theory is gener-
alized to the notion of being parametrized by a contractible co-groupoid.

We prove Theorem B in obstruction-theoretic terms, as explained further in Section 1.4. In fact,
Theorem B is a special case of a more general result, namely Theorem 8.2.1, that applies to a general
homwise additive 2-category (in place of Sbim) and a general stBZ-enriched oo-category (in place of
stP2).

The braided monoidal 2-category H is recovered in Remark 8.2.3 from the braided monoidal (o0, 2)-
category K% (Sbim) by taking its homotopy 2-category ho(K? (Sbim)) obtained by quotienting out all
3-morphisms, see Section 5.4, i.e. by applying Hj to its 2-hom-objects (which are objects of the derived
oo-category of k). This is the sense in which Theorem A and Theorem B enhance the 2-categorical
statement from Section 1.1.

1.4. Context and proof outline for the braiding theorem. Here we further contextualize Theo-
rem B while discussing key aspects of its setup and proof.

1.4.1. Braided monoidal 2-categories and their generalizations. The problem of finding the right defini-
tion of braided monoidal (even ordinary) 2-categories has a long history, going back to [KV94a; KV94b;
BN96], see [Sch09] for a survey. One motivation [BD95] was the construction of surface invariants in
4-manifolds, in particular 2-knots, just like braided monoidal 1-categories are related to link invariants.
A challenge hereby was the specification of the extra data required for a braiding on a 2-category, for
example with respect to the naturality of the braiding—which is not a property, but extra structure.

An even larger challenge is the construction of interesting concrete examples of braided monoidal
2-categories, at least as rich as the theory of braided monoidal categories built from quantum groups.
First hints of such a landscape came into view with the invention of Khovanov homology and its various
associated invariants of tangles and tangle cobordisms [KhoO6a]. However, the idea of extracting a
braided monoidal 2-category from these invariants, see e.g. [BL11], turned out to be hard. Indeed, this
idea drove the study of functoriality properties of categorified link and tangle invariants with respect
to tangle cobordisms. At the state of the art, the most well-behaved link homology theories assign
homotopy classes of chain maps to isotopy classes of tangle cobordisms. As discussed in [MWW22, § 6],
this is sufficient to satisfy the (classical) axioms for a braided monoidal 2-category in a toy model that
is combinatorial and discrete up to the level of 1-morphisms and truncated at the level of 2-morphisms.

5This is directly analogous to the classical situaton in which Rep(Z) ~ Fun(U(1), Vec) has two canonical symmetric
monoidal structures: a pointwise one, and one arising from Day convolution.
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It is however desirable to go beyond such a toy model, so that the 2-hom-objects are no longer just
sets or vector spaces, but are of a more homological nature: higher homotopies give invariants of higher
isotopies between braids and links. Indeed, systematically incorporating such higher homotopies in link
homology theories is also highly relevant beyond the goal of constructing an enhancement of a braided
monoidal 2-category, e.g. towards skein algebra categorification [QW21, Discussion after Conjecture
1.8], cabling operations [GHW22, § 1.3], as well as wrapping and flatting functors [GW23, § 6.4], [Eli18;
MMV24].

To formulate answers to such questions, the classical axioms for braided monoidal 2-categories are
no longer sufficient: For example the Rouquier complexes corresponding to braid group generators
satisfy the braid relation up to homotopy equivalence, [Rou06]. These equivalences must be provided
as additional data, which then should be subject to further coherence conditions, requiring higher
homotopies ad infinitum. Even worse, the compatibilities to be checked at each level quickly explode—
in both complexity and in number,—and hence become unfeasible beyond the first two well-known
stages of Reidemeister moves and Carter—Saito movie moves.

To be able to address these problems, we find it essential to work within the homotopy-theoretic
context of (00, 2)-categories, as explained further in the following.

The modern formalism of higher algebra, as in [Lurl7], offers a robust answer to the problem of
modelling braided monoidal structures in such a homotopical context: Namely in terms of the notion
of an Ey-algebra [BV73]. This notion applies in any symmetric monoidal oo-category V, and in the
(2, 1)-category of ordinary categories recovers the notion of a braided monoidal category by a folklore
result that we recover in Remark 7.7.7. Namely, an Es-algebra structure on an object V' € V consists
of a suitably compatible system of maps Conf, (R?) — Homy(V®" V) from configuration spaces of
points in R2. For example, a chosen basepoint of Confy(R?) selects a multiplication map V ®@ V L v,
and the generator of 7 (Confy(R?)) =~ Z selects a braiding isomorphism y — j o7 (where 7 denotes
the symmetry isomorphism in V). More generally, the requisite compatibilites as n varies collectively
encode the homotopy coherent associativity of p as well as its compatibility with the braiding.

To apply this formalism of Eq-algebras to describe a braiding on Kﬁ)C(Sbim)7 we use V = Cat[stPZ].
Spelled out, Cat[stP%] is the oo-category of stP%-enriched oo-categories, i.e. (oo,2)-categories whose
hom- (o0, 1)-categories are stable, idempotent complete, and equipped with a k-linear structure and an
action by Z, all appropriately compatible with the composition operations. Indeed, a sthZ—enriched
oo-category C € Cat[stPZ] has composition morphisms Home (cg, ¢1) ® Home/(cq, ¢a) — Home(co, c2) in
sthZ, where ® denotes the Day convolution symmetric monoidal structure on sthZ , rather than merely
functors Home (¢, ¢1) x Home (e, c2) — Home(co, c2): The tensor product in st2Z implicitly enforces
our desired compatibility.

Theorem A and Theorem B construct Kb (Sbim) as an Eg-algebra® object in Cat[stPZ]. In partic-
ular, its monoidal structure and braiding are automatically homotopy-coherently compatible with the
k-linearity and Z-actions on its hom-(co, 1)-categories.

To construct this Es-algebra structure, we take inspiration from the homotopy-theoretic machinery
of obstruction theory, in which context one often finds it (somewhat paradoxically) easier to prove a
stronger theorem. Specifically, we prove Theorem B by establishing not just the existence of an Eo-
algebra structure on the (0o, 2)-category K% (Sbim), but also its homotopy-theoretic uniqueness along

loc

with its compatibility with k-linearity, Z-action, and with the fiber functor Hy,.: KP _(Sbim) — stBZ.

6 Although Cat[stPZ] can be seen as an (0o, 3)-category (in fact it is self-enriched), the notion of an Es-algebra therein
only makes references to its underlying (oo, 1)-category.
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1.4.2. Higher-categorical notions of faithfulness and homotopy categories. To prove our main theorems,
we develop machinery to reduce the construction of algebraic structures on (0o, 2)-categories to corre-
sponding structures on their underlying ordinary homotopy categories, as well as higher-dimensional
variants. We outline some of these results, which might be of independent interest.

As a toy case, observe that given an co-category C, a full subcategory C’ is determined entirely by the
subset hoC’ of the set hoC of equivalences classes of objects in C that are contained in C’. Furthermore,
if C is endowed with some multiplicative structure (e.g. monoidal, braided monoidal, or symmetric
monoidal), then C’ inherits such a structure if and only if hoC’ inherits the resulting structure from
hoC.

Given an (o0, 2)-category C, we write h1C for the ordinary category obtained by first discarding its
noninvertible 2-morphisms and then passing to the homotopy category, i.e. taking my of its hom-spaces.
Moreover, we say that a functor between (oo, 2)-categories is faithful if it is fully faithful on hom-
(00, 1)-categories.” Then, analogously to the above situation, we show that a faithful functor ' — C
is determined entirely by their corresponding faithful functor h1;C’ — h1C. Moreover, we show that if
C is braided monoidal equipped with the faithful functor C’ — C, then endowing C’ together with a
(compatible) braided monoidal structure is equivalent to endowing hiC’ and hiC’ — h1C with such a
structure, see Corollary 5.5.5. The task of defining an Es-algebra structure on C’ therefore reduces in
such a situation to the task of defining a braiding (in the classical sense!) on its homotopy 1-category
hiC'.

In fact, we prove the above results in much broader generality: In Section 5, we study the notion
of n-faithfulness for functors between (oo, k)-categories, and show in Section 5.3 that they define the
right classes in factorization systems on Cat . k), Whose corresponding left classes are given by the
n-surjective functors, which are surjective on objects, and on parallel morphisms up to level (n + 1),
see Definition 5.3.1. Using the iterative definition of higher categories, Cat(o 1) = Cat[Cat (oo, x—1)];
we deduce this from general results that we prove regarding factorization systems on enriched oo-
categories in Appendix B.4, also see [Hau23] for related recent result. Generalizing the above, we
establish in Corollary 5.5.3 that for any n and any k, (n — 1)-faithful functors to an (oo, k)-category C
are equivalently determined by (n — 1)-faithful functors to its homotopy n-category.

1.4.3. The fiber functor. The fiber functor Hy.: Kfoc(Sbim) — sthZ on which Theorem B is built, can
be viewed as a categorified and graded analog of the forgetful functor from a category of quantum
group representations to Vec. Since its target stPZ is braided monoidal (in fact symmetric monoidal),
it is tempting to apply the machinery of Section 1.4.2 to obtain a braiding on K? (Sbim).

However, this does not work because the analogy with the classical situation breaks down in an
important way. In the classical setting, the fiber functor is faithful and monoidal, but in general not
braided. By contrast, our categorified fiber functor will be braided monoidal but not faithful (in the
sense of Section 1.4.2). This lack of faithfulness prevents us from directly using the reduction results
from Section 1.4.2. In Section 1.4.4, we will discuss a restricted version of the fiber functor that is
faithful, which allows us to leverage the results indicated in Section 1.4.2.

In the end, the non-faithfulness turns out to be an essential feature of our fiber functor. This feature
is what allows Hj,. and its source category K{’OC(Sbim) to be equipped with a non-symmetrically
braided monoidal structure, even though the target category st,’fZ is symmetric monoidal. A faithful
braided fiber functor would force the source category to be symmetric!

In the classical situation, the existence of a fiber functor arises from the fact that quantum group
representations are ultimately categories of modules for a quasitriangular Hopf algebra, which can be
recovered from the fiber functor via Tannakian reconstruction. We would be very interested to see an
application of Tannakian reconstruction to our categorified fiber functor.

"Beware that these are not generally inclusions of subobjects, i.e. monomorphisms, in Cat s 2), see Warning 5.3.9.



8 YU LEON LIU, AARON MAZEL-GEE, DAVID REUTTER, CATHARINA STROPPEL, AND PAUL WEDRICH

We expect our fiber functor to be important for future applications and computations. For instance,
the fact that it is braided may give a means of recursively computing all the algebraic data implicit in
the braided monoidal structure on K? (Sbim) on a cell-by-cell basis.

1.4.4. The prebraiding. Another key ingredient of our proof of Theorem B is the following;: Kfoc(Sbim)
is generated, in an appropriate sense, by a monoidal sub-2-category, restricted to which the fiber functor
to stPZ is faithful.

We begin by considering the sub-2-category® Sbim C K? (Sbim) described as follows: it contains
all the same objects, but on hom-objects we pass to the subcategories Sbim,, C K®(Sbim,,) of Soergel
bimodules (seen as complexes concentrated in degree 0). This is a monoidal sub-2-category: Soergel
bimodules are closed under parabolic induction.

Consider now the restricted fiber functor, i.e. the composite Sbim < K! (Sbim) — stB% of the
inclusion followed by the fiber functor. Here, we arrive at an interesting tension. While the fiber
functor K? (Sbim) — stB% is not faithful but (will be) braided, this composite is faihtful but not
braided: The braiding of KfOC(Sbim) does not restrict to one on Sbim. Indeed, Rouquier complexes
are typically genuine complexes, not concentrated in degree 0.

However, we now make a key observation: the (0o, 2)-category K% (Sbim) is obtained by applying
the left adjoint K® to the hom-objects of the (2,2)-category Shim. In this sense, Shim generates
K? .(Sbim), which suggests that the braiding of K? (Sbim) might be uniquely determined by its
values on Sbim. In fact, for each m, there is a full additive monoidal subcategory BSbim,, C Sbim,,
of Bott-Samelson bimodules (2.3) which generates Sbim,, under sums, retracts, and grading shifts.
These Bott—Samelson bimodules assemble into a sub-2-category BSbim C Sbim, which suggests that
the braiding of K{’OC(Sbim) might even be uniquely determined by its values on BSbim.

In order to explore this idea further, let us imagine constructing the braiding on the monoidal
(00, 2)-category K? (Sbim) of Theorem B by hand. This certainly requires, for every pair of objects
m,n € Ny, a braiding isomorphism m ® n = n ® m. Up to equivalence, this 1-morphism is already
determined by condition (2) of Theorem B: it must be given by the Rouquier complex for the positive
(m, n)-shuffle braid in Br,, 1, (see also Fig. 1). Of course, the braiding has to be natural: any complex
C € K®(Sbim,,), seen as an endomorphism of m € K% (Sbim), should “slide” along the m parallel
strands through the braiding by means of a specified homotopy equivalence (see Fig. 2), and likewise
for any C’ € K®(Sbim,,). In fact, the discussion in the previous paragraph suggests that it suffices to
specify these “slide” homotopy equivalences merely for objects C' € BSbim,,, € K?(Sbim,,).

We formalize such a specification through the key notion of a prebraiding on the monoidal functor
BSbim — K? (Sbim). We first describe such data in the simple setting of ordinary categories, i.e. in
the (2, 1)-category Cat: a prebraiding on a monoidal functor F': A — B between ordinary categories
consists of equivalences F(z) ® F(y) — F(y) ® F(x) that are natural in z,y € A and satisfy two ap-
propriate analogs of the hexagon axioms for braidings; see Definition 2.4.1. In particular, a prebraiding
on the identity functor id 4 is equivalent to a braiding on A. On the other hand, as we will see in Sec-
tion 1.4.5, in the oo-categorical context, a prebraiding is a much sparser structure. Still, a prebraiding
on a monoidal functor between (oo, 2)-categories involves a substantial amount of coherence data.

Inspired by the results of Section 1.4.2, as a core input to our proof of Theorem B we construct
a prebraiding on the ordinary monoidal functor hyBSbim < h; K} (Shim) in Section 2.5 whose pre-
braiding equivalence is given by the homotopy equivalence classes of the Rouquier complexes of positive
(m,n)-shuffle braids. This is based on explicit computations using the diagrammatic formulation of
Soergel bimodules, [EW16; EK10a]. Furthermore, this prebraiding is compatible with the fiber functor

thloc: thﬁ)C(Sbim) — SthZ.

8The reader should be warned that the inclusion Sbim — Klbo .(Sbim) is merely a faithful functor but not a monomor-
phism in Cat(, 2y, see Warning 5.3.9.
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Finally, having constructed such a prebraiding at the level of homotopy categories, it remains to
show that it lifts uniquely to a fully homotopy coherent braiding on K{’OC(Sbim) and on its fiber functor
Hioe: Kb (Sbim) — stBZ.

loc

1.4.5. Prebraidings via co-operads. To lift our 1-categorical prebraiding to braided monoidal structures
on (00, 2)-categories, we first generalize prebraidings themselves to this (oo, 2)-categorical setting.
We implement the notion of a prebraiding in the context of oco-operads as indicated in the diagram

ToRE, — AQE; — E; QE; L)Eg

thereof, as we now explain. For more details see Appendix A.8 and Section 7.

e As indicated in Section 1.4.1, we formalize the notion of a braided monoidal structure via the
notion of an Eq-algebra (with k-ary operations parametrized by Confy,(R?)).

e Much simpler is the notion of an [E;-algebra, which has k-ary operations parametrized by
Confj(R'). These spaces are discrete, and this oc-operad is equivalent to the ordinary asso-
ciative operad.

e The equivalence E;®E; =+ Ej is an instance of Dunn additivity. Hence, an Ey-algebra structure
is equivalent to two compatible Ei-algebra structures: Algg, (V) ~ Algg (Algg, (V).

e Whereas E; parametrizes (homotopy-coherently) associative and unital binary operations, by
forgetting associativity one arrives at the operad A,, which parametrizes binary operations
that are merely unital.

e The oo-operad Ts is a two-colored ordinary operad, and parametrizes pairs of pointed objects

A B € Alg]EO(V)9 together with pointed morphisms A EiN B, and A® A £ B, along with
pointed homotopies u(na ® (=)) ~ F ~ pu((—) ® n4) in HomAIgEO(V)(.A7 B). In particular, we
view a Ts-algebra as having not an underlying object but having an underlying morphism,
namely the morphism F. The map of oo-operads Ty — Ay corepresents the operation carrying
an As-algebra to the evident Ts-algebra with A =B and F = id4.

We define a prebraiding on an Ej-algebra morphism F' in a symmetric monoidal co-category V to
be a Ty-algebra structure on the correponding morphisms in Algg (V), or equivalently a lift of the
corresponding [1] ® Eq-algebra in V to a Ty ® Eq-algebra, see Section 8.1. In the context of ordinary
categories, we show in Example 8.1.2 that this notion coincides with the one described in Section 1.4.4.

1.4.6. From prebraidings to braidings. In Section 1.4.4 we outlined the construction of a prebraiding
on the monoidal functor hiBSbim < hiK?! (Sbim) between ordinary monoidal 1-categories, which
is compatible with the fiber functor hyHs. : th{’OC(Sbim) — hlsthZ. To complete the proof of
Theorem B, it remains to show that this admits a unique lift to a braiding on K% (Sbim) such that
the fiber functor is braided.

We prove this in steps, combining the machinery described above, as follows, see Section 8.

Applying a version of the techniques described in Section 1.4.2; it follows that our prebraiding on
h1BSbim — h;K? (Sbim) over hystB% lifts uniquely to a prebraiding on the (0o, 2)-functor BShim —
K? .(Sbim) over stPZ.

In order to proceed, we note a crucial property of prebraidings, see Corollary 8.3.7: given an ad-
junction F': C &2 D: G in which the left adjoint is symmetric monoidal, the data of a prebraiding
on an Ej-algebra morphism ¢ — G(d) is equivalent to the data of a prebraiding on its adjunct
F(c) — d. We use this to extend our prebraiding over st5% from one on BSbim — K% (Sbim) to
one on Shim — K{’OC(Sbim), and then we use it again to extend the latter to one on the defining
equivalence K? (Sbim) = K (Sbim).

loc

9A pointed object A is an object together with a morphism n4: 1y, — A, equivalently, an Eg-algebra. A pointed
morphism is a morphism that respect that pointing, equivalently, an Eg-algebra map.
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So, we have obtained a prebraiding, i.e. a Ta-structure on the identity morphism of K} (Sbim) €

Algg, (Cat[st£?] Jsti2). Because the identity morphism is invertible, this is equivalent to an Ay @ Es-
structure on Kf _(Shim) € Cat [sthZ]/sthz.

loc

A final task is to lift this A; ® E{-structure to an Eo ~ [E; ® E; structure. Recall that prebraidings on
identity functors between ordinary monoidal 1-categories, i.e. As ® Ej-structures in Caty, are precisely
the same as braidings, i.e. Es-structures. More generally, we show in Section 7.7 that As; ® K- and
Es-algebras agree in general (2, 1)-operads.

This observation applies to our situation due to a crucial truncatedness result regarding the endo-
morphism oo-operad of the object Kf (Sbim) € Cat[stP%] JstB- Namely, while we expect it to be quite
complicated in general, we prove in Corollary 8.4.4 that the maximal sub-co-operad in the image of its
E;-structure is in fact just a (2, 1)-operad. This suffices for our purposes since the map of co-operads
E; — Es is surjective on path components of mapping spaces.

Thus, our prebraiding on K{’OC(Sbim) over stfZ extends uniquely to an [Eq-algebra structure estab-
lishing our main goal.

After now having introduced the key ideas and concepts, we finish this introduction by giving an
outline of the organization of the paper.

1.5. Organization of the paper. In Section 2 we start by reviewing the basics of Soergel bimodules,
Bott—Samelson bimodules, and their diagrammatics. Next we proceed to the bounded homotopy
category of Soergel bimodules and discuss Rouquier complexes for braids. The homotopy equivalence
classes of bounded chain complexes of Soergel bimodules can then be organized into a monoidal 1-
category thf’OC(Sbim). In Section 2.5, we define the notion of a prebraiding and construct such
a prebraiding on the functor h1BSbim — h;K? (Sbim) that includes isomorphism classes of Bott—
Samelson bimodules into h1K? (Sbim). This requires explicit diagrammatic computations. Finally,
we relate the notion of prebraiding to centers and centralizers in Theorem 2.6.4, which will be important
for co-categorical aspects later on.

From Section 3 we move into the world of co-categories. Section Section 3 mostly recalls and col-
lects results from [Lurl7]. We begin in Section 3.1 by reviewing various colimit completion procedures,
such as the Ind-completion under filtered and the P>-completion under sifted colimits, and symmetric
monoidal structures on oo-categories with certain colimits (and functors preserving those colimits).
Next, we recall the notion of compactly/projectively generated oo-categories in Section 3.2. Further-
more, in Proposition 3.2.8, we show that Ind gives an equivalence between small idempotent-complete
oo-categories with finite colimits, and presentable compactly generated oo-categories. Similarly, P>
gives an equivalence between small idempotent-complete co-categories with coproducts, and presentable
projectively generated oco-categories. We review the theory of additive and stable co-categories in Sec-
tion 3.3 and give an oco-categorical interpretation of a process that is ubiquitous in the categorification
literature: passing from an additive category to its bounded chain homotopy category, in Section 3.4.
In particular we show as Corollary 3.4.10 that for a small idempotent-complete additive 1-category A,
the stable co-category K°(A) of chain complexes in A is the free stable co-category on .A. We introduce
the oo-category of graded k-modules and review their Day convolution symmetric monoidal structures
in Section 3.5. Lastly, in Section 3.6 we review the theory of derived oo-categories developed in [Lurl?7,
§ 1.3] and prove as Proposition 3.6.9 that the module co-category of a discrete graded algebra is the
derived oo-category of graded modules.

In Section 4, we define the co-categories addkB Z and s of additive and stable k-linear co-categories
with a Z-action, as well as their self-enrichment. Furthermore, we construct full symmetric monoidal
enriched subcategories Mor™#7PJ(mod#) and DMor"8 P (modZ) of addg” and stP% respec-
tively, whose objects are labelled by flat discrete graded k-algebras, and whose enriched homs are given
by (chain complexes) of discrete graded bimodules satisfying suitable finiteness condition. These Morita

BZ
tk
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categories facilitate our homotopy coherent construction of the Soergel (2, 2)-category in Section 6. We
begin in Section 4.1 with a review of morphism objects in various module categories as well as the
self-enrichment of presentably symmetric monoidal co-categories. In Section 4.2, we define addkBZ and
sthZ as well as the symmetric monoidal left adjoint K® in the graded-linear context. Concerning grad-
ings, we prove in Section 4.3 an oo-categorical version of the familiar equivalence between categories
enriched in graded modules and categories with an action of a monoid.'” To finish the section, we
construct the desired enriched Morita categories Mor®"8"=P™J(mod?) and DMor@"&" =Pt (1n0d#) in
Section 4.5.

In Section 5, we enter the world of (0o, k)-categories. The purpose of this section is to introduce and
study various factorization systems on the co-category of (oo, k)-categories. We prove as Theorem 5.3.7
the existence of the (n-surjective, n-faithful) factorization system on Cat (o 1), generalizing the familiar
(surjective-on-objects, fully-faithful) factorization system on 1-categories. Furthermore, we define the
homotopy n-category functor and prove as Theorem 5.5.2 that (n — 1)-faithful functors into a (oo, k)-
category C are controlled by its homotopy n-category h,,C. This is crucial in both the construction of
the Soergel (2,2)-category in Section 6 as well as reducing braidings to prebraidings in Section 8. We
begin in Section 5.1 with a quick recollection on the basics of (0o, k) category theory. In Section 5.2, we
recall the familiar (n-connected, n-truncated) factorization system on the oo-category of spaces. We
then proceed in Section 5.3 to inductively define the classes of (n-surjective, n-faithful)-morphism and
prove as Theorem 5.3.7 that they form factorization system. Lastly, we define the n-homotopy category
functor in Section 5.4, state Theorem 5.5.2 (regarding faithful functors and homotopy categories) and
its consequences in Section 5.5, and prove Theorem 5.5.2 in Section 5.6.

In Section 6, we define the relevant higher categories of Bott—Samelson bimodules and (chain com-
plexes of) Soergel bimodules. We construct the monoidal (2,2)-categories BSbim in Section 6.1 and
Sbim in Section 6.2, whose hom categories are the categories of type A Bott—Samelson and Soergel
bimodules, respectively. By construction, Sbim carries all the desired extra structure such as local
k-linearity and Z-action. In Section 6.3, we verify that the hom-categories of Sbim indeed agree with
the categories Sbim,. To finish the section, and to prove Theorem A, we construct in Section 6.4
the monoidal (0o, 2)-category K2 (Sbim) whose hom categories are stable co-categories of chain com-
plexes of type A Soergel bimodules, together with all its structure, and define the fiber functor H,.
from K% (Sbim) to st2Z in Section 6.5.

In Section 7, we introduce the operadic machinery necessary for constructing the braiding on the
monoidal (0o, 2)-category K2 (Sbim). In particular, we formulate prebraidings using the language of
oo-operads and prove as Corollary 7.7.8 that braidings and prebraidings coincide when the ambient
symmetric monoidal co-category (and more generally oco-operad) is suitably truncated, generalizing the
well-known statement that an [Es-algebra structure on a 1-category is the same as a braided monoidal
structure. We extensively use Lurie’s theory of co-operads [Lurl7, § 2] and refer the reader to Appen-
dix A.8 for an overview.

After a quick recollection on unital cc-operads in Section 7.1, we construct the Ty and Ay operads,
which are the main players of this section, in Section 7.2. After defining a relative version of To
structure in Section 7.3, we review the oco-categorical versions of centralizers and center [Lurl7, § 5.2]
in Section 7.4. Using the theory of centralizers, we prove as Corollary 7.4.15 that Te-structures are the
oo-categorical generalization of the notion of prebraiding. We construct the (n-surjective, n-faithful)
factorization system on oco-operads in Section 7.5 and prove a surjectivity result in Section 7.6. In
Section 7.7 we prove Corollary 7.7.8 (concerning prebraidings and braidings), which is the main result

100n the level of ordinary 1-categories, this statement is usually implicitly assumed in the literature on Bott-Samelson
and Soergel bimodules and crucial when passing between algebraic or Lie theoretic definitions and diagrammatical versions
of these important categories.
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of this section. Finally, in Section 7.8 we end with an easy but useful result regarding lifting maps of
algebras.

In Section 8, we finally prove Theorem B. After defining the spaces of braidings and prebraidings
in Section 8.1, in Section 8.2 we state our main Theorem 8.2.1, an abstract theorem about lifting
prebraidings on homotopy 1-categories to braidings, assuming the existence of a fiber functor. We
expect this theorem can be used to build braidings on other interesting (oo, 2)-categories. Applying
Theorem 8.2.1 to the prebraiding on h1BSbim — h1K? (Sbim) constructed in Section 2, we prove a
precise version of Theorem B as Corollary 8.2.2. The remainder of the section is concerned with the
proof of Theorem 8.2.1. The space of braidings is shown to be equivalent, through a series of reduction
steps, to spaces of prebraidings in progressively less-structured situations, terminating in a set (rather
than a space) of prebraidings between the homotopy 1-categories. Assuming various truncatedness
conditions, we prove those reduction steps are equivalences in Section 8.3. Finally, in Section 8.4 we
prove those truncatedness hypothesis and complete the proof of Theorem 8.2.1.

In Appendix A, we provide a leasurely introduction to various aspects of co-categories and higher
algebra.

In Appendix B, we review the theory of factorization systems on co-categories and prove a num-
ber of ways of obtaining new factorization systems from existing ones, with a focus on presentable
oo-categories. In particular, we prove two important results for constructing factorization systems,
Theorem B.3.1 (concerning algebras over co-operads) in Appendix B.3 and Theorem B.4.1 (concerning
enriched oo-categories) in Appendix B.4.
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2. A PREBRAIDING ON THE HOMOTOPY CATEGORY OF SOERGEL BIMODULES

2.1. Review of Soergel bimodules and diagrammatics. We let k denote the rationals Q or, more
generally, a commutative Q-algebra. We consider the k-linear monoidal categories Sbim,, of Soergel
bimodules for the symmetric group S, acting on its natural representation. In this section, if not
specified otherwise, categories mean ordinary categories (in contrast to oo-categories used later) and
functors mean ordinary functors. For a fixed nonnegative integer n, let R,, = k[x1, o, ..., z,] denote
the polynomial ring over k in n variables viewed as polynomial functions on h* = (k™)* in the standard
way. Permuting the basis vectors of k™ induces a left action of the symmetric group W = S,, on
R,, such that the simple transposition s; = (i,7 + 1) acts by swapping the variables z; and ;1.
Denote &; = x; — x;41 for 1 < i < n — 1. Then restriction to the span of the &;’s gives the usual
geometric representation of W viewed as the Coxeter group generated by the simple transpositions.
For any subgroup G of W let RS be the subalgebra of G-invariants in R,,. In case G = (s;) for some
1 <i<n—1we abbreviate RS = R!. We will view R, as a graded (by which we mean Z-graded)
algebra by putting the generators x; in degree 2. Note that R! is a graded subalgebra and we have a
canonical, grading-preserving decomposition

(2.1) R, = R, © &R ~ R’ @ R (2)

as graded R!-bimodules. Here and in the following we denote for j € Z and a graded (bi)module
M = ®;ezM; by M({j) the graded (bi)module which equals M as (bi)module but with the grading
shifted up by j, i.e. M(j); = M;_;. The grading shifting functors (j), j € Z equip the category of
graded (R, R;,)-bimodules for fixed n,m with an action of the group Z.

By a graded k-linear category'! we mean a category enriched in Z-graded k-modules. As an example
we can take as objects graded R,,-bimodules with all R,-bimodule maps, denoted Hom®". In this case,
the grading shift functors are compatible with the grading on morphisms as follows:

(2.2) Hom® (M (k), N (1)) = Hom® (M, N){l — k)

Definition 2.1.1. The graded k-linear category of Bott—Samelson bimodules for R,, is the graded
k-linear full subcategory BSbim&' of R,-bimodules given by all graded R,,-bimodules of the form:

(2.3) Bi(j) == R ®pgei, R@poip_, - Qpeiy R{j — k)
for R = R,, j € Z and some i = (ig,ix_1,---,i1) € {1,2,...n — 1}*¥ with k € Ny, including the
bimodules R(j) in case k = 0. In the case k = 1 we also abbreviate:
B; := R®ps: R(—1)

Using this shorthand, (2.3) may also be expressed as:
(2.4) B;i(j) ~ B;, ®r Bi,_, ®r - ®r By, (j)
Definition 2.1.2. There are two common variations of Definition 2.1.1:
(2.5) BSbim,, « BSbim# ~» BSbim,

e Namely, BSbim,, is the k-linear (but no longer graded k-linear) category obtained by restricting
to the degree zero part of the morphism spaces. We call this the degree zero subcategory.
(In the language of enriched category theory, this is the underlying category of the category
enriched in graded vector spaces; it inherits the linear structure.) By remembering the Z-action
by grading shift functors, all other homogeneous components of morphism spaces in BSbim%"
can be recovered from (2.2).

HNote that this is not the same concept as a k-linear category that is also graded by a group.
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e Alternatively, one can consider the graded k-linear full subcategory BSbimir on unshifted Bott—
Samelson bimodules Bj, i.e. where j = 0 in (2.3). From this category one can reconstruct the
morphism spaces between shifted Bott—Samelsons, that is all objects in BShim%', again via
(2.2).

We refer to [MOS09, (2.1)] for a discussion of these essentially equivalent ways of handling graded
k-linear categories.

The version BSbim&" in Definition 2.1 is the most flexible one, but with one caveat: when making
statements about isomorphism, idempotents, and categorical constructions such as (co)products, we
tacitly require that the structure morphisms are of degree zero, see e.g. (2.1), i.e. we work in the
underlying category. For this reason, we will henceforth almost exclusively work with BSbim,,. The
only exception is Section 2.5, where we use the version BSbimir to connect to the diagrammatic Hecke
category.

Remark 2.1.3. As defined, BSbim,, is a monoidal full subcategory of the k-linear category of graded
R,,-bimodules and grading-preserving bimodule maps, with tensor product — ®gr, —. More precisely,
since each B; is free of rank 2 as a graded R,-module from the left and from the right, all objects of
BSbim,, are finitely generated graded-projective'” R,-modules from both sides and the tensor product
coincides with the derived tensor product.

Definition 2.1.4. The monoidal k-linear category Sbim,, of Soergel bimodules for R,, is the Karoubian
closure, that is the smallest additive idempotent-complete full subcategory of graded R,-bimodules
containing BSbim,,.

For later use, we also record how Bott—Samelson and Soergel bimodules for various n can be related.

Definition 2.1.5. Given a,b,c € Ny let j,|. = jglcz Ry — Ryip+c be the algebra homomorphism given
by x; — Z;yq. Given an R,,-bimodule M and an R,-bimodule N, the tensor product M ®; N is an
R, ® R,-bimodule, hence an R, ,-bimodule via the isomorphism jo|, ® jy,0- We call this functorial

operation parabolic induction.

It is straightforward to see directly from Definition 2.1.1 that Bott—Samelson bimodules are sent
to (bimodules isomorphic to) Bott—Samelson bimodules under parabolic induction. To distinguish the
two kinds of tensor product, we will use the convention:

01 := ®pg, : BSbim,, x BSbim,, — BSbim,,
X := ®: BSbim,, x BSbim,, — BSbim,,,,

and write f oy g: M — P for the composition of morphisms f: M — N, g: N — P in BSbim,,. We
use the same notation for Sbim,,.

The symbols o3, 07 and K are meant to foreshadow that these operations should form the 2- and
1-morphism composition and the tensor product in a monoidal bicategory, see Remark 2.3.3.

2.2. Review of Rouquier complexes.

Notation 2.2.1. For any k-linear category C with zero object, we write Ch® (C) for the k-linear category
of bounded (on both sides) chain complexes in C, with chain maps as morphisms. If C is additive (and
thus has a zero object) or equipped with a Z-action, then so is Chb(C). If C is additive and equipped
with a monoidal structure compatible with @, then this is inherited by Chb(C). There is a natural
notion of homotopy between chain maps and the nullhomotopic chain maps form a k-linear (monoidal)
ideal.

12By a finitely generated graded-projective A-module for a graded algebra A we mean an A-module that is a retract
of a finite direct sum of grading shifts of the rank 1 free A-module along grading preserving maps.
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Definition 2.2.2. The quotient of Chb(C) by the nullhomotopic chain maps is the chain homotopy
category K®(C). An isomorphism between objects of K*(C) is called a chain homotopy equivalence. '*

Definition 2.2.3. For n > 2 we denote by Br,, the braid group with (Artin) generators o;, 1 <14 < n—1.
Given a generator or its inverse, we will consider the following complexes in Chb(Sbimn):

3

(2.6) F(o;) == <o — B ™ R(—1) — 0) . F(o;h) = (o — R(1) % B; — 0)

Here the underlined part is in homological degree zero, m is induced by the multiplication map B; =

R®psi R(—1) — R(—1), and A is the bimodule map determined by 1 — 2, ®1—1®x;11. An expression
B = o;---o;" with e; € {£} is called a braid word with corresponding braid element § € Br,,. The

word is positive if ej=1for 1 <j <r. Given 3 define
F(B) = F(Jfll) oy ---01 F(of")

Tr

where we make use of the horizontal composition Chb(Sbimn) (given by the obvious extension of
o1 = ®g). By convention, the empty braid word gives F'(0) = R.

The complexes F(3) are called Rouquier complexes. They were first thoroughly studied by Rouquier

who proved in [Rou06] that, up to canonical homotopy equivalence, these complexes are independent
of the chosen braid word representing 3. More precisely the following holds:

Theorem 2.2.4 (Rouquier canonicity). Let ﬁl and QQ be braid words representing the same braid 3,
then there exist homotopy equivalences

vg,.p,: F(B)) = F(B,)

which form a transitive system, i.e. if é} s a third braid word representing the same braid, then

wéQ’ég 02 ,(/Jél’éz ~ '(/Jé1’§3.

If moreover é’l, é; are braid words representing another braid 3’ then we have
2.7) Vs,8,.8,8, ~ V8,8, °1 Vg, 8,

This rephrasing of Rouquier’s results from [Rou06] is a slight strengthening of [EH17, Prop. 2.19].
As a consequence we may abuse notation and write F'(8) instead of F'(f3).

Corollary 2.2.5. The Rouquier complexes F(B3) are invertible objects in the monoidal category K®(Shim,, ).

Remark 2.2.6. Forn > 2 and R = R,, as above and w € S,, we let R, denote the graded R-bimodule
which is isomorphic to R as left R-module and with right-action twisted by w: i.e. r € R acts on Ry,
from the right as multiplication by w(r). We emphasize that for non-trivial w, this R,-bimodule R,
is not an object of Shim,,.

However, for 1 < i < n—1, the bimodule morphism R, (1) — B; determined by 1 — 2, ®1 - 1®uz;
induces a quasi-isomorphism R, (1) — F(0;). Likewise, the multiplication map B; — R, (—1)
determined by 1® 1+ 1 induces a quasi-isomorphism F(o~!) — R, (—1).

Up to a grading shift, the generating Rouquier complexes, and more generally, the Rouquier com-
plexes of positive resp. negative permutation braids, can hence be identified with permutation bimod-
ules upon proceeding to the derived category D?(ggrbmodpy) of graded R-R-bimodules. To obtain an
interesting (non-symmetric) braiding, it is thus essential to work up-to-chain-homotopy, rather than
up-to-quasi-isomorphism. Nevertheless, the comparison with permutation bimodules is important in
this paper and the grading shifts in the following definition are motivated by it.

13The chain homotopy category Kb(C) is often just called ‘homotopy category’; we here reserve the latter term for
the more general construction of a 1-category from a higher category, see Definition 5.4.11.
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Definition 2.2.7. For m,n > 0, we define the braiding complexes:

(28) Xmﬂl = F((Un . 01) . (Ui+n—1 . Ji) . (Um+n—1 .. Jm))(fmn>
(29) X;n,n = F((O-le T G;il-n—l) e (Ui_l e Ui_Jrlmfl) e (0-1_1 e O-r:zl))<mn>
The braiding complexes X, , (resp. X, ) will be called positive (resp. negative) cabled crossings

complexes or just cabled crossings, since the underlying braids are cabled crossings.

The braids appearing in the special cabled crossings Xy, 1, an,h X1,n, and X{m will be called
Coxeter braids, since they are braid versions of Coxeter words, see the illustrations in Figure 1 (as for
functions, we compose functors and read diagrams from right to left. The Artin generator o; acts on

the é-th and (¢ + 1)-th strand from the bottom.).

7N )
///, \\\, //7 /
— N/~ \~ |
_ ~ K

FIGURE 1. Cabled crossings Xo 3, X3 ,, and Coxeter braids X 4, X7 4.

Lemma 2.2.8. Cabled crossings are built from Cozeter braids. For m,n > 0, we have
Xonn 2 (X1n W1 _q) 0101 (o1 X, W 1) 01201 (1o KX 5)
£ (11 WX pa)or 01 (LiKX,, 1 ®1,—1-5) 0101 (X1 KW 1,1)

Xn =1 ®RX), oo (LLRX), B, 1 )o0;---01 (X, M1, 1)

h.e.
>~ (X]/_,n X 1m—1) 01 +++01 (1m—l—i X X{,n X 17,) 0101 (1177,—1 X X{,n)

Proof. The isomorphisms hold by associativity of o;. The homotopy equivalences come from applying
braid relations, see Theorem 2.2.4. O

2.3. Isomorphism classes of Soergel bimodules. We have already seen concrete hints that Soergel
bimodules for symmetric groups form a monoidal bicategory and in Section 2.5 we will see elements of
a braiding on the homotopy category. The rigorous construction of the braiding will be carried out in
an oo-categorical setting later, but it requires a coupling to the classical setting here to enable a few
critically important computations. The optimal handover point between these two worlds turns out to
be one categorical dimension lower than we have been working in so far. In this section, we prepare
the descent to this common ground from the classical side.

Definition 2.3.1. We let hiBSbim denote the 1-category, whose set of object is Ny and whose mor-
phism sets between objects n, m are

hoBSbim,, =
(2.10) Homyp,, Bsbim (1, m) = { {8} . Z;A Z

where hoBSbim,, denotes the set of isomorphism classes of objects in BSbim,,, and whose composition
of morphisms n — n is induced by the monoidal structure ®pg, of BSbim,,. The category hiBSbim
admits a monoidal structure with monoidal product X: hyBSbim x h{BSbim — h;BSbim defined on
objects by n X'm = n 4+ m and on morphisms using parabolic induction:

(2.11) ho®: hoBSbim,, x hoBSbim,, — hoBSbim, ..
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The currently ad-hoc notation h; will be justified later in Corollary 6.1.3 when we pass to oo-
categories.

Definition 2.3.2. Let h;K! (Sbim) be the monoidal 1-category whose objects are n € Ny and the

loc
morphisms between objects n, m are

hoK®(Sbim,, n=m
(212) Homthf’oc(Sbim) (TL, m) = { {8} ( ) " ?é m

The monoidal product is induced by parabolic induction on chain complexes of Soergel bimodules
and again we have Z-actions on the morphism sets, inherited from grading shifts of bimodules. Since
the inclusion BSbim,, — K®(Sbim,,) of Bott-Samelson bimodules as chain complexes concentrated in
homological degree zero is compatible with parabolic induction, this defines a monoidal functor

(2.13) hiKioe: hiBSbim — hy Kb _(Sbim).
In fact, this intertwines the Z-actions on morphism sets.
In Corollary 6.4.3, we match (2.13) with its co-categorical version.

Remark 2.3.3. We leave it to the reader to check that the involved categories are monoidal as claimed.
The conceptual reason behind this is that these categories are the shadow of monoidal bicategories in the
sense of [Bén67] (the objects are the same, but morphism categories are given for instance by K®(Shim,, )
instead of the sets hoK?(Sbim,,) in (2.12)). Although these monoidal bicategories play an important
conceptual role in represention theory and quantum topology, see e.g. [EW16; HRW21a; HRW21D],
the construction of the monoidal structure has not yet appeared in full detail in the literature. In the
world of co-categories we will obtain an analogous construction in Section 6.

Definition 2.3.4. Given a graded algebra A, we call an object of the derived category D(grmod 4) of
graded A-modules graded-perfect if it is quasi-isomorphic to a finite chain complex of finitely generated
graded-projective A-modules (see Footnote 12).

Let hyDMorP°Y 8" =Perf (116d%) be the symmetric monoidal 1-category whose objects are the graded
algebras R,, = k[x1,...,2,] for n € Ny and whose morphism sets between algebras R,, and R,, are
given by the set

hoD (g, grbmodp, ) gropert
of isomorphism classes of objects in the derived category of graded R,,—R,,, bimodules which are graded-
perfect as right (i.e. R,,-)modules; composition is the derived graded tensor product over the respective
polynomial algebras. Similar to Definition 2.1.5, the monoidal structure is given by the derived graded
tensor product ®£ over the ground ring k, under the identification R,, ®£ Ry~ R, ®x Ry, ~ Ryt

Definition 2.3.5. We define the monoidal functor
(2.14) hiHioe: hiKE (Sbim) — hy DMorPo -8 =Perf (16d%),

loc
which takes an object n to the polynomial algebra R, and a chain homotopy equivalence class of
a chain complex of Soergel bimodules to the corresponding quasi-isomorphism class of complexes of
graded bimodules.

The notation hy Hyoe will be justified in Corollary 6.5.4, the notation Hj,. indicates ‘taking homology
at 1-morphism level’.
Our first main result is the construction of a prebraiding structure on (2.13).

Remark 2.3.6. In the oo-categorical setting, we will replace hy DMorP®¥ 8" =P (1110d%) with a more
natural target category with less restrictions on objects. Namely, the category thMorp"ly’grfperf(mod%)
is a full symmetric monoidal subcategory of the category hyDMor™" & =Pt (116d%) whose objects are
arbitrary flat graded algebras, and morphims are isomorphism classes of right-graded-perfect derived
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bimodules between them. By passing to module categories over these algebras, this can in turn be
realized as a full subcategory of the category hlsthZ of stable k-linear categories with a Z-action and
equivalence classes of k-linear exact Z-equivariant functors between them. In the next sections, we
will lift the composite functor kiKY (Sbim) — hyDMorPY &Pt (mody) — hystP? to a functor of
(00, 2)-categories.

2.4. Prebraidings. As we will see, the cabled crossing complexes from Definition 2.2.7 supply part of
the data of a braiding on (an oco-categorical version of) chain complexes of Soergel bimodules. What
these complexes themselves do not yet encode is the naturality of the braiding—informally speaking,
how chain complexes of Soergel bimodules slide through cabled crossings up to coherent homotopy.
To capture the naturality of the braiding, we start with a threefold simplified situation: we only aim
to slide bimodules (instead of complexes thereof!) through cabled crossings and in fact only Bott—
Samelson bimodules, and even simpler, it will be enough to do this on the level of isomorphism classes.
To this end, we introduce the crucial notion of a prebraiding.

Definition 2.4.1. Let A and B be monoidal 1-categories, with monoidal product denoted by X in
both cases and with associators b, , . in B. A prebraiding 8 on a monoidal functor F': A — B consists
of the data of isomorphisms

F(z)®F(y) 2% Ply) R F(z) VYa,ye A
that form a natural transformation Xo (F x F') = K°P o (F x F') and satisfy the following two hexagon
axioms for all x,y,z € A:

Be,yXid idXB, -
— —_—

(F(z) R F(y)) & F(z) (F(y) B F(2)) B F(z) —— F(y) B (F(z) B F(=)) Fy) R (F(z) ) F(x))

! |-
F(2) R (F(y) R F(2)) —=—> F(a)RF(yRz) —%_, P(yR2) R F(z) —=— (F(y) R F(z)) R F(x)
(2.15)

id®B,, . . -Rid
_— —_—

F(x) R (F(y) ¥ F(z)) F(z) B (F(2) B F(y)) " (F(z) B (=) R F(y) 2

&

(F2)RF(y) R F(z) —=— (F(zRy)) K F(2)

(F(2) B F(z)) ) F(y)

=3

g
ﬁ;&y.z

F)RF(zRy) —=—— F(z) K (F(z) R F(y))
where the isomorphisms ~ are part of the data of F'. (Supressing them provides the hexagon shapes.)
We have the following trivial observation:

Corollary 2.4.2. Let A be a monoidal 1-category. A prebraiding 5 on the identity functor Id: A — A
is a braided monoidal structure on A in the sense of [Eti+15, Def. 8.1.1.].

Remark 2.4.3. Observe however that a prebraiding is not (!) required to satisfy an analog of the
braid relation (a.k.a. third Reidemeister move) of the form

bp(2), P ), F) © (By,z BId) 0 bpt s s gy © (A B By ) 0 by ey, p(z) © (Bay Bid)

(2.16) . . _ .
= ([ ® Boy) 0 br(e),p(a), F(y) © (Bo,z BId) 005ty o2y p(y) © (A B By.2) 0 bre), p(y),F2)

Remark 2.4.4. In the situation of Corollary 2.4.2, the braid relation (2.16) holds, because it can be
proven using the naturality of 8. There are in fact two distinct proofs, namely by sliding either of the
two highlighted crossings under the remaining strand:
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In a higher-categorical version of a prebraiding, these two witnesses for the braid relation need not be
realized by the same 2-morphism. However, in the axiomatics of braided monoidal 2-categories, the
cells witnessing these two proofs are equated by the so-called S, = S_ relation of [BN96] (which was
omitted in [KV94b]). For a monoidal higher category, a prebraiding on the identity functor therefore
does not imply the braid relations (2.16), see also Remark 2.5.7, and in particular does not encode a
braided monoidal (i.e. Eo-)structure. In Section 7, we will revisit this point and show that a prebraiding
on the identity functor always encodes an Ay ® E;-structure, which differ in general from Es-structures.

We also want to introduce a relative notion of prebraiding, over a braided monoidal 1-category:

Definition 2.4.5. Let D be a braided monoidal 1-category. Assume C; is a monoidal 1-category,
and Cs is a monoidal category over D, i.e. equipped with a monoidal functor g: C; — D. Let now
F: C; — C3 be a monoidal functor. Then we can consider C; as a monoidal 1-category over D, namely
with respect to f :=go F': C; — D, and F becomes a monoidal functor over D.

A prebraiding over D on F': C; — Cs is then defined to be a prebraiding on F' as in Definition 2.4.1,
satisfying the additional condition that g maps the prebraiding isomorphisms in Cs to the given braiding
isomorphisms in D.

Remark 2.4.6. More explicitly, with D,Cy,Cs, F), g, f as in Definition 2.4.5, a prebraiding on F with
components 3, , is a prebraiding on F' over D if the isomorphism

9o Bay: g(F(2)) Bg(F(y)) = g(F(z) W F(y)) — g(F(y) K F(x)) ~ g(F(y)) K g(F(x))
coincides with the given braiding isomorphism on D, i.e. with f(z) X f(y) — f(y) ¥ f(z) for all pairs
of objects z,y € Cy.

Corollary 2.4.7. Let A with g: A — D be a monoidal 1-category over D. Then a prebraiding over
D on the identity functor Id: A — A is a braided monoidal structure on A with the property that g is
braided monoidal in the sense of [Eti+15, Def. 8.1.7.].

Definition 2.4.8. For a monoidal functor F': A — B, we denote by PreBraid(F') the set of prebraidings
of F and for a monoidal category A, we denote by Braid(A) := PreBraid(Id: A — A) the set of
compatible braidings on A. The relative versions of Definition 2.4.5 are denoted by PreBraid ;p(F: A —
B) and Braidp(A) respectively.

2.5. Prebraiding for Soergel bimodules. We are now prepared to construct a prebraiding on the
functor hy Ko : h1BSbim — h; Kb _(Sbim) from (2.13).

loc

Definition 2.5.1. For m,n € N let 3, ,: m +n — n + m be the morphism in th{’OC(Sbim) given

by the chain homotopy class of the shifted Rouquier complex (X, ) defining the cabled crossing in
Definition 2.2.7.

Theorem 2.5.2 (Prebraiding for Soergel bimodules). The family of morphisms Bm.n from Defini-
tion 2.5.1 constitute a prebraiding on the functor hy Koc: h1BSbim — hiK? (Sbim).

loc

Considering h1 Kjoc: h1BSbim — h1KP (Sbim) as a functor over thMorp‘)ly’gr_perf(mod%) via the

loc
functor hy Hioc: thfOC(Sbim) — thMorp(’]y’grfperf(mod%), we obtain the following refined version:

Corollary 2.5.3 (Relative prebraiding on hy Kjoc). The Rouquier complexes of cabled crossings define
a prebraiding on hy Kioe: hiBSbim — hiK? (Sbim) over thMorp(’ly’gr_perf(mod%).

loc
Proof. By Remark 2.2.6, the braiding complexes are quasi-isomorphic to the associated permutation
bimodules, concentrated in homological degree 0. As the permutation bimodules implement the sym-
metric braiding, this means that the braiding complexes constructed as (shifted) Rouquier complexes
of the cabled crossings become the canonical symmetric braiding in hy DMorP° 8 =Perf (11042 O
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The following result is the crucial naturality part for the proof of Theorem 2.5.2. The result is in
fact stronger than needed, since it is a statement on the chain level.

Theorem 2.5.4. For any Bott—Samelson bimodule of the form Y =Y; X Y5 in BSbim,, X BSbim,, C
Sbim,, 1, there are homotopy equivalences of chain complexes in Chb(Sbimm+n):

slidey, v, : Xmpo1 Y — swapmm(Y) o1 Xomn

We also use the notation slidey := slidey, y,, when m and n are clear from the context.

N\ iy

FIGURE 2. Graphical illustration of slidey, y,—here in case (m,n) = (2, 3).

Proof of Theorem 2.5.2. Theorem 2.5.4 indeed implies Theorem 2.5.2. Namely it follows from The-
orem 2.2.4 that the f,,, are invertible and satisfy the hexagon axioms (2.15) and thus form the
components of a natural transformation X o (hyKjoe X hiKjoe) = K°P o (h1Kjoe X h1Kjoc) by Theo-
rem 2.5.4. O

To establish Theorem 2.5.4 we construct, after some preparation, the chain maps, which we then
call slide maps, explicitly. For this we work with the Hecke category DS,, i.e. the diagrammatical
presentation of the monoidal 1-category BSbim,, from [EW16], [EK10a]. The construction of the
chain maps slidey, y, proceeds in two steps. The first step is specific to the setting of Bott-Samelson
and Soergel bimodules and uses DS. It establishes the existence of atomic slide chain maps, namely
slide1, p, for (m,n) = (1,2) and slidep, 1, for (m,n) = (2,1); see Lemma 2.5.5. The second step
uses that every Bott—Samelson bimodule is a composition (monoidal and horizontal) of Bott—Samelson
bimodules on two strands, and so knowing the atomic slide chain maps is sufficient to construct general
slide maps along the following scheme:

J\1Y2 /\—1Bi

A/ _

-~ ! 7

Essentially the same argument would work for any monoidal bicategory generated by a single object
and one endomorphism of its tensor square.

To formulate the statements, we need at least a rough description of the Hecke category DS, and
the fact that it is equivalent to BSbimilr as graded monoidal k-linear category. For details we refer to
[EW16], [EK10a]. Each simple reflection s; € S, is encoded by a colour. Objects in DS,, are finite
ordered sequences of such colours and they encode the Bott—Samelson bimodules in the form (2.4)
(with j = 0 since we consider BSbimir). For instance if n = 2 and we encode s; as red and sz as
blue, then the Bott—Samelson bimodule B; from (2.4) is encoded as a sequence of colors red and blue
according to i, for instance i = (1,1,2,1,1) corresponds to the object given by the color sequence
(red,red,blue,red, red). Morphisms in DS,, are k-linear combinations of isotopy classes of certain
decorated graphs embedded in the plane. A morphism from B; to By will have the colour sequence

[ =]
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for i as bottom boundary and that for i’ at the top boundary; for instance the first two diagrams in
(2.17) represent morphism from (2,2) to (2) and vice versa, the third goes from the unit to (2), etc.

The monoidal structure is given on objects by concatenating sequences and, on morphisms, by (the
bilinear extension of) placing diagrams horizontally next to each other. The composition of morphisms
is, likewise, given by (the bilinear extension of) stacking diagrams on top of each other. The empty
sequence is the unit object.

Apart from multiplication with polynomials, the generating morphisms (in the monoidal sense) are
exactly the following, where blue represents any color/number which is neighbored to red and not
neighbored to orange.

(2.17) AN XK X

For the rest of this section we identify BSbim,, with DS,, as monoidal 1-categories (via BSbim’, )
and perform computations using the diagrammatic calculus.
The Rouquier complexes (2.6) are translated into the diagrammatics as

(2.18) [[:,\’]] = <| —1' ‘>7 [[X]] = <. _1' l)

where we encode s; by blue. (Instead of remembering the grading shifts from (2.6), it is more convenient
in the diagrammatic setting to consider the maps as homogeneous of degree one). To keep track of the
monoidal unit (corresponding to R) appearing in the complexes, we mostly indicate them by a colored
dot as shown in (2.18).

Lemma 2.5.5. There are slide chain maps

e m=zp = e g e

slideq, B, := x X T m;’ﬂ 0, slideg, 1, := T X I [ﬁ;’ﬂ 0

e m= = B

which are invertible up to homotopy. The inverses are given by the chain maps

/.ll\oo |:|:’_:|:| /.l\.o

beal =, = N =, ==l

slidey !, = K {HII] 0. sliden!. — K [HH} o
11,B1 YN ) By,14 YN

foe) m= = ST m=

Proof. The proof is given by an explicit calculation. As an example (the remaining cases are checked
analogously) we show that slideil’ B, © slide1, p, is homotopic to the identity by computing their
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difference and exhibiting an explicit null-homotopy:

el el
=z, = =z, =
slidelfll’B1 o slidey,,p, —Id = |+| I [.SI xH‘d||] a1 = \H \
<, <
= = =, =

0

Observe that the relevant chain complexes and chain maps are for the two cases are related by
swapping the colours red and blue.

Remark 2.5.6. Readers familiar with the chain maps between Rouquier complexes associated to a
Reidemeister III move will recognize the atomic slide chain maps as filtrations-preserving pieces of the
former, see e.g. [MWW22, (3.3) and (3.4)].

Now that we have obtained the atomic slide chain maps in Lemma 2.5.5, we can construct all
remaining slide chain maps in an essentially formal way.

Proof of Theorem 2.5./. We will focus on the version for the positive cabled crossing, since the other
one is analogous. First, we reduce to the case when the object Y = Y3 K Y, is a generating object of
BSbim,,, X BSbim,,. Otherwise, we can decompose into generators:

Ylg}/g = (Yllgl) o1 (]_‘ZYQ) = (le &1) 01 ++-017 (Bia,gl)ol (1&Bj1)01"‘01 (]_‘ZBJI))
and define

Slideyl’l = (idswapm n(Bilol“'Ole‘,,,_ﬂZ'l) (5] ShdeB,;a,l) Og + -+ 09 (SlideBi1 ,1 01 idBi101~'01B- IZIl)

iq—1
slidey )y, = <idswapm,n(1®3j101"'01ij_1) 01 Slidel,ij> 09 +++ 09 (Slidel)le 0 idl@Bhol---olij_l)
slidey, v, := (idswapm,"(YﬂXl) o1 slidey y, ) o2 (slidey, 1 o1 idy,)
Now we turn to defining slidep 1, and slide;, g, where B is one of the generating Bott—Samelson
bimodules. Here we place subscripts to distinguish the identity bimodules. We first consider the latter

situation and reduce it to the case m = 1, where the cabled crossing is a Coxeter braid. Indeed, suppose
that m > 1, then we use the first equality from Lemma 2.2.8 to define slideq,, g to be the composite:

((slidell’B Xidy,, ,)o1---01idy,, , ,®x, &1, O1 01 idlmflﬁXl,n) 02
(219) 09 (idxlmglmil 0101 (idlm 1-i X Shdel1 B X 1d1 ) ++ 01 idlmfngLn) Og + -+
O2 (idX1,n®1m—1 0101 ldlm—l—ﬂzXl,n&li 0101 (ldlm—l & SlidellvB))
1

For the other case, we first choose chain maps ¢ and ¢~
Lemma 2.2.8. Then we define slidep 1, as the composition:

realising the first homotopy equivalence in

1 . . .
" o9 ((1n_1 XN slidep,1,) o1 --- 01 idy,®x,, ;®1,,_,_; 1" 01 lde,lmn,l) 02
Og (idln—ngm,l 01 +++0q (ld]_l X ShdeBJ_l X idln—l—z) 01 ++-0q idengn_l) Og + -

oz (id1, ,m®x,,,, 01+ o1 idi,mx,, ;®1, , , ©1 o1 (slidep,1, M1, 1)) 02
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It remains to construct slide;, p, and slide B;.1, where B; is a generating object of BSbim,, and B; is
a generating object of BSbim,,. Now we reduce this problem to the cases when n = 2 and m = 2
respectively. We define slideq, g, as the composite:

F(op---01)01 B; =F(0p---0it1) 01 F(0;0i—1) 01 F(0i—2---01) 01 B;
—F(0y -+ 0i41) 01 F(0;0i_1) 01 Bj o1 F(oi—2---01)

slide

—>F(0n te 0i+1) o1 B;_1 04 F(Uio'ifl) o1 F(0i72 te 01)
—B;_1 01 F(oy---0i41) 01 F(0i0i-1) 01 F(0i—2---01)
=B;_101 F(o,---01)

where the unlabelled maps are far-commutativity isomorphisms and the labelled arrow is given by
id oy slidey, B, o1 id, which is determined by the n = 2 case. The reduction of slideBhl1 to the case
m = 2 is completely analogous.

Thus we reduced the problem to the statement from Lemma 2.5.5. By construction, all slide maps
constructed in this proof are homotopy equivalences. O

Remark 2.5.7. In Remarks 2.4.3 and 2.4.4 we have observed that a prebraiding need not satisfy the
braid relation, and that the braid relation in prebraidings on identity functors can be verified in two
ways using naturality. On the level of the homotopy category of Soergel bimodules, this is reflected
in the fact, that the chain maps implementing the homotopy equivalence corresponding to a braid
relation live in a 2-dimensional space [EK10b, Section 3, Reidemeister 3 generators]. One dimension
is encoding an overall non-zero scaling. Even after fixing this, there exists however a 1-dimensional
affine subspace of representatives of the same homotopy class of chain maps. Two distinct (and thus
spanning) points in this subspace can be built from slide chain maps, analogously to the two ways of
establishing the braid relation in Remark 2.4.4.

Remark 2.5.8. We used Rouquier canonicity to ensure here the independence (up to canonical iso-
morphism) of our choices in the construction of the prebraiding on hj Kjoe in Theorem 2.5.2. For the
rest of the paper it would be enough to make one of the choices and establish the prepraiding using only
the monoidality of hq Kjo.. The desired independence of choices (and in fact also Rougiuer canonicity
itself) could then be deduced from the existence statement in Corollary 8.2.2.

2.6. Centralizers and prebraidings. In the following, given a monoidal 1-category C, we will identify
1X 2z and X1 with « for any object « € C, see [Eti+15, Rk. 2.2.9], and will suppress writing associators,
as they can be recovered from context.

Definition 2.6.1. Let A and B be monoidal 1-categories and let F': A — B be a monoidal functor.
The centralizer Z(F') of F is the following category:

e Its objects are pairs (b,) of an object b € B and a natural isomorphism
y=v_: bR F(—-)—> F(—)Xb

of functors from A to B, called half-braiding, which satisfies the following two compatibility
conditions with respect to the monoidal structure of A. Firstly, for any aj,as € A, the
isomorphism v, ®q,: 0 X F(a1 K az) = F(a1 Kas) Kb equals the composite

(idg’Yaz )O('Yal Nid)

bX Fla; Kay) = bX F(ay) K F(as) F(a1) X F(ag) b = F(a; Kay) Kb,

and secondly

Y = (b&F(lA)ib&lgzllg&biF(lA)&b).
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e Its morphisms are morphisms in B that are compatible with the half-braidings as follows:
Homz (g ((b,7), (t',7")) = {f € Homg(b,b') | 75 o (f ®id) = (id® f) 0 7a: bK F(a) — F(a) Kb}
e The composition is inherited from 5.

The category Z(F) is monoidal with (b,v) X (b,7") = (b X ¥,y K id o id ¥ +’) on objects, and
with the tensor product from B on morphisms. The unit object 1z € Z(F) is (1g € B,v) with
Yo: 1K F(a) = F(a) = F(a) K 1. We leave the coherence isomorphisms and their compatibility to the
reader.

Remark 2.6.2. In case A = B and F = id4 is the identity functor, the centralizer Z(id4) is the
Drinfeld center Z(A) of A, [Eti+15, Def. 7.13.1]. The generalized hexagon axiom above turns then
into the familiar hexagon diagram [Eti+15, (7.41)]. Centralizers, as generalizations of Drinfeld centers,
appear already in [Majol, §3].

Definition 2.6.3. For a monoidal functor F': A — B, we define the monoidal evaluation functor
ev: Z(F) x A= B

to send an object ((b,7),a) to bX F(a), and a morphism (f,g) to f X F(g). The monoidal structure
isomorphisms

ev (((0,7),a) B ((t',7), ) = ev ((b,7),a) Rev ((¥',7),a")) (for a,a” € A, (b,7), (V7)) € Z(F))
idXy/ Xi
are given by bR b R F(aRa') ~ bR K F(a) R F(a') 2022 4 ) F(a) M5 ® F(a'). The defining
properties of 7/ and the monoidality of F' ensure that the necessary compatibilities hold, so that we
indeed get a monoidal functor.

Together with the unit 157 € Z(F) and F': A — B, the evaluation functor fits into the following
commuting diagram of monoidal functors:

Z(F)x A

lz(r) Xid/’ \
F

(FIxA—= A B

In Example 7.4.4, we will discuss the universal property satisfied by Z(F') with its monoidal evalu-
ation functor.
The functor ev is completely determined by the monoidal functor

evi, =ev(—,14): Z(F) = B,

which sends an object (b,v) € Z(F) to the underlying object b and a morphism in Z(F) to the
underlying morphism in B. In these terms, ev(—,?) = evy  (—) X F(?).

We obtain a classification of prebraidings on a monoidal functor F', Definitions 2.4.1 and 2.4.8, in
terms of the centralizer Z(F') of F:

Theorem 2.6.4. Let F: A — B be a monoidal functor between monoidal 1-categories. Then the
following are equivalent:

(1) the set PreBraid(F) of prebraidings on F';
(2) the set of strict monoidal factorizations of F' through evy : Z(F') — B, i.e. the set of monoidal
functors s: A — Z(F) such that evy, os=F.
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(3) the 1-groupoid of weak monoidal factorizations of F' through evy ,: Z(F) — B, i.e. the groupoid
whose objects are pairs (s,m) of a monoidal functor s: A — Z(F) and a monoidal natural
isomorphism n: evy, o s = F and whose morphisms (s,n) — (s',n') are monoidal natural
isomorphisms p: s = s’ such that

(eleos%evuos’%F) = (eleoséF).

Proof. For the equivalence between (1) and (2), note that a factorization s must send, on the level of
objects,  to (F(x),~) for some 7, and on the level of morphisms f to F(f). The isomorphisms used
for a prebraiding 8 uniquely define the isomorphisms encoded in a possible 4. The second hexagon
axiom from prebraidings (2.15) translates into the required properties of -y, whereas the first hexagon
translates into the monoidality of s.

The equivalence between (2) and (3) follows from abstract-nonsense: Recall that a monoidal functor
F : X — Z between monoidal 1-categories is called an isofibration if for all isomorphisms v: z — 2’
in Z and € X with F(z) = z, there exists an isomorphism u: x — z’ with F(p) = . It is then an
exercise to show that if F': X — Z is a monoidal functor which is a faithful isofibration and G: Y — Z
is another monoidal functor, the groupoid of weak monoidal factorizations, i.e. of pairs (s,n) of a
monoidal functor s: ) — X and a monoidal natural isomorphism F' o s ~ (G is equivalent to a discrete
groupoid isomorphic to the set of strict monoidal factorizations, i.e. the set of monoidal functors s
such that F'os = G. The equivalence between (2) and (3) then follows since evy , : Z(f) — B is indeed
a faithful isofibration. O

Corollary 2.6.5. The special case F' =1id 4 for a monoidal category A gives a bijection
Braid(A) =~ {Monoidal sections A — Z(A) of ev1,: Z(A) — A}.
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3. STABLE LINEAR ALGEBRA

This section introduces the oco-categorical foundations of our work. Throughout, we adopt standard
conventions and notations in higher category theory, which we recall in detail in Appendix A. We
follow [Lur09] and use Grothendieck universes — here called small, large, and huge — to deal with
set-theoretic issues (see Appendix A.6 for more details). In particular, we write Caty, for the large
oo-category of small co-categories and S for the (large) co-category of small spaces, both of which are
objects of the huge co-category (/]a\too of large oo-categories.

3.1. Completions of co-categories.

3.1.1. The Yoneda embedding. Any small co-category C has a Yoneda embedding into its co-category
of (S-valued) presheaves P(C) = Fun(C°P,S), [Lur09, Prop. 5.1.3.1], see also [Cis19]. It is characterized
by the universal property that P(C) has all small colimits (i.e. is cocomplete) [Lur09, Cor. 5.1.2.4],
and that for any cocomplete co-category D the restriction along the Yoneda embedding induces an
equivalence

(3.1) Fun'(P(C), D) — Fun(C, D)

where Fun® denotes the full subcategory of the co-category of functors on those functors which preserve
all small colimits (i.e. the cocontinuous functors) [Lur09, Thm. 5.1.5.6], see also [Cis19, Thm. 6.3.13].
An oo-category C is called idempotent complete if its image under the Yoneda embedding C — P(C) is
closed under retracts (see [Lur09, Proof of Prop. 5.1.4.2]). We refer to [Lur09, § 4.4.5] for a discussion
of retracts and idempotents in co-categories.

Notation 3.1.1. We write

) Catg‘iem for the full subcategory of Cats, on the idempotent complete small co-categories,

° Cati;idem for the subcategory of Catﬁem on the idempotent complete small co-categories that
admit finite coproducts and functors which preserve finite coproducts, and

. Catrozx’idem for the subcategory of Cati;idem on the idempotent complete small co-categories
that admit finite colimits and functors which preserve finite colimits.

3.1.2. Presentable co-categories. In general, the presheaf category P(C) of a small co-category C is a
large category. The sense in which P(C) is nevertheless still controlled by a small amount of data is
formalized by the notion of a presentable co-category. We recall the definition and some basic facts
from [Lur09, Sec. 5.4 and 5.5].

Definition 3.1.2. Let D be a (possibly large) co-category.

(1) Let K be a collection of oo-categories and S a small set of objects of D. Then D is generated by
S under K-indexed colimits if D has all colimits indexed by categories in K and is the smallest
full subcategory of D which contains the objects in .S and is closed under K-indexed colimits.

(2) Let & be an infinite regular cardinal and assume D admits k-filtered colimits. Then an object
d € D is called k-compact if the functor Homp(d, —): D — S preserves k-filtered colimits.

(3) The oco-category D is called accessible if it is locally small and there exists a regular cardinal
k and a small set S of kK-compact objects in C that generates C under r-filtered colimits.

(4) The oo-category D is called presentable if it has all small colimits and is accessible.

Example 3.1.3. By Simpson’s characterisation of presentable co-categories as localizations of presheaf
categories, [Lur09, Thm. 5.5.1.1], we obtain presentability of P(C) for any small co-category C [Lur09,
Ex. 5.4.2.7, Ex. 5.5.1.8.], and more generally the presentability of Fun(C, D) for a small oo-category C
and a presentable oo-category D.

A main application of the notion of presentable oco-category is the adjoint functor theorem:
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Proposition 3.1.4 ([Lur09, Cor. 5.5.2.9 and Rem. 5.5.2.10]). A functor from a presentable oo-category
to a locally small co-category preserves small colimits if and only if it is a left adjoint.

Notation 3.1.5. We denote by

e Prl the oo-category of presentable co-categories and small colimit preserving functors, i.e left
adjoint functors by the adjoint functor theorem.

e Fun(C,D), for C,D € Pr", the full subcategory of Fun(C,D) of left adjoint (equivalently
cocontinuous) functors. Dually, full subcategories of right adjoint functors will be denoted
Fun®(—, -).

L
e When denoting an adjunction C L D between oo-categories, we use the convention
R

that the top arrow is the left adjoint and the bottom arrow the right adjoint.
For more details, we refer to [Lur09, § 5.5.3] and [Cis19, § 7].

3.1.3. The monoidal structure on Pr™ and presentably symmetric monoidal categories.

Proposition 3.1.6 ([Lurl7, Prop. 4.8.1.15, Prop. 4.8.1.10]). The co-category Pr" can be equipped with
a symmetric monoidal structure for which the Yoneda embedding defines a symmetric monoidal functor

P: Cato, — Prl
where Cato, is equipped with its Cartesian symmetric monoidal structure.

The tensor unit of this symmetric monoidal structure is given by the presentable oco-category S
of spaces. The tensor product C; ® Cs of two presentable co-categories Cq,Co comes equipped with a
functor C; xCo — C1 ®Cs which preserves small colimits separately in both variables and is characterized
by the universal property that for any presentable co-category D, the induced functor

Fun®(C; ® Cs, D) — Fun™*L(C; x Cy, D)

is an equivalence. Here, Fun"*"(C, x Cy, D) denotes the full subcategory of Fun(C; x Cy, D) on those
functors which preserve small colimits separately in both variables. Abusing notation, given objects
¢1 € C; and o € Cy we denote the image of (¢1,c¢2) € C1 X Co under the functor ¢; x Co — C; ® Cy by
c1 Meo € C1 ®Cy and call it their external tensor product.

It follows from [Lurl7, Prop. 4.8.1.17, Prop. 4.8.1.16] after taking adjoints, that the tensor product
of presentable co-categories can be expressed as the following functor category (which is in particular
presentable):

(3.2) C ® D ~ Fun®™(D, C°)°P = Fun®(C°?, D)

The symmetric monoidal structure on Pr¥ allow us to study (commutative) algebras therein, see
Appendix A.8.4.

Definition 3.1.7. A presentably symmetric monoidal co-category is a commutative algebra object in
Prl.

More explicitly, a presentably symmetric monoidal co-category is a symmetric monoidal co-category
whose underlying co-category C is presentable and so that the tensor product functor —® —: CxC — C
preserves small colimits separately in both variables.

If A is a commutative algebra object in a symmetric monoidal co-category C, consider the co-category
Mod4(C) of left A-modules in C (see Appendix A.9).

Proposition 3.1.8. Given C,D € CAlg(Pr"), together with A, B € CAlg(C).
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(1) The relative tensor product — @4 —: Moda(C) x Moda(C) — Moda(C) defines a presentably
symmetric monoidal structure on Mod 4(C). Moreover, there is an equivalence CAlg(Mod4(C)) ~
CAlg(C)a,.

(2) Any algebra homomorphism f: A — B in CAlg(C) induces a symmetric monoidal induction
functor — ®4 B: Mod4(C) — Modg(C) that is left adjoint to the restriction functor along f,
and hence a morphism in CAlg(Pr").

(8) For any algebra homomorphism A — B, it follows from (2) that we can view B as an object
in CAlg(Mod4(C)). Forgetting the A-action induces a symmetric monoidal equivalence:

Mod s (Mod4(C)) = Modg(C)

(4) Any functor F: C — D in CAlg(Pr") induces a functor CAlg(C) — CAlg(D) on commutative
algebra objects, which we will also simply denote by F. Moreover, it induces a functor

Mod4(F): Mod4(C) — Modp(a)(D)
in CAlg(Pr").
(5) Any functor F: C — D in CAlg(Pr") induces an equivalence in CAlg(Pr")
D ®c (Mod4(C)) =~ Modpa)(D),

where — Q¢ — denotes the pushout in CAlg(PrL), whose underlying presentable co-category is
given by the relative tensor product in pr [Lurl7, Prop. 8.2.4.10], hence the notation.

Proof. The first two statements follow from [Lurl7, Prop. 3.4.1.3, Cor. 4.2.3.7, Thm. 4.5.3.1], the
third statement follows from [Lurl7, Cor. 3.4.1.9]. The existence of the symmetric monoidal functor
Mod 4(F) in part (4) follows from the functoriality of the Mod construction in [Lurl?7, § 3.3.3]. Fur-
thermore, Mod 4 (F) preserves colimits by [Lurl7, Cor. 4.2.3.5]. Functoriality of the construction of
modules induces a commuting square in CAlg(Pr")

F~Mod,, (F)

C~ MOdlc (C) D~ MOdlD (D)

| l

Mod4(C) —2245, Nod ) (D)

and hence a morphism in CAlg(PrL) from the pushout D ®c Moda(C) — Modg(a)(D). This is an
equivalence in CAlg(Pr") because its underlying functor is one by [Lurl7, Thm. 4.8.4.6]. O

Since S is the tensor unit of the symmetric monoidal structure on Pr" it is initial in CAlg(Pr"™) and
any C € CAIg(PrL) comes equipped with a unique symmetric monoidal left adjoint functor ¢¢: S — C.

Corollary 3.1.9. For Z € CAlg(S), Proposition 3.1.8.(5) implies that there is an equivalence in
CAlg(Pr®):
C® MOdZ(S) ~C®s MOdZ(S) ~ MOdLC(Z)(C Xs S) ~ MOch(Z)(C).

3.1.4. Adjoining colimits.

Notation 3.1.10. For a small set I of simplicial sets, let Catfo denote the subcategory of Cate,
on those small co-categories which admit colimits of diagrams indexed by elements of I, and those
functors which preserve such colimits.

The oo-categories Cat'®™ Cat2'9°™ and Cat™®4°™ from Notation 3.1.1 are instances of CatX for
K consisting of the ‘walking idempotent’ of [Lur09, § 4.4.5], or the walking idempotent together with
the set of finite (discrete) sets or the set of finite simplicial sets, respectively.
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Just like the presheaf oo-category P(C) is the free completion of a small co-category C under small
colimits, we may complete under other classes of colimits. The following combines [Lurl7, Lem. 4.8.4.2,
Rem. 4.8.1.8] and [Lur(09, Cor. 5.3.6.10]:

Proposition 3.1.11. Let K be a small set of simplicial sets.

(1) The co-category Cat’oco 18 presentable and admits a presentably symmetric monoidal structure,
which can be characterized as follows: If C,D € Catfo, the tensor product C ® D is equipped
with a functor C x D — C®D which preserves K-colimits separately in both variables and which
induces for all € € Cau‘u’ocO an equivalence

Fun™(C ® D, &) — Fun™**(C x D, ),

where Fun™(C @ D, &) denotes the full subcategory of Fun(C ® D,&) on those functors which
preserve KC-colimits and where FunKXK(C x D, E) denotes the full subcategory of Fun(C x D, E)
on those functors which preserve KC-colimits separately in both variables.

(2) Let K' be a small set of simplicial sets with containing K. Then the subcategory inclusion

<’ i . . . ..
Caty, — Caty, admits a symmetric monoidal left adjoint
P,Igl : Cath — Catg
whose unit C — P,’Ccl (C) forC € Cat’oco, is a fully faithful functor.

The second statement of Proposition 3.1.11 implies that C — Pﬁ,(C) may be thought of as a
generalized Yoneda embedding: It is the free cocompletion of C under K’-shaped colimits subject to
the relation that K-shaped colimits in C are preserved.

3.2. Compact generation and ind-completion.

3.2.1. Compact and projectively generated co-categories. Many presentable co-categories are generated
by w-compact objects, where w is the cardinality of the natural numbers. We will henceforth refer to
w-filtered diagrams simply as filtered diagrams and to w-compact objects as compact objects. Hence,
an object ¢ of an co-category C with filtered colimits is compact if Home (¢, —): C — S preserves filtered
colimits.

Similarly, we recall the following definitions:

Definition 3.2.1. (1) An object ¢ of an oo-category C with geometric realizations (i.e. colimits
indexed by A°P) is called projective [Lur09, Def. 5.5.8.18] if Hom¢(c,—): C — S preserves
geometric realizations.

(2) An object ¢ of an oco-category C with sifted colimits [Lur09, Def. 5.5.8.1] is called compact-
projective if Home(c, —): C — S preserves sifted colimits [Lur09, Rem. 5.5.8.20].

Observation 3.2.2. Since sifted colimits are generated by filtered colimits and geometric realiza-
tions [Lur09, Cor. 5.5.8.17], an object is compact-projective if and only if it is compact and projective.

We refer to Definition 3.6.1 and Example 3.6.3 for a comparison with classical notions of compactness
and projectivity in ordinary (abelian) categories.

Definition 3.2.3. We will use the following terminology.

(1) A compactly generated oo-category is an co-category with small colimits, for which there exists
a small set of compact objects which generates C under small colimits.

(2) A projectively generated oo-category is an oo-category with small colimits, for which there
exists a small set of compact-projective objects which generates C under small colimits.
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Notation 3.2.4. Let Pr° (resp. Pr“P) denote the subcategory of Pr on the compactly (resp.
projectively) generated presentable co-categories and the cocontinuous functors which preserve compact
(resp. compact-projective) objects.

Lemma 3.2.5. Consider an adjunction between co-categories

L
C T D .
R

(1) If C is compactly generated and D has filtered colimits, then the left adjoint L preserves compact
objects if and only if the right adjoint R preserves filtered colimits.

(2) IfC is projectively generated and D has sifted colimits, then the left adjoint L preserves compact-
projective objects if and only if the right adjoint R preserves sifted colimits.

Proof. We prove the first statement; the proof of the second statement is analogous. Suppose R
preserves filtered colimits and ¢ € C is compact. Then, for every filtered diagram d: I — D we have

Home (Le, colim;d;) ~ Homp (e, Reolim;d;) ~ Homp(c, colim; Rd;)
~ colim;Homp (¢, Rd;) ~ colim;Homp (Lc, d;)

and hence Lc is compact. Conversely, suppose that L preserves compact objects. It follows that for a
compact object ¢ € C and a filtered diagram d: I — D, we have

Home (e, R(colim;d;)) ~ Homp (Le, colim;d;) ~ colim;Homp (Le, d;)
~ colim;Home (¢, Rd;) ~ Home (¢, colim; Rd;).

Since C is compactly generated, every object in C is a small colimit of compact objects, and thus
colim; Rd; ~ Rcolim;d;. O

Corollary 3.2.6. The co-category PrP is a subcategory of Pre.

Proof. A projectively generated presentable oco-category is also compactly generated since compact-
projective objects are in particular compact. Thus, we only need to show that a left adjoint functor L
between projectively generated presentable co-categories, which preserves compact-projective objects,
also preserves compact objects. Indeed, by Lemma 3.2.5.(2), L has a right adjoint which preserves
sifted colimits and hence preserves filtered colimits. Applying the reverse direction of Lemma 3.2.5.(1)
now shows that L preserves compact objects. O

Observation 3.2.7. Let C be a cocomplete co-category.

(1) The full subcategory C¢ of compact objects is closed under retracts and finite colimits [Lur09,
Cor. 5.3.4.15 and Rem. 5.3.4.16] and hence yields an object C¢ € Cat™>%“™  This defines a
functor (—)°: Pr*¢ — Catroix’idem.

(2) The full subcategory C? of compact-projective objects is closed under retracts and finite co-
products [Lur09, Rem. 5.5.8.19] and hence defines an object C® € Cat '™, This defines a
functor (—)°P: Prio? — Catlidem,

In Proposition 3.2.8 we will show that these functors are in fact equivalences.

3.2.2. Ind-completion. The ind-completion Ind(C) of a small co-category C is defined to be the smallest
full subcategory of P(C) which contains the image of the Yoneda embedding and is closed under filtered
colimits, [Lur09, Rem. 5.3.5.2, Prop. 5.3.5.3]. Then, Ind(C) has filtered colimits and the inclusion
C — Ind(C) is characterized by the universal property that for any co-category D with filtered colimits,
it induces an equivalence

(3.3) Fun® (Ind(C), D) — Fun(C, D),
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where Fun® denotes the full subcategory of functors which preserve filtered colimits.

If C moreover has finite colimits, then Ind(C) is equivalent to the full subcategory of P(C) on those
functors C°P — S which send finite colimits in C to finite limits of spaces by [Lur09, Cor. 5.3.5.4].
In this case, Ind(C) is presentable, the inclusion C — Ind(C) preserves finite colimits, and for any
presentable co-category D, the induced functor

Fun'(Ind(C), D) — Fun'*(C, D)

is an equivalence by [Lur09, Cor. 5.3.5.10], where Fun" denotes the full subcategory of functors which
preserve finite colimits. For more details see [Lur09, Section 5.3].

Similarly, the P*-completion P*(C) of a small co-category C is the smallest full subcategory of P(C)
that contains the image of the Yoneda embedding and is closed under sifted colimits. The co-category
P*(C) has sifted colimits and the inclusion C — P*(C) is characterized by the universal property that
for any oo-category D with sifted colimits, it induces an equivalence

Fun®(P*(C), D) — Fun(C, D),

where Fun® denotes the full subcategory of functors which preserve sifted colimits, [Lur09, Prop. 5.5.8.15].

If C moreover has finite coproducts, then P*(C) is equivalent to the full subcategory of P(C) on
those functors C°P — S which send finite coproducts in C to finite products of spaces [Lur09, Def.
5.5.8.8 and Rem. 5.5.8.16.(1)]. In this case, P*(C) is presentable, the inclusion C — P*(C) preserves
finite coproducts and for any presentable co-category D, the induced functor

Fun'(P*(C), D) — Fun"(C, D)

is an equivalence, where Fun" denotes the full subcategory of functors which preserve finite coprod-
ucts [Lur09, Rem. 5.5.8.16(iii)], see [Lur09, § 5.5.8] for details.

Proposition 3.2.8. The following hold.
(1) The Ind-completion restricts to an equivalence Ind: Ca
(—)¢ from Observation 3.2.7.(1).
(2) The P>-completion restricts to an equivalence P*: Cat 9™ — Pr°P jnverse to the functor
(=) from Observation 3.2.7.(2).
(8) The composite thfo’idcm :ulzlrL’Cp — Pr® ~ CatI®™m s left adjoint to the subcategory
inclusion CatlJ>' "™ — Cat2'"™.

(4) The oo-categories Pr® and PrP are presentable and the inclusion functor Pr® — Prioc is
cocontinuous, i.e. a morphism in Pr".

Proof. The first statement is [Lurl7, Lem. 5.3.2.9] for x = w, also see [Lur09, Prop. 5.5.7.8].
To prove the second statement, we note that [Lur09, Cor. 5.3.6.10, Rem. 5.5.8.16] implies that

— prbe

groxidem inverse to the functor

. —_ l
P>(—) defines a functor from Cat2:'%™ to the huge co-category Catzch of large co-categories which

admit all small colimits and colimit preserving functors. By [Lur09, Prop. 5.5.8.10], P*(C) is an

accessible localization of P(C) and hence is presentable, so that P> factors through the full subcategory

——cocpl
Prl of Cat v By [Lur09, Prop. 5.5.8.22], every object in the image of the Yoneda embedding

C — P*(C) is compact-projective, and since P*(C) is a localization of P(C), it is generated under small
colimits by objects in C; hence P*(C) is projectively generated. Moreover, by [Lur09, Prop. 5.5.8.25],
the compact-projective objects of P¥(C) are precisely the objects in (the essential image of) C (note:
this uses that C is idempotent complete). Therefore, for any morphism f: C — D in Cati;idem the
cocontinuous functor P>(f): P¥(C) — P>(D) preserves compact-projectives; hence P> : CatLide™ —
Pr factors through the subcategory Pr»®? — Pr'. To show that it factors as an equivalence, notice
that it is fully faithful since for C, D € Cat''de™,

Fun"(C, D) ~ Fun"(C, P¥ (D)) ~ Fun™?(P=(C), P¥(D))
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where the first equivalence uses that D ~ P>(D)° and the second equivalence uses that for any
presentable £, the map Fun™(P*(C), ) — Fun"(C, £) is an isomorphism (this follows e.g. from [Lur09,
Prop. 5.5.8.10]) and the fact that C ~ P*(C)°P. Lastly, surjectivity on objects follows since by [Lur09,
Prop. 5.5.8.25] any projectively generated presentable oo-category D is equivalent to P*(C) where C
is the smallest full subcategory of D spanned by finite coproducts of objects in the set S of compact-
projective generators.

The third statement follows since the induced composite Cat 4™ — Cat’®19™ sends C to P¥(C)°,
which in the notation of Proposition 3.1.11 is equivalent to 73%/ (C) for K the collection of finite sets
together with the ‘walking idempotent’ Idem of [Lur09, Sec. 4.4.5] and K’ the collection of finite
categories together with Idem. Hence, by Proposition 3.1.11.(2) this functor Cat% 4™ — Catioidem
is left adjoint to the forgetful functor Cat'®9°™ — Cat'2'9°™  The fourth statement then follows from
the previous ones and Proposition 3.1.11.(1), since Cat2:'°™ and Cat™®4°™ are presentable and since

the functor Pr? — Pr™¢ is equivalent to Cat;'4®™ — Catreeidem

and hence a left adjoint. 0

Given a presentable co-category projectively/compactly generated by a small set S of objects, then
the objects in this set also generate the full subcategories C°P, or C°, respectively:

Lemma 3.2.9. The following hold.

(1) Let C € Pr™ and S a small set of compact-projective generators. Then the set S C C°P
generates the full subcategory C°P under retracts and finite coproducts. In particular, every
compact-projective object in C is a retract of a finite coproduct of objects in S.

(2) LetC € Prl“ and S a small set of compact generators. Then the set S C C¢ generates the full
subcategory C°¢ under retracts and finite colimits. In particular, every compact object in C is a
retract of an iterated finite colimit of objects in S.

Proof. The first statement is [Lur09, Prop. 5.5.8.25.(2).(iii)], the proof of the second statement is
analogous. g

Proposition 3.2.10. The symmetric monoidal structure of Pr restricts to presentably symmetric
monoidal structures on the subcategories P and Prt° of Prl.
, _ . - id U,id
Together with the symmetric monoidal left adjoint of the forgetful functor Catio"'*™ — Catg'“™
from Proposition 3.1.11.(2), the symmetric monoidal subcategory inclusion Pr™® — Pr¢ assemble
into a commutative diagram in CAlg(Pr"):

PrL,Cp PI‘L’C
(34) pETz IndTﬁ

L,idem rex,idem
Caty — Caty]

Proof. Recall from Proposition 3.1.11 the functor Cat29°™ — Cat®e™ in CAlg(Pr") which is left
adjoint to the forgetful functor. By Proposition 3.2.8.(3), this functor is equivalent to the composite
Catidem ~ prlocr  prlc ~ Cat!®9m for the subcategory inclusion Pr® — Pri¢. Hence,
this induces presentably symmetric monoidal structures on Pr“P and Pr'¢ and on the inclusion
priveP — prive,

It remains to show that the subcategory inclusion Pr™¢ — Pr is symmetric monoidal which follows
since the composite Cat’oidem Indy prloe s Prl i [Lurl7, Lem. 5.3.2.11]. O

Recall that any presentably symmetric monoidal co-category C comes equipped with a unique sym-
metric monoidal left adjoint functor (c: & — C. We now show that the unique symmetric monoidal
left adjoint tp,L.cp : S — PrP sends a space X to the presheaf category P(X).
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Lemma 3.2.11. The symmetric monoidal functor P(=): S — Cats — Pr™ factors through the
symmetric monoidal subcategory Pr™® — Pr¥. The induced symmetric monoidal functor S — Pr=P
is a left adjoint, and hence is the unit tpL.eo: S — Prl“® of the presentably symmetric monoidal
co-category Prep.

Proof. For any small oo-category C, the presheaf category P(C) is generated by a small set of tiny
objects, i.e. objects ¢ € C for which Hom¢ (¢, —): C — S preserves all small colimits; such a small set of
tiny objects is for example provided by the objects of C itself. Moreover, any functor F': C — D induces
a left adjoint functor P(F): P(C) — P(D) which preserves tiny objects. By an argument entirely
analogous to the proof of Corollary 3.2.6, it follows that P(C) is in particular projectively generated,
and that P(F') preserves compact-projectives. Hence, the symmetric monoidal functor P: Cateo — prt
factors through the symmetric monoidal subcategory Pr“® from Proposition 3.2.10. Moreover, the
functor Cato, — Prl»“? is a left adjoint since after composing with the equivalence Pri=? ~ Cat":idem

from Proposition 3.2.8 it becomes equivalent to the left adjoint Cats, — CatL'®™ of the forgetful
functor. Since moreover S — Cato, is a left adjoint, so is the composite S — Catog — Pr P, O

It follows from Lemma 3.2.9 that for C, D € CAlg(Pr™°) (resp. in CAlg(Pr™P)), the compact (resp.
compact-projective) objects of the tensor product C ® D are retracts of iterated finite colimits (retracts
of finite coproducts) of external tensor products of compact (resp. compact-projective) objects.

Explicitly, a commutative algebra C € CAlg(Pr™°) (and analogously for Pr'=®?) therefore amounts
to a presentably symmetric monoidal co-category C, whose underlying presentable co-category is com-
pactly generated, so that its unit is compact, and if ¢,d are compact objects in C, then ¢ ® d is also
compact.

Lemma 3.2.12. Given C € CAlg(Pr“?) and A € Alg(C), the following hold:

(1) The co-category RModa(C) of right A-modules (see Appendiz A.9.1) is in Pr™°P.

(2) The action functor CQRMod(C) — RMod(C) is in Pr™P, thus RMod4(C) € Mode (PrP).

(3) If S is a set of compact projective generators of C, then the free modules {¢ ® Aa}ccs are
compact projective generators of RMod 4(C).

(4) Furthermore, if C € CAlg(Pr>°P), then Moda(C) together with its symmetric monoidal relative
tensor product is in CAlg(Pr°P).

Given C € CAlg(Pr®) and A € Alg(C), the following hold:

(5) The co-category RMod 4(C) of right A-modules (see Appendiz A.9.1) is in Pr™°.

(6) The action functor C @ RMod 4(C) — RMod(C) is in Pr°, thus RMod 4(C) € Modc(Pr™©).

(7) If S is a set of compact generators of C, then the free modules {¢ ® Aa}ces are compact
generators for RMod 4(C).

(8) Furthermore, if A € CAlg(C), then Mod4(C) together with its symmetric monoidal relative
tensor product is in CAlg(Pr'°).

Proof. Statements (1) to (3) are proven in [Lurl7, Cor. 7.1.4.14], statement (4) is an immediate
consequence. Statements (5) to (8) can be proven analogously (and also follow from the proof of [Lurl?7,
Lem. 5.3.2.12 (3)]).

g

3.3. Additive and stable oco-categories. Here, we briefly review the theory of additive and stable
oo-categories. For more details, we refer to [Lurl7], [BFN10] and [GGN15].

3.3.1. Definitions. An oco-category is called zero-pointed if it has an initial and a terminal object and
if the unique morphism from the initial to the terminal object is an isomorphism. In this case, we
call the initial/terminal object a zero object. A zero-pointed co-category is called semi-additive if it
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furthermore has finite products and finite coproducts and if the canonical morphism x Uy — = X y is
an isomorphism. In this case, we write the product/coproduct as @y and refer to it as a direct sum.
A semi-additive co-category is called additive if furthermore the shear map (m,V): 2 @z — c ® x is
an isomorphism, where 71: x @ x — x denotes the projection to the first factor (using that z @ x is a
product) and V: z@x — « is the fold map (using that @z is a coproduct). A functor between additive
oo-categories is called additive if it preserves finite coproducts. We denote the oco-category of additive
functors between two additive oo-categories A, B by Fun" (A, B). This co-category is itself an additive
oo-category [GGN15, Cor. 2.9]. The notion of an additive co-category is a direct generalization of
the ordinary 1-categorical notion, and indeed an ordinary 1-category is additive in the usual sense if
and only if it(s nerve) is additive in the oo-categorical sense. Conversely, a semi-additive co-category
C is additive if and only if its homotopy category h;C is additive as an ordinary 1-category [GGN15,
Prop. 2.8].

A zero-pointed oco-category is called stable if it admits finite colimits and if any square is a pullback
square if and only if it is a pushout square. A functor between stable co-categories is called exact if
it preserves finite colimits. Given two stable co-categories C, D, we denote the oco-category of exact
functors between them by Fun®(C, D). This oo-category Fun®(C, D) is itself stable since it is a full
subcategory of Fun(C, D) (which is stable by [Lurl7, Prop. 1.1.3.1]) that contains the zero object and
is stable under forming fibers and cofibers, as a straightforward computation shows. In what follows,
we will only consider idempotent complete stable categories.

Notation 3.3.1. We use the following notation:

Ll,idem
o0

e add for the full co-subcategory of Cat
oo-categories.

e st for the full co-subcategory of Cat
oo-categories.

consisting of additive, idempotent complete, small

rex,idem

oo consisting of stable, idempotent complete, small

Since stable oo-categories are additive and exact functors preserve finite coproducts, there is a
forgetful functor st — add.

Warning 3.3.2. All additive and stable oco-categories will be implicitly assumed to be idempotent
complete. In particular, we have defined add and st as full subcategories of Catgc;ldem and Catgix’ldem.

As in Section 3.1 (in particular Proposition 3.2.8), it will be useful to characterize small additive or
stable co-categories in terms of projectively resp. compactly generated presentable oco-categories.
Notation 3.3.3. Following Definition 3.2.3, we use the following notations:

e Prl for the full subcategory of Pr™ on the stable, presentable oo-categories and Priy, for the
full subcategory on the additive, presentable co-categories.

° PrsIft’C for the full subcategory of Pr'¢ on the stable presentable oo-categories which are com-
pactly generated as co-categories, and Pr;‘é‘;p for the full subcategory of Pr™P on the additive
presentable co-categories which are projectively generated as oo-categories.

Proposition 3.3.4. The following hold.
(1) The equivalence P*: Cati’)idem — PrP restricts to an equivalence between full subcategories
P¥:add = Prioh.

Its inverse is (—)°P which takes a projectively generated additive presentable co-category C to
its full subcategory C°P on the compact-projective objects.
(2) The equivalence Ind: Cat™>9™ — Prlec restricts to an equivalence between full subcategories

Ind: st = Pree.
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Its inverse is (—)¢ which takes a compactly generated stable presentable co-category C to its full
subcategory C° on the compact objects.

Proof. We will prove part (1), the proof of part (2) is entirely analogous and can for example be found
in [BGT13, Lem. 2.20]. Recall from Proposition 3.2.8 that P*: Cati;idem — PrP is an equivalence,
whose inverse is (—)°P. To prove statement (1), it therefore suffices to show that the essential image of
the composite add < Cat:4°™ ~ PrP is the full subcategory Prr:P.

If C is a small additive oo-category, then P*(C) ~ Fun"(C°P,S) is additive by [GGN15, Cor. 2.9].
On the other hand, if D is any projectively generated additive presentable category, then the full
subcategory on its compact-projective objects is closed under finite coproducts and hence is again
additive. Therefore, D is in the image of add — Pri°P. O

3.3.2. Symmetric monoidal structure. The universal example of an stable presentable oco-category is
the co-category Sp of spectra. Likewise, the universal example of an additive presentable co-category is
the oo-category Spsq of connective spectra, equivalent to the oo-category Grpg_ (S) of grouplike E -
spaces, see [GGN15]. Both Sp and Sps are idempotent algebras in PrY, ie. commutative algebras
A € CAlg(Pr") so that the multiplication A ® A — A is an isomorphism. It is shown in [Lurl?,
Prop. 4.8.2.18] and [GGN15, Cor. 4.8] that the full subcategories Mods,(Pr") and Mods,_, (Pr") of

Pr' are equivalent to Pri‘t and PrI;dd, respectively. As categories of modules of a commutative algebra,
this induces symmetric monoidal structures on Prt and Prl,, respectively by Proposition 3.1.8.(1).

By [Lurl7, Prop. 1.4.3.7], the co-category Sp is compactly generated (by the single object S, the
sphere spectrum). It follows from Lemma 3.2.9 that the compact objects in Sp are finite spectra,
i.e. finite colimits of the sphere spectrum (note that a retract of a finite spectrum is again finite).
However, Sp is not projectively generated (its only projective object is the zero spectrum, cf. [Lurl?,
Rem. 7.2.2.5]). On the other hand, Sp~. is projectively generated by the sphere spectrum [Lurl7, Cor.
7.1.4.13). Tt therefore follows from Lemma 3.2.9 that the compact-projective objects in Sps are finite
sums of the sphere spectrum (note that a retract of a finite sum of sphere spectra is again a finite sum
of sphere spectra).

Lemma 3.3.5. The following hold.
(1) The equivalence Modsp>o(PrL) = Prlyy restricts to an equivalence between the subcategories
Mods,_ , (Pro®P) =5 Prlecp.
(2) The eq_uivalence Mods,, (Pr™) = Prl restricts to an equivalence between the subcategories
Mods, (Pr°) =5 Pri°.
Proof. We prove the first statement, the second is analogous. The oco-category Modsy, 0(PJrL’Cp) may

be understood as the subcategory of Modgy,_ (PrL) on those presentable Sp -module co-categories C
whose underlying co-category is projectively generated and for which the action functor Sp~,®C — C
preserves compact-projectives, and those cocontinuous Sps-module functors C — D for which the
underlying functor preserves compact projectives. In particular, the equivalence Mods,_ (PrL) —

Pry,q restricts to a fully faithful functor Mods;,_ 0(PrL’Cp) — Pr{;é‘fip. It therefore suffices to verify that
for an additive presentable co-category C, the action Sp~, x C — C sends a pair of compact-projective
objects (a,b) € Spdy x CP to a compact-projective of C. This follows since any compact projective in
Sp~q is generated under finite coproducts and retracts by the unit object S; see Lemma 3.2.9. O

Using the theory of commutative algebras in presentable categories, we immediately obtain the
following stable and additive analogues of the first half of Proposition 3.2.10 concerning symmetric
monoidal structures on subcategories of Prl’. The passage from Pr];(’lfip ~ add to Pry® ~ st will be
treated in the next section.
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Corollary 3.3.6. The following hold.

1) The symmetric monoidal structure of Prl., restricts to a presentably symmetric monoidal
add

structure on the subcategory Prg;écdp, which induces a presentably symmetric monoidal structure

on the co-category add via the equivalence P*: add =» PrI;éCdp.
(2) The symmetric monoidal structure of Prl“t restricts to a presentably symmetric monoidal struc-
ture on the subcategory PlrSLt’C — Pr;, which induces a presentably symmetric monoidal structure

on the co-category st via the equivalence Ind: st = Pr;’c.

Proof. Since Pr{;c’ifip and PrSLt’C are module categories by Lemma 3.3.5, they inherit via Proposition 3.1.8.(1)
presentably symmetric monoidal structures from the presentably symmetric monoidal categories Pr©
and Pr°P (see Proposition 3.2.10), respectively. Symmetric monoidality of the functors Pry® — Prl
and Pr{;&fip — Prl, follows from symmetric monoidality of Pr™¢ — Prl“ and Pri® — Prl. O

Tracing through the proof, the symmetric monoidal structures on add respectively st may be char-
acterized as follows (c.f. [BEN10, Prop. 4.4]): For C,D € add the tensor product C ® D is equipped
with a functor C x D — C ® D, additive in both variables, and satisfies the universal property that for
any £ € add the induced functor

Fun®™(C @ D, €) — Fun®4**dd (¢ x D, &)

is an equivalence, where Fun®4*#44(C x D, £) denotes the full subcategory of Fun(C x D, &) on the
functors which are additive in both variables (i.e. which preserve finite coproducts separately in either
variable).

For C, D € st, the tensor product C ® D is characterized analogously in terms of functors C x D — &
which are exact in both variables (i.e. which preserve finite colimits separately in both variables).

Warning 3.3.7. As in Warning 3.3.2, the oco-categories add and st are the co-categories of additive,
resp. stable, idempotent complete co-categories. In particular, the tensor product of additive/stable
idempotent complete co-categories we consider here is automatically idempotent complete.

3.4. From additive to stable co-categories. Given an ordinary additive 1-category .4, one may form
a stable oo-category K®(A) of bounded (in both directions) chain complexes, chain homomorphisms,
and (higher) chain homotopies between these. In this section, we review this construction and prove
that it satisfies a universal property: the stable co-category K°(A) is the free stable oo-category on
the additive category A.

3.4.1. The co-category of chain complexes. Given an ordinary additive 1-category A, the co-category
K®(A) can be defined, see [Lurl7, § 1.3.1], using the technology of dg nerves as follows.

Definition 3.4.1 ([Lurl7, Cons. 1.3.1.6 and Rem. 1.3.2.2]). For an ordinary additive 1-category A,
we let K*(A) := ng(Chb(.A)) denote the dg nerve of the dg category of bounded chain complexes in
A.

Viewing A as an additive co-category, there is a canonical additive functor A — K%(A) induced
from the functor that interprets objects of A as chain complexes concentrated in degree zero.

Proposition 3.4.2. For an ordinary additive 1-category A, the dg nerve K®(A) = Nag(Ch®(A)) is a
stable oo-category.

Proof. The dg nerve of the dg category of (unbounded) chain complexes is an oo-category by [Lurl7,
Prop. 1.3.1.10] and stable by [Lurl7, Prop. 1.3.2.10]. The full dg subcategory of bounded chain com-
plexes is closed under shifts and formation of mapping cones, and thus its dg nerve K®(A) is itself a
stable oo-category, by [Lurl7, Lem. 1.1.3.3] and the discussion after [Lurl7, Proof of Prop. 1.3.2.10]. O
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Remark 3.4.3. By [Lurl7, Rem. 1.3.1.11], the homotopy 1-category h;K’(A), recalled in Appen-
dix A.2.1, is the chain homotopy category K’(.A) in the sense of Definition 2.2.2. Note that, unlike
the notion of derived category, which can only be defined for abelian categories, the stable co-category
K?(A) is defined for any (possibly non-abelian) additive category A.

In Corollary 3.4.10, we will prove that K°(A) is the universal stable oo-category associated to A.
To do so, we express K? in terms of the functors constructed in the previous sections.

3.4.2. The free stable category on an additive category. Recall that Pr*® — Prl“¢ is a symmetric
monoidal subcategory, and hence that Sps, € CAlg(Pr™P) may also be considered an algebra in
CAIg(PrL’C). Notice also that the full subcategory inclusion Sp~, — Sp is symmetric monoidal, has
a right adjoint (namely the O-th connective cover functor 7>) and sends compact objects in Spsg to
compact objects in Sp, as the sphere spectrum compactly generates Sp~, and Sp. B

Construction 3.4.4. Applying Proposition 3.1.8.(2) and (4) to the full subcategory inclusion Sps, —
Sp in CAlg(Pr'“°) and to the subcategory inclusion Pr>®® — Pr™*¢ in CAlg(Pr") (see Proposi-
tion 3.2.10), we construct the following composite morphism in CAlg(Pr"):

MOdSpZO(PrL’Cp—ﬂf’rL'C) _®Sp20

Sp
Prioh o ModspZD(PrL’Cp) — =% Modg, (Pr¢) ~ pPrl°

Mods,._  (Pr')
As Sps is an idempotent algebra in Pr¥, the second functor — ®sp., Op here is equivalent to the
composite N

forget

(3.5) Mods,_, (Pr™°) Pri 22 Modg, (Pre).

Recall now the symmetric monoidal left adjoint functor from Construction 3.4.4 and the equivalences
P* and (—)¢ from Proposition 3.3.4. Then the following holds.

Proposition 3.4.5. The composite

= st 34/ —)¢
(3.6) (=) add 25 pylyp Const 844, pyle OV, o

defines a morphism in CAlg(PrL) which is the left adjoint to the forgetful functor st — add.
For C € add, the unit C — Ci™ of the adjunction is a fully faithful additive functor.

Proof. We show that the composite (—)f" is indeed left adjoint to the forgetful functor. By construction,
we have a commutative diagram in CAlg(Pr")

—®sp5SP

L,cp L,c
PI‘add Prst
—®SP20 T —®SPT ’

PrL,cp N PrL,c

where the top horizontal morphism is the functor from Construction 3.4.4, and the bottom horizontal
functor is the subcategory inclusion (which is a symmetric monoidal left adjoint by Proposition 3.2.10).
Taking right adjoints, the middle square of functors in the following diagram commutes:

~ L.cp Le
add =~ Pry «— Pr" = st

[ [ |

Cati’)ldem ~ PrL,cp PI‘L’C ~ Catg;x,ldem
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The left and right square commute by Proposition 3.3.4. By Proposition 3.2.8.(3), the bottom horizontal
composite is the forgetful functor Cat’4°™ — Cat2:i9°™  The top horizontal functor is the right
adjoint to (—)fi" and hence agrees with the forgetful functor st — add.

We next prove fully faithfulness of the unit: Since both are left adjoints of the forgetful functor,
the functor (3.6) is equivalent to the functor (—)%": add — st constructed in [ES22b, Def. 2.1.17]
which sends an additive, idempotent-complete co-category C to the smallest full stable subcategory
of Fun™(C°P,Sp) (the category of functors taking finite coproducts in C to finite products in Sp)
containing the image of the Yoneda embedding. In [ES22b, Cor. 2.1.5], it is shown that the inclusion

C — Fun™(C°P,Sp) is fully faithful, and hence so is the inclusion C — Cfi. O

Remark 3.4.6. As used in the proof of Proposition 3.4.5, the functor (3.6) is equivalent to the
functor (—)f": add — st constructed in [ES22b, Def. 2.1.17] taking an additive, idempotent-complete
oo-category C to the stable, idempotent-complete co-category C™ of finite cell C-modules, explicitly
defined to be the smallest full stable subcategory of Fun™(C°P,Sp) (the category of functors taking
finite coproducts in C to finite products in Sp) containing the image of the Yoneda embedding. The
inclusion C < €™ is induced by the Yoneda embedding.

3.4.3. K® as a left adjoint. We now show that for an ordinary additive idempotent-complete 1-category
A, the universal stable co-category A" from Proposition 3.4.5 is equivalent to K°(A).

Consider the symmetric monoidal left adjoint (—)": add — st of the forgetful functor from Propo-
sition 3.4.5. Categories in the image of ()" carry so-called weight structures, which were originally
introduced independently by Bondarko in [Bonl0] and (under the name of co-t-structures) by Pauk-
sztello in [Pau08], and afterwards adopted to the co-categorical setting by Elmanto and Sosnilo [ES22b],
whose exposition we closely follow.

Remark 3.4.7. For a representation theoretic point of view on (classical) weight structures in the
context of Soergel bimodules we refer to [ES22a]. Soergel bimodules appear in there as Springer
motives attached to Bott—Samelson resolutions of Schubert varieties in the full flag variety and form
an additive idempotent complete coheart, see [ES22a, Ex. 2.2] and compare with Example 3.4.8.

By [ES22b, Def. 2.2.1] a weight structure on an idempotent complete stable co-category D is a pair
(D<o, D>g) of two full idempotent complete subcategories fulfilling the following conditions:

(1) EDZO C DZO’ Z_lpgo C DSO' We write Dzn = anzo, Dgn = Enpgo.
(2) For x € D<g and y € D>1, we have mo(Homp(z,y)) ~ 0.
(3) For any object z, there is a fiber sequence <y — * — x>1 with x<g € D<g,z>1 € D>1.

Note that condition (3) merely requires the existence of such a fiber sequence, neither is it unique nor
functorially associated to x. A weight structure is called bounded if D = J,,(D>_, N D<y). For any
weight structure, the weight heart DY = D>o N D<y is additive and idempotent complete.

Just like t-structures, weight structures only depend on and may be constructed in terms of the
underlying (triangulated) homotopy category of D.

Example 3.4.8. Given an ordinary additive, idempotent complete 1-category .4, the oco-category
K®(A) has a canonical bounded weight structure with K?(.A)s the (dg nerve on the) full subcategory
of chain complexes supported in non-negative homological degrees. The weight heart Kb(A)Y ~ A
recovers the original additive 1-category and its inclusion is the canonical functor A — K°(A).

A functor F': C — D between stable, idempotent-complete oo-categories with weight structure is
weight exact if it is exact and the restriction of F' to the full subcategory C>¢ C C factors through the
full subcategory D>¢ C D and the restriction of F' to C<og C C factors through D<o C D. Weight exact
functors F': C — D restrict to additive functors F¥: C¥ — DY between the weight hearts.
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Notation 3.4.9. Let st® denote the oo-category of idempotent complete stable categories equipped
with bounded weight structures and weight exact functors.

A key result of [ES22b] is that (—)%: add — st factors as an equivalence add — st®* followed by
the functor st®” — st which forgets the weight structure, see [ES22b, Const. 2.2.7]. An inverse of this
equivalence add — st® is given by the functor (—)¥: st? — add taking the weight heart, see [ES22b,
Theorem 2.2.9]. The following corollary is a consequence of this theorem:

Corollary 3.4.10. Let A be an ordinary additive, idempotent-complete 1-category. We have an equiv-
alence of co-categories A ~ Kb(A). In particular, for any stable, idempotent-complete co-category
B, the inclusion of degree-zero chain compleves A — KP(A) induces an equivalence

Fun® (K"(A), B) — Fun" (A, B).

Proof. By [ES22b, Thm. 2.2.9], for any additive, idempotent complete co-category A, the co-category
Af" is uniquely characterized by being a stable, idempotent-complete oo-category with bounded weight
structure with weight heart A. Since for an ordinary, additive, idempotent-complete 1-category A, the
oo-category K?(A) is a stable, idempotent-complete co-category with weight structure and weight heart
A, see Proposition 3.4.2, Example 3.4.8. The result follows. O

Extending Corollary 3.4.10, we think of (—)f" : add — st as the correct generalization of K®(A) from
ordinary additive, idempotent-complete 1-categories to additive, idempotent-complete co-categories A.

Notation 3.4.11. Abusing notation, we will henceforth write K?(—) := (—)f": add — st for the left
adjoint to the forgetful functor st — add, even when applied to additive co-categories.

3.5. oo-categories of graded modules. The categories appearing in this paper will not just be
additive or stable, but will typically be enriched in chain complexes of k-modules for a commutative
ring k, equipped with an additional Z-grading. In this section, we recall the necessary technical
machinery to address this coherently. This machinery will apply more generally to E..-ring spectra,
i.e. commutative algebra objects in Sp. In §3.6, we relate these structures with possibly more familiar
variants of derived categories. Similar definitions are discussed in [Lurl8].

3.5.1. K-modules.

Notation 3.5.1. For k£ an ordinary commutative ring, we let mody denote the ordinary symmetric
monoidal 1-category of k-modules.

We now discuss the co-categorical analog of mody. It follows from Lemma 3.2.12.(8) that for an Eo-
ring spectrum K € CAlg(Sp), the co-category Modk (Sp) is a compactly generated stable, presentably
symmetric monoidal category, i.e. Modg (Sp) € CAlg(Prk©).

Notation 3.5.2. For K € CAlg(Sp), we write Mody for the category of K-modules Modk(Sp) €
CAlg(Pry©) and Perfy for the category of perfect K-modules Perfy := Modg (Sp)© € CAlg(st).

The symmetric monoidal equivalence Ind: st — Prl‘t’C transports Perfx to Modg and vice versa.

Example 3.5.3. The main application of this paper will only be concerned with the case that K = Hk
is an Eilenberg-MacLane spectrum of a classical commutative ring k. In this case, Modk is equivalent
to the unbounded derived oo-category D(mody) of the abelian category mody of k-modules [Lurl?7,
Thm 7.1.2.13] with symmetric monoidal structure given by the derived tensor product — ®% —. The
oo-category Perfi is equivalent to its full subcategory on the perfect chain complexes, i.e. the chain
complexes quasi-isomorphic to a bounded complex of finitely generated projective k-modules.

Since Example 3.5.3 is the situation relevant to our paper, the reader can safely view K as a classical
ring k and Modg as D(mody). The situation of Example 3.5.3 will be discussed in more detail in §3.6.
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3.5.2. Compact-projective K-modules. As above, we will be concerned with the additive variants of
the notions in §3.5.1. Let K be a connective E.-ring spectrum, i.e. a commutative algebra K €
CAlg(Sps)- Since Spsq € CAlg(Pr{;&ilp), it follows from Lemma 3.2.12 that the category Modx (Spsg) €

CAlg(PryP).

Notation 3.5.4. Fix K € CAlg(Sps(), we write Mod]I%0 for the co-category of connective K-modules

Modg(Sps) € CAlg(PrZI;’iflp) and CProjg for the category of compact-projective K-modules CProjy =
Modg (Sp>)? € CAlg(add).

Note that ModH%0 is a full subcategory of Modk.

Example 3.5.5. For K = Hk an Eilenberg-MacLane spectrum of a classical commutative ring k, the
oo-category Modﬁ(,)g is equivalent to the full subcategory D(mod)>o of the unbounded derived oo-
category D(mody,) of the ring k on those chain complexes with homology in non-negative homological
degree. It follows from Lemma 3.5.7 below that the full subcategory CProjg; is equivalent to the
1-category of finitely generated projective k-modules in the usual sense (with fully faithful inclusion

into D(mody)>o as complexes concentrated in degree zero), see also §3.6.

Observation 3.5.6. The symmetric monoidal equivalence Ind: st — Prl‘t’C transports Perfx to Modk.
Similarly, the symmetric monoidal equivalence P*: add — Pri&fip transports CProjg to ModH%O.

Lemma 3.5.7. The following hold:

(1) Let K € CAlg(Sps). The rank one free module Kx generates CProjg under retracts and finite
direct sums; in particular, every object of CProjy is a retract of a finite coproduct of modules
1somorphic to Kg.

(2) Let K € CAlg(Sp). The rank one free module Kk generates Perfx under retracts and finite
colimits; in particular, every object of Perfx is a retract of an iterated finite colimit of modules
isomorphic to Kg.

Proof. Immediate from Lemma 3.2.9 and the fact that Modg and Modio are compact and compact
projectively generated by Kg respectively. O

If £ is an ordinary ring, then an object of Perfyj can be represented by a bounded chain complex
of finitely generated projective k-modules. This generalizes to any K € CAlg(Sps):

Proposition 3.5.8. For K € CAlg(Sps) there is a symmetric monoidal equivalence
K°(CProjy) ~ Perfx.
Proof. Starting with the definition of K® = (—)f" in Proposition 3.4.5, we obtain the equivalence
K°(CProjy) := (’PE(CProjK) ®@Sps Sp)c ~ (ModK(SpZO) ®Sp-q Sp)C ~ (Modx(Sp))“ =: Perfyk
where the last step follows from Proposition 3.1.8.(5). O

3.5.3. Z-graded K-modules. Given an ordinary monoid Z and a commutative ring k, the category
Fun(Z, mody) of Z-graded k-modules admits a convolution monoidal structure, for which the tensor
product of Z-graded modules (M.).cz and (N,).cz is given by the Z-graded module which in degree
2 € Z 18 @yyz=2M,, @ N,,. This construction is a special case of the Day convolution monoidal
structure on a functor category [Lurl7, § 2.2.6]. Here, we focus on the symmetric monoidal case.

We briefly recall this construction of a symmetric monoidal structure on Fun(.J,C) in the case where
J is a small symmetric monoidal co-category and C is a presentably symmetric monoidal co-category.
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Lemma 3.5.9. For J € Cato, and C € Pr", the functor C x J — Fun(J°P,C),

(3.7) (¢,7) = ¢®Homy(—,j) € Fun(J°P,C)
(where ® denotes the action of S on C inherited from the presentability of C) induces an equivalence
(3.8) C®P(J) ~ Fun(J?,C)

in Pr™ (where @ denotes the tensor product of Pr").

Proof. Consider the chain of equivalences

C @ P(J) ~ Fun®(P(J),C°)°P ~ Fun(.J,CP)°P ~ Fun(J°P,C)
Here, the first equivalence follows from (3.2), the second equivalence is the universal property of the
Yoneda embedding [Lur09, Thm. 5.1.5.6], and the last records the interplay between functor categories

and opposites. Precomposing this equivalence with the inclusion functor C x J — C ® P(J) (which is
cocontinuous in its second argument) unpacks to the functor (3.7). O

Assume J € CAlg(Cato,) and C € CAlg(Pr"). Since P: Catoe — Pr" is symmetric monoidal by
Proposition 3.1.6, it follows that for J € CAlg(Cat ), the co-category P(J) inherits a presentably sym-
metric monoidal structure, i.e. P(J) € CAlg(Pr"). Then (3.8) provides the following Day convolution
monoidal structure on Fun(J°P,C).

Corollary 3.5.10. Let J € CAlg(Cats) and C € CAlg(Pr"). Then Fun(JP,C) inherits a presentably
symmetric monoidal structure from the tensor product C @ P(J) of commutative algebras in Prl.

Remark 3.5.11. By [BS24, Prop. 3.10], this construction agrees with the Day convolution structure
on functor categories, as e.g. defined in [Lurl7, Rem. 2.2.6.8], also see [BS24, Thm. 3.1]. Explicitly,
the tensor product of functors F': J°? — C and G: J°P — C is given by the left Kan extension of the

functor JoP x Jov &% ¢ along the tensor product J°P x J°P — JOP.

Lemma 3.5.12. If J € CAlg(Cato.) and C is in CAlg(Pr™°) or CAlg(Pr™P), then Fun(J°P,C) with
its Day convolution monoidal structure is also in CAlg(Pr™®) or CAlg(Pr™°P), respectively.

Proof. The Day convolution monoidal structure was defined by identifying Fun(J°P,C) with CQ P(J).
The presheaf category P(J) is an object of CAlg(Pr™P) (in fact, it is generated by a small set of
objects which commute with all small colimits). Hence, if C is in CAIg(PrL’C) or in the subcategory
CAlg(Pr“?), then so is C @ P(J). O

Observation 3.5.13. The monoidal unit I € J of any symmetric monoidal co-category J € CAlg(Caty,)
induces a symmetric monoidal functor & — P(J) left adjoint to the evaluation functor evy: P(J) — S,
and explicitly given by sending a space X to the functor Hom;(—,I) x X: J°? — S. It follows that
for any presentably symmetric monoidal category C, there is a symmetric monoidal left adjoint
C~C®S—C®P(J)~Fun(J?,C)

to the evaluation functor evy: Fun(J°P,C) — C, explicitly given by sending ¢ € C to the functor
Hom; (—,I)®c: J°P = C.

We will particularly focus on gradings by a homotopy coherent abelian monoid, i.e. a Z € CAlg(S).

Definition 3.5.14. Let Z € CAlg(S) and recall Day convolution from Corollary 3.5.10.
(1) For K € CAlg(Spsg), we define the oo-category of Z-graded connective K-modules Mod]%

CAlg(Pr™°P) as the functor category Fun(Z,ModZ") with the Day convolution structure.
(2) For K € CAlg(Sp), we define the oo-category of Z-graded K-modules ModZ € CAlg(Pr') to
be the functor category Fun(Z, Modk) with the Day convolution structure.

0,2
e
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Example 3.5.15. Following Example 3.5.3, if Z is a discrete (i.e. ordinary) commutative monoid Z
and K = Hk the Eilenberg-MacLane spectrum of an ordinary commutative ring k, the oo-category
Modﬂf is the unbounded derived oco-category D(modf ) of the ordinary abelian 1-category modf =
Fun(Z, mody) of Z-graded k-modules. This will be discussed in more detail in Section 3.6.

Unpacking Day convolution from Corollary 3.5.10 in these terms, the tensor product of an ordinary
k-module M concentrated in degree z € Z and an ordinary k-module N concentrated in degree w € Z
is given by the derived tensor product M ®£ N concentrated in degree z +w € Z.

cp c
Example 3.5.16. Still in the setup of Example 3.5.15, the co-categories (Modfﬁc’z) and (ModIZ{k)

may be identified with the full subcategories Fun™*"PP(Z CProj,) and Fun™"PP(Z Perf;) of the
functor co-categories Fun(Z, CProj,) and Fun(Z, Perf}), respectively, on the finitely supported func-
tors, i.e. functors that vanish on all but finitely many elements of Z.

Observation 3.5.17. Assume Z € CAlg(S) and K € CAlg(Sps(). The symmetric monoidal functor
— ®Sp: Pres® — Priy¢ from Construction 3.4.4 takes ModZ”? with its Day convolution monoidal
structure to Modﬂf with its Day convolution monoidal structure. Indeed, we have the following sequence

ModZ"Z @ Sp ~ P(Z) ® Modz’ ® Sp ~ P(Z) ® Modg ~ Mod&

of symmetric monoidal equivalences. In particular, it follows that the fully faithful inclusion ModH%O’Z —

Mod§ is symmetric monoidal and hence a morphism in CAlg(Pr").

3.6. Derived oo-categories of graded modules. Many of the constructions of Section 2 center
around discrete (i.e. ordinary) graded k-algebras, and derived graded bimodules between them. In this
section, we therefore focus on the case where K is a discrete commutative ring & and Z is a discrete
commutative monoid Z and unpack our constructions in terms of homological algebra, generalizing
Examples 3.5.3, 3.5.5 and 3.5.15.

3.6.1. Derived co-categories. We quickly review the basics of the theory of derived co-categories; we
refer the reader to [Lurl?, § 1.3] for more details.

Given an abelian 1-category A, its (unbounded) derived oo-category D(A) is the oco-categorical
localization of the co-category of unbounded chain complexes in A (constructed as the dg nerve [Lurl?7,
§ 1.3.1] of the corresponding differential graded category) at the quasi-isomorphisms. In particular, the
homotopy 1-category h1D(A) agrees with the ordinary derived 1-category of A in the usual sense.

Let D(A)>o denote the full subcategory of D(A) on the chain complexes with vanishing homology
in negative degrees. When A is particularly well-behaved, the co-categories D(A)>¢ and D(A) can be
expressed in terms of completions (of the type introduced throughout Section 3), as we discuss now.

Recall the following classical analogues of Definition 3.2.1:

Definition 3.6.1. Let ¢ be an object in an ordinary 1-category C with small colimits. Then, c is called

(1) compact, if Home(c, —): C — Set preserves filtered colimits;
(2) 1-projective, if Home(c,—): C — Set preserves geometric realizations (equivalently, reflective
coequalizers);
(3) compact 1-projective if Home(c, —): C — Set preserves sifted colimits, or equivalently if ¢ is
compact and 1-projective.
We say that C is compactly generated (resp. l-projectively generated) if there is a small set of
compact (resp. compact l-projective) objects which generate C under small colimits. We denote the
full subcategory of compact, resp. compact 1-projective, objects in C by C, resp. C°'P.

Example 3.6.2. If A is an abelian 1-category, an object ¢ € A is 1-projective if and only if it is
projective in the usual sense.
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Example 3.6.3. A presentable abelian category A is 1-projectively generated if it is compactly gen-
erated and if the full subcategory of compact objects A€ has enough projective objects, i.e. if for every
compact object a € A there exists a compact 1-projective object p and an epimorphism p — a. In
particular, this implies that also .4 has enough projective objects, i.e. that for every object a € A
there exists a 1-projective p and an epimorphism p — a.

For example, the abelian category mody is a 1-projectively generated presentable 1-category with
modyj, the full subcategory of finitely generated modules and modz1p the full subcategory of finitely
generated projective k-modules.

Remark 3.6.4. Because Set — S preserves filtered colimits, an object in an ordinary 1-category C
is compact in the sense of Definition 3.6.1 if and only if it is compact in the sense of § 3.2 when C is
considered as an co-category.

Warning 3.6.5. Remark 3.6.4 not true projectivity: The condition for an object ¢ € C to be 1-
projective (i.e. Home(c, —): C — Set preserving geometric realizations) is different to the condition for
it to be projective (i.e. Home(c,—): C — Set — S preserving geometric realizations), simply because
the inclusion Set — S does not preserve geometric realizations. This difference is at the heart of the
process of animation [CS24, § 5.1.4], which takes an ordinary cocomplete category C to P=(C°'P), i.e.
freely making the compact 1-projective objects into compact-projective objects.

The following statements are well-known and can be gathered from various parts of [Lurl7, § 1.3]:

Proposition 3.6.6. Let A be a 1-projectively generated presentable abelian 1-category.

(1) The additive presentable co-category D(A)sq is equivalent to P=(AP).
(2) The stable presentable co-category D(A) is equivalent to its stabilization

PE(AP) @ Sp ~ Ind K?(AP).

Proof. For the first statement, note that A has enough projective objects (see Example 3.6.3) and
let D_(A) be the dg-nerve of the differential graded category of bounded-below chain complexes of
1-projective objects (i.e. projective objects in the standard abelian sense). Let D_(A)>¢ be the full
subcategory on the chain complexes with vanishing homology in negative degrees. Entirely analogous'*
to the proof of [Lur17, Prop. 1.3.3.14], the Dold-Kan correspondence shows that D_(A)q ~ P>(AIP).
Since any 1-projectively generated presentable abelian 1-category is Grothendieck abelian [Lurl?,
Def. 1.3.5.1], it follows from [Lurl7, Prop. 1.3.5.24, Def. 1.3.5.8, Prop. 1.3.5.13] that there is a fully
faithful embedding D_(A) — D(A) with image the chain complexes with bounded-below homology.
In particular, this embedding identifies D_(A)>o with D(A)>o.

For the second statement, since the ¢-structure (D(A)<g, D(A)>0) on D(A) is right-complete [Lurl7,
Prop. 1.3.5.21], it follows that D(A) is the stabilization of D(A)s¢; since D(A)>¢ = PZ(A°P) is
presentable this stabilization is given by tensoring with Sp by [Lurl7, Ex. 4.8.1.23]. The equivalence
PE(AP) ® Sp ~ Ind K (A°P) follows then from the definition of (—)f* in Proposition 3.4.5 and its
equivalence with K® from Corollary 3.4.10. 0

3.6.2. Derived co-categories of graded modules. We return to the main goal of this subsection to give a
homological perspective on the constructions of the last sections. Let K be a discrete commutative ring
k and Z a discrete commutative monoid Z. Recall the notation modf for the ordinary category of Z-
graded k-modules. Throughout this subsection, we also fix an ordinary (not necessarily commutative)
Z-graded k-algebra A € Alg(modkz.).
Notation 3.6.7. We let grmod 4 := RModA(modf) denote the ordinary 1-category of Z-graded right
A-modules.

14[Lurl?7 Prop. 1.3.3.14] does not apply directly since the full subcategory A° of compact objects in a presentable
abelian category A is not necessarily itself abelian.



44 YU LEON LIU, AARON MAZEL-GEE, DAVID REUTTER, CATHARINA STROPPEL, AND PAUL WEDRICH

This category grmod , is a 1-projectively generated, in the sense of Definition 3.6.1, presentable
abelian 1-category. A standard computation shows that its compact 1-projective objects (i.e. its
compact projective objects in the usual abelian sense) are precisely given by the graded-compact
projective modules, defined as follows.

Definition 3.6.8. An (ordinary) Z-graded A-module M € grmod , is graded-compact-projective if it
is a retract of a finite direct sums of grading shifts of the free module A. Let grmod% " C grmod,
denote the full subcategory on the graded-compact-projective A-modules.

In the notation of Definition 3.6.1, grmod% ™ P = (grmod 4 ).

Using Proposition 3.6.6, we can identify the oco-category RMod g A(ModIZ_I%Z) as well as its various
subcategories in terms of homological algebra:

Proposition 3.6.9. Let Z be a discrete monoid, k a discrete commutative ring, and A a discrete
Z-graded (not necessarily commutative) k-algebra.

cp

(1) The oco-category (RModHA(Modg%ZD is equivalent to grmod% ™ Y. In particular, it is a
1-category.

(2) The co-category (RModHA (MOdIZ{k)) is equivalent to the oco-category K®(grmod® ~P).

(8) The co-category RMOdHA(MOdE%Z) is equivalent to the oco-category D(grmod 4)>o.
(4) The co-category RMod g 4(Mod%,.) is equivalent to the (unbounded) derived co-category D(grmod 4 ).

Proof. The oo-category Mod%%z = Fun(Z, Modfﬁc) is generated by the set of compact 1-projective
objects Hk[z] for z € Z, i.e. the ground ring k in homological degree zero, and grading-degree z €
Z. Hence, by Lemma 3.2.12.(7), RModHA(ModE%’Z) is generated by shifted-free modules HA[z] =
HA®pi Hk[z] for z € Z. By Lemma 3.2.9.(1), the compact-projective objects of RMod 4 (ModIZ{(;C’Z)
are retracts of finite direct sums of such modules, and hence are precisely the graded-compact-projective
modules. This proves (1).

For (3), note that RModHA(Mod%I%Z) is projectively generated (see Lemma 3.2.12), and hence
equivalent to

P (RModHA(Mod,%,%Z)CP) = P> (grmod& ).

Since grmod® ~ P is the full subcategory on the compact 1-projectives in the 1-projectively generated
presentable abelian category grmod 4, it follows from Proposition 3.6.6.(1) that this is equivalent to
D(grmod 4)>0.

Statement (4) follows from Proposition 3.6.6.(2) since by [Lur17, Thm. 4.8.4.6], RMod 4 (Mod5?)®
Sp ~ RModz 4(Mod7%? @ Sp) ~ RMod g 4(Mod%,).

Statement (2) then follows since D(grmod 4) ~ Ind(K®(grmod® ~°P)) by Proposition 3.6.6.(2). O

Motivated by Proposition 3.6.9, we call the objects in the full subcategory D(grmod 4)¢ C D(grmod 4)
graded-perfect.

Remark 3.6.10. Since D(grmod,)¢ ~ K°(grmod ") an object is graded-perfect if it is quasi-
isomorphic to a bounded (in either direction) chain complex of graded-compact-projective A-modules.

Notation 3.6.11. We write D(grmod 4 )& ~P° := D(grmod 4 )¢ for the full subcategory of D(grmod 4)
on the graded-perfect modules.



A BRAIDED MONOIDAL (o0,2)-CATEGORY OF SOERGEL BIMODULES 45

4. GRADED-LINEAR 00-CATEGORIES AND MORITA THEORY

The goal of this section is twofold: in the first half of this section we introduce the relevant notions
of graded and linear oco-categories, and prove an oo-categorical version of the familiar equivalence
between categories enriched in graded modules and categories with an action. We have seen a concrete
1-categorical instance already in form of the categories BSbimir and BSbim,, in Section 2. In the second
half of this section, we introduce the Morita categories relevant for the construction of our monoidal
(2,2)-category Sbim.

4.1. Presentably enriched oco-categories.

4.1.1. Closed monoidal oco-categories and closed module co-categories.

Definition 4.1.1 ([Lurl7, Def. 4.2.1.28]). Let V be a (possibly large) monoidal oco-category, and C a
left V-module oo-category. A morphism object between objects z,y € C is an object Hom,(z,y) € V
representing the presheaf Home(— ®x,y): VP — S, i.e. equipped with isomorphisms natural in v € V

Homy (v, Hom, (z,y)) ~ Home (v ® x, y).

A V-module category C is closed if a morphism object exists between every pair of objects z,y € C. A
closed monoidal co-category is a monoidal co-category whose left action on itself is closed.

Observation 4.1.2. Let F': V — W be a monoidal functor from a monoidal co-category to a closed
monoidal oco-category W which is left adjoint to a functor G. Then, the induced V-action on W is
closed with morphism object GHomy(w,w’) € V for w,w’ € W. If V is also closed monoidal, then
for v,v" € V, the map of spaces Homy (v, v’) — Homyy(Fv, Fv') lifts'® along Homy (I, —): V — S to a
V-morphism

Homy (v,v") = GHomy (Fv, Fv').

Example 4.1.3. Let V € Alg(Pr") and C € LMody(Pr"), i.e. C is a presentable co-category with
an action — ® —: V x C — C by a presentable monoidal oo-category V which is cocontinuous in both
variables. It follows from the adjoint functor theorem, Proposition 3.1.4, that Home (—®x,y): VP — S
is representable for all z,y € C, i.e. that the V-module category C is closed. In particular, any
presentably monoidal co-category is closed monoidal.

Example 4.1.4. Let K be a set of simplicial sets and recall from Cati the presentably symmetric
monoidal co-category of co-categories with K-colimits and K-colimit preserving functors. For C,D €
CatX | the full subcategory Fun™(C,D) of Fun(C,D) on the K-colimit preserving functors is closed
under K-colimits [Lurl7, Rem. 4.8.4.14] and hence is an object of Cat’ . Tt follows directly from the
characterization of the tensor product in Cat’;, see Proposition 3.1.11, that Fun™(C, D) € Ca‘c’fO is the
morphism object between C and D in CatX (cf. proof of [Lurl7, Lem. 4.8.4.2]).

We generalize Example 4.1.4 to module categories using the following terminology.

Notation 4.1.5. Let K be a small set of simplicial sets, V € Alg(Cat® ) and C, D € LMody(CatX ). Let
Funy (C, D) be the co-category of V-module functors [Lurl7, Def. 4.6.2.7] and Funf; (C, D) C Funy(C, D)
the full subcategory on those module functors whose underlying functors preserve K-colimits.

By [Lurl7, Rem. 4.8.4.14], Funf (C, D) is closed under K-colimits, thus an object of CatX .
Lemma 4.1.6. Let K be a small set of simplicial sets and let V € Alg(Cat’oco). Cconsider the right
action of CatX on LMody(CatX ). Let C,D € LMody(CatX ). Then, the following hold.

I5Explicitly, under the equivalence Homy (Homs (v, v'), GHomy, (Fv, Fv')) ~ Homy (FHomy (v, v'), Homy, (Fv, Fv')) ~
Homyy (FHomy (v, v') ® Fu, Fv') ~ Homy (F(Homy (v, v’) ® v), Fv’), the morphism becomes the F- image of the counit
Homy (v, v") @ v — v'.
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(1) Fun¥ (C,D) is a morphism object in CatX, between C,D € LMody(CatX ).
(2) If V is furthermore symmetric monoidal, then Funk (C, D) admits a V-action which makes it
into a morphism object in Mody(CatX ).

Proof. We first prove statement (1) for K = ). Consider the locally coCartesian fibration C® — V®
from [Lurl7, Not. 4.2.2.17, Lem. 4.2.2.20] associated to a V-module category C. It follows from
[Lurl7, Lem. 4.8.4.12] that Funy(C,D) C Funye(C®,D®) is the full subcategory on those functors
which preserve locally coCartesian morphisms, where for given functors F: A — B < C: G of oco-
categories, we let Fun (A, C) = Fun(A,C) Xpuna,8) {F} denote the over-functor category. If C,D €
LMody(Cats ) and A € Cato, the evident equivalence

Fun(A, Fun ye (C®,D®)) ~ Fun jye (A x C® D¥®) ~ Fun ye ((A x C)®,D%)
restricts to an equivalence
(4.1) Fun(A, Funy(C, D)) ~ Funy(A x C, D)

which upon passing to maximal co-subgroupoids shows that Funy(C, D) is the morphism object for the
action of Cats, on LMody(Cate).

Now let K be general. Let A € CatX and C,D € LMody(CatX ), and let ® denote the action of
CatX on LMody(CatX ). By definition of the action, it induces an equivalence

(4.2) Funfy (A ® C, D) ~ Funk** (A x C, D),

where Funf** (A x €, D) € Funy(A x C,D) denotes the full subcategory of V-linear functors whose
underlying functor A x C — D preserves K-index colimits separately in each variable. On the other
hand, by the description of K-indexed colimits in Fun§ (C,D) [Lurl7, Lem. 4.8.4.13], the equivalence
(4.1) restricts to an equivalence of full subcategories

(4.3) Fun (A, Funf (C, D)) ~ Funl™ (4 x ¢, D).

Composing (4.2) and (4.3) exhibits Funy (C, D) as the morphism object of C, D in Cat® . This proves
part (1). Part (2) follows now with Observation 4.1.2 applied to the (symmetric) monoidal left adjoint
CatX — Mody(CatX). O

4.1.2. Presentably enriched oo-categories. Let V e Alg(Pr®) and C € LMody(Pr"), i.e. C is a pre-
sentable co-category with an action — ® —: V x C — C by a presentable monoidal oo-category V
which is cocontinuous in both variables. As in Example 4.1.3, it follows from the adjoint functor the-
orem that the action is closed, i.e. for any pair of objects x,y € C, there exists a morphism object
Hom,(z,y) € V. It is shown in [GH15, Cor. 7.4.13] that these morphism objects assemble C into a
V-enriched oo-category with space of objects C=, and which we will also denote by C. By [Hei23, Thm.
7.21, Thm. 1.2], this construction is functorial and multiplicative in the following sense:

Proposition 4.1.7. Let V € CAlg(PrL) and let (/Jz?t[V] denote the oco-category of large V-enriched
oo-categories equipped with the enriched tensor product. The construction of an enriched oco-category
from a presentable module category then assembles into a lax symmetric monoidal faithful functor

Mody (Pr") — Cat[V].
In particular, this induces a functor
(4.4) CAlg(Mody (Pr)) =~ CAlg(Pr¥)y, — CAlg(Cat[V]).

The functor (4.4) will be our meain tool to construct symmetric monoidal enriched co-categories
and symmetric monoidal enriched functors between them. In particular, if V € CAlg(PrL), then V
itself may be considered as self-enriched, i.e. V € CAlg(Cat[V]).
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Notation 4.1.8. We follow [MS21, § A.3] and call a V-enriched co-category C € @[V] presentably V-
enriched if its underlying co-category is presentable, admits tensors'®, and if moreover for every v € V,
the induced functor v ® —: C — C between the underlying oo-categories preserves small colimits.

Remark 4.1.9. Let Pr%, denote the (non-full) subcategory of @D[V] on the presentably V-enriched oo-
categories C and on those V-enriched functors that are left adjoint in the V-enriched sense,'"see [MS21,
Def. A.2.12]. Then, it is shown in [MS21, Thm. A.3.8] that the functor Mody(Pr") — @[V]
factors as an equivalence through Pr&. In particular, Mody(Pr") ~ Pr¥ is a subcategory of @E[V];
it is merely a property of large V-enriched categories and V-enriched functors to be in the image of
Mody (Pr") — Cat[V].

4.2. Graded linear co-categories. To incorporate K-linearity for K € CAlg(Sp) into the setup, we
could define small K-linear oco-categories as small oco-categories enriched in the presentably symmetric
monoidal oco-category Modg from Notation 3.5.2. Due to Proposition 4.1.7 and Remark 4.1.9, it is
technically easier to work with presentably enriched oco-categories instead, as these can be expressed
purely in the language of module categories. Our ‘presentable K-linear’ terminology is justified by
Remark 4.2.3.

4.2.1. K-linear oco-categories. We start with some definitions which are crucial throughout the paper.

Definition 4.2.1. For K € CAlg(Sp), we define

(1) the oco-category PrI;ddK of additive presentable K-linear co-categories as

Pr{;ddK = ModModu%o (Prl);

(2) the oco-category addg of small additive, idempotent-complete K-linear co-categories as
add]K = MOdCProjK (add)
For K € CAlg(Sp), we define

(3) the oco-category PriﬁtK of stable presentable K-linear co-categories as
PrlﬁtK := Modody (PrL);
(4) the oco-category stx of small stable, idempotent-complete K-linear oo-categories to be
stg := Modpert, (st).

Remark 4.2.2. In other words, an additive/stable presentable K-linear co-category is an additive/stable
presentable co-category C with an action by ModH%0 /Modg, so that the action functor Modﬁgo) xC—C
preserves small colimits in both variables. A small additive/stable idempotent-complete K-linear oo-
category is a small, additive/stable idempotent complete oo-category C with an action by CProjg or
Perfg, respectively so that the action functor CProjg x C — C is additive in either variable, or so that
the action functor Perfg x C — C is exact in either variable, respectively.

Remark 4.2.3. Following Remark 4.1.9, an additive presentable K-linear co-category is precisely
a presentably Mod]%o—enriched oo-category in the sense of Remark 4.1.9, i.e. a Modﬂio—enriched 00-
category fulfilling certain presentability properties. Similarly, a stable presentable K-linear co-category
is precisely a presentably Modg-enriched co-category, i.e. a Modg-enriched oo-category fulfilling certain
presentability properties.

16 A V-enriched co-category C admits tensors if the V-enriched functor Homy (v, Hom, (¢, —)): C — V is corepresentable
for all v € V and ¢ € C. Denoting the corepresenting objects by v ® ¢ € C, this induces an action of V on the underlying
oo-category of C.

I7Equivalently, by [MS21, Lem. A.2.14], V-enriched functors whose underlying functor is left adjoint and preserves
the induced V-action.
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The following justifies the terminology ‘stable/additive presentable K-linear’ in Definition 4.2.1.

Observation 4.2.4. Since Mody is stable and Mod]l%O is additive, we obtain the following equivalences
from Proposition 3.1.8.(3):
Priyq, = Mod

Prk

str

Pr") ~ Mod Prliq)

Modgo( Modgo(

:= Modeqy (Pr") ~ Modyeq, (Prk)
In particular, any presentably Modg-enriched co-category is automatically stable, and any presentably

ModH%O—enriched oo-category is automatically additive. Combining Proposition 3.1.8.(3) with the equiv-
alences from §3.1 and Section 3.3, we obtain the analogous characterizations of their small variants:

addg := Modcproj, (add) ~ Mod (PrisP) ~ Mod (Pr“P) ~ Modcpyoj, (Cats; ™)

>0
Modg

stg := Modpers, (st) ~ ModModK(Prlft’C) ~ Modpody (PrL’C) ~ Modpeer(Catf;X’idem)

>0
Modg

The next remark covers our main case of interest and connects to the framework from Section 2.

Remark 4.2.5. In case K = Hk for a field k of characteristic zero, it follows from [Coh16] that sty =
st is the localization of the ordinary 1-category dgCat'}cdcm’pmtriang of small idempotent-complete pre-
triangulated dg-categories at the quasi-equivalences, i.e. those dg-functors which induces triangulated
equivalences on homotopy categories. Hence, the reader may consider st; as our co-categorical stand-in
for the theory of dg-categories. In practice, the localization functor dgCat}cdcm’p retriang _y ot provides

an easy way to construct objects and morphisms of sty.

Observation 4.2.6. As oo-categories of modules of commutative algebras in presentably symmet-
ric monoidal oco-categories, both addx and stx are presentably symmetric monoidal. The symmetric
monoidal structure on addg can be characterized as follows: for C,D € addg, there is a functor
C X D — C ® D which is additive and K-linear in either variable, and which for all £ € addgk induces
an equivalence between the oco-category of additive K-linear functors C ® D — £ and the co-category
of functors C x D — & that are additive and K-linear in either variable. An analogous characterization
with additive replaced by exact holds for stg.

Proposition 4.2.7. Let K € CAlg(Sps). Recall the functor K’: st — add from Notation 3.4.11.

(1) This functor induces a symmetric monoidal functor K°: stg — addg which is left adjoint to
the forgetful functor addg — stk.
(2) For C € addg, the unit of the adjunction C — K°(C) is fully faithful.

Proof. By Proposition 3.1.8.(4), the symmetric monoidal left adjoint K? : add — st induces a symmetric
monoidal left adjoint functor addx = Modcproj, (add) — Modks(cproj,)(st). Composing with the
equivalence K*(CProjy) ~ Perfx from Proposition 3.5.8 results in the desired functor proing the first
part. Fully faithfulness of the unit of the adjunction follows from Proposition 3.4.5. O

4.2.2. oco-categories enriched in graded modules. Remark 4.1.9 motivates the following terminology:

Definition 4.2.8. Let Z be a homotopy coherent abelian monoid, i.e. Z € CAlg(S).
For K € CAlg(Spsg), we define

(1) the oco-category Prl%/[0 4202 of presentably ModH%O’Z—enriched oo-categories,
K

PL

T >0,2 =
Modji

Mod (Prl) ;

Mod%o’z

(2) the co-category Prk/l’zzzo, = of projectively generated presentably ModH%O’Z-enriched oo-categories,
K

Pre®_ = Mod,, 0.z (PreP) .

Mod%n’z Modg
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For K € CAlg(Sp), we define

(3) the oco-category Prhodg of presentably Modﬁ -enriched oo-categories,
L . Ly .
PI‘Modu% = MOdModf (PI‘ ) )
4) the oco-category Prlc | of compactly generated presentably ModZ -enriched oco-categories,
Mod. K
K

L.,c o L,c
PrModf = Modyjoqz (Pr°) .

As oo-categories of modules of commutative algebras in presentably symmetric monoidal categories,

L L . . .
both, PrM’CS>O_ ~ and PrM’g 42 are presentably symmetric monoidal co-categories.
(o] K ’ K

Remark 4.2.9. As in Observation 4.2.4, any presentably Modﬂzo’z—enriched oo-category is additive
and any presentably Modﬁ-enriched oo-category is stable, and we have the following equivalences:

Prt Mod (Pr") ~ Mod,, 0.2 (Prigq)
K

T >0,2 «—
Modg

Pr%/[od]g = MOdModg (PrL) ~ MOdModg (Prg‘t)

>0,2
Modg

Similarly, we have the following equivalences for their small variants, abbreviating M = Modﬂ%o’z:
Prhzgg(),z == Mod, d%ovz(Percp) ~ Mod s (Pr:P) ~ Mod e (add) =~ Mod prer (Cat i dem)

L,c . €\ o~ Lycy o ~ rex,idem

PrModf = MOdMOd% (PYL c) ~ MOdMod% (Pl"st ) >~ MOd(Modg)C(St) ~ MOd(ModH%)c(Catoi e )

Example 4.2.10. As discussed in Example 3.5.15, if £ is a discrete (i.e. ordinary) commuta-
tive monoid Z, then (Modg)® and (ModgZ)¢ are the oo-categories of finitely supported functors
Funﬁ“'suPp'(Z, CProjk) and Funﬁ“‘supp'(Z, Perfg), i.e. of functors that vanish on all but finitely many
elements of Z. In particular, in the case of grading by a discrete monoid Z, we obtain the following
equivalences:

L,cp ~ .
PrModH%O’Z =~ MOdFunfm.supp, (Z,CProjy) (add)

L,c ~
PrMOdug ~ MOdFunﬁn.supp.(Z7Peer) (St)

4.3. From gradings to actions. Given a ring k, and a k-linear category C with an action by a
discrete monoid Z, then the category C is canonically enriched in the ordinary category modf of Z-
graded k-modules. Indeed, given objects ¢,d € C we define the k-module of degree-z morphisms to
be
Home¢ (e, d), = Home(c,d|z])

where (—)[z]: C — C denotes the action of z € Z on C. Conversely, if C is a category enriched in
Z-graded k-modules and if moreover for every z € Z, the inner-hom functor Hom. (¢, —): C — modf
is corepresentable (e.g. if C is presentably enriched), then the enrichment arises from a Z-action on the
underlying category. These constructions provide an equivalence between the category of presentable
k-linear categories with an Z-action and the category of categories presentably enriched in Z-graded
k-modules. In this section, we generalize these constructions to our co-categorical setting.

Definition 4.3.1. Let J € CAlg(Catw).

(1) For K € CAlg(Sp>(), we define the oo-category addy, of J-graded additive, idempotent-
complete K-linear categories as

addy, == Fun(J°P, add).
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(2) For K € CAlg(Sp), we define the oo-category sty of J-graded stable, idempotent-complete
K-linear categories as
J . op
sty == Fun(J°P, stg).

We need the following compatibilities of structures with the functor K® from Proposition 4.2.7.

Proposition 4.3.2. Let J € CAlg(Cato).

(1) Day convolution induces presentably symmetric monoidal structures on addjé and on S‘UHJ< for
K € CAlg(Spsg) and K € CAlg(Sp), respectively.

(2) Composing with the symmetric monoidal left adjoint K°: addx — stx from Proposition /.2.7
induces a symmetric monoidal functor

K" : addy = Fun(J°P, addg) — Fun(J°P, stx) = stir

left adjoint to the forgetful functor. Moreover, for C € addHJ( = Fun(J°P,addk), the unit of the
adjunction C — KP(C) is pointwise (i.e. for every j € J) fully faithful.

Proof. Since stx and addg are in CAlg(Pr™) by Proposition 4.2.7 and J € CAlg(Cato), Corollary 3.5.10
induces a presentably symmetric monoidal structure on Fun(J°P, stx) and Fun(J°P, addk). Under the
equivalence Fun(J°P, addg) ~ addg ® P(J) of Lemma 3.5.9, the postcomposition functor becomes the
functor K® ®idp( sy and hence is a morphism in CAlg(PrL). Given C € :auddﬂ‘é7 ie. C_: J°P — addg, the
unit of the adjunction C — K?®(C) is given by the natural transformation which at an object j € .J is
the unit C; — K®(C;) of the adjunction K®: addg — stx. This is fully faithful by Proposition 4.2.7. O

We are interested in oo-categories with an action by a commutative monoid. For Z € CAlg(S), let
BZ € CAlg(Caty,) denote its delooped symmetric monoidal co-category'®. Since Z is commutative,
there is a symmetric monoidal equivalence BZ ~ BZ°P. Then an object of addﬂj‘gz = Fun(BZ, addk) is
precisely a small additive, idempotent complete K-linear co-category with an action by Z via K-linear
additive functors (and similarly for st2#).

The equivalence between gradings and actions derives from the following proposition:

Proposition 4.3.3. Let Z € CAlg(S) with delooping BZ € CAlg(Caty,). Then, there is a symmelric
monoidal equivalence between Fun(BZ,S) with its Day convolution symmetric monoidal structure and
Modz(S) with symmetric monoidal structure given by relative tensor product over Z.

Proof. For C € CAlg(Pr") for which Home (I, —): C — S preserves all small colimits and is conservative,
it follows from [Lurl7, Prop. 4.8.5.21] that C is symmetric monoidally equivalent to Modgnd, (1)(S)
where Ende (I) € CAlg(S) is equipped with the commutative monoid structure induced from symmetric
monoidality of C.

If J € CAlg(Caty), then the Yoneda embedding J — Fun(J°P,S) is symmetric monoidal for the
Day convolution symmetric monoidal structure. In particular, the monoidal unit of Fun(J°P,S) is the
image under the Yoneda embedding of I € J, and its endomorphism algebra agrees with End ;(I).
In particular, as a representable presheaf, Hompyy,, Jup7s)([ ,—): Fun(J°P,S) — S preserves all small
colimits.

Let now J = BZ for a Z € CAlg(S). The functor Hompyy(pzer,s)(I, —): Fun(BZ°?,S) — S
then forgets the Z action and is hence conservative. Since the unit of BZ is the basepoint pt with
Endpz(pt) ~ Z as commutative algebras in spaces, and using the symmetric monoidal equivalence
BZ°P ~ BZ induced by commutativity of Z, it therefore follows [Lurl7, Prop. 4.8.5.21] that we have
symmetric monoidal equivalences Fun(BZ,S) ~ Fun(BZ°P,S) ~ Modguay,, (pt)(S) = Modz(S). O

181f Z is a grouplike commutative monoid, the delooping BZ is simply the classifying space of Z with its induced
grouplike commutative monoid structure.
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We now prove the main proposition of this subsection: For a homotopy coherent abelian monoid Z,
the oco-category of compactly generated presentably Modﬂ‘z—enriched oo-categories is equivalent to the
category Fun(BZ,stk), i.e. to the category of K-linear stable co-categories with an action by Z. This
equivalence is symmetric monoidal for the Day convolution structure on Fun(BZ, sti).

Proposition 4.3.4. Fiz Z € CAlg(S).
(1) For K € CAlg(Sps), the equivalence (—)P: PrioP o~ addg: P> induces a symmetric monoidal

equivalence:
L (_)cp
P —— addf”®
Modz ™ P

(2) For K € CAlg(Sp), the equivalence (—)°: Prlft’c ~ stx: Ind induces a symmetric monoidal
equivalence:

Proof. We prove statement (2), the proof of statement (1) is entirely analogous. Consider the symmetric
monoidal equivalences

stB% == stg @ P(BZ) ~ stg ® Modz(S) ~ Modpeq, (Pr™¢) @ Modz(S),

where the first equivalence is given by Proposition 4.3.3 and the second equivalence follows from
Observation 4.2.4. It then follows from Corollary 3.1.9 and Lemma 3.2.11 that

Modtod, (Pr¢) ® Mod z(8) = Modp(z)gmody (Pr) = Modyoqz (Pr°). O
Observation 4.3.5. As presentably symmetric monoidal co-categories, Pr;’zim‘ - and Prk/ig 4z are self-
K K
enriched. Transporting these self-enrichments along the equivalences from Proposition 4.3.4 provides
enrichments in add]gz and st2Z, respectively, i.e.

Pri‘/EZSZO»Z € CAlg(Cat[addZ?]) and Prk/l’zdg € CAlg(Cat[st22]).
K

It follows from Lemma 4.1.6 applied to Mod >0,z cp(Cat"“idem) that given C,D € Pro®_ _,
(Modz*#) oo ModZ®
their addﬂg Z_enriched hom is the small idempotent-complete additive oco-category

Fun“®_, .. (C,D) € addZ?
Modg ™
with CProjx and Z-action induced by the Mod%o’z—action on D.
Similarly, it follows from Lemma 4.1.6 applied to Mod(Modz)cp(Catgix’ldem) that given C,D €
K

Prk/l’z 4z their stZZ-enriched hom is the small idempotent-complete stable co-category
K

L,c
FunM'odU?Z (C,D) € stB”
with Perfg and Z-action induced by the Modg-action on D.

4.4. co-Morita theory. For any monoidal 1-category V with reflective coequalizers distributing over
the tensor product, one may construct a Morita 2-category whose objects are algebras in V, whose
1-morphisms are bimodules and whose 2-morphisms are bimodule maps. If V is moreover presentably
symmetric monoidal, and hence self-enriched, then also the categories of bimodules 4BMod g (V) will
inherit a V-enrichment and thus the Morita 2-category inherits a V-enrichment at the level of 2-
morphisms. The goal of this section it to establish oco-categorical variants of these statements to be
used for our homotopy coherent construction of the Soergel (2, 2)-category in Section 6.
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Various oo-categorical constructions of (oo, 2)-Morita categories exist in the literature, see e.g. [Lurl7],
[Haul7], [JS17] and references therein. Due to their compatibility with enrichment, we follow ideas
from [Lurl7]. Our starting point is the following:

Proposition 4.4.1 ([Lurl7, Thm. 4.8.5.15, Rem. 4.8.4.9]). Let V € CAlg(Pr") and A, B € Alg(V).

(1) The oo-category RMod4 (V) carries a left action by V, and can be viewed as an object in
Mody (Pr¥). This defines a symmetric monoidal functor

RMod_ (V): Alg(V) — Mody(Pr").
(2) Given an A-B bimodule sMp € sBModg(V), tensoring with M over A
—®a4 Mp: RMOdA(V) — RMOdB(V)

defines a cocontinuous V-linear functor, i.e. an object in Funt (RMod 4(V),RModp(V)). These
assemble into an equivalence:

ABModg(V) = Fund (RMod 4 (V), RMod g (V)).
Furthermore, composition of functors corresponds to the relative tensor product of bimodules.

We can therefore think of the full subcategory of Mody(Pr™) on those presentable V-module cate-
gories which are of the form RMod 4 (V) for algebra objects A in V| as an co-categorical Morita category
with objects algebras, morphisms given by bimodules and composition given by relative tensor product
(cf. [Lurl7, Rem. 4.8.4.9]). In the following, we will be interested in versions of the Morita category
where we further restrict our bimodules requiring certain compactness or projectivity properties:

Notation 4.4.2. Given V € Alg(Pr™P) and A, B € Alg(V), we denote by
4BModP (V) C 4BModp (V)

the full subcategory on those A—B-bimodules which are compact-projective as right B-modules.
Similarly, given V € Alg(Pr°) and A, B € Alg(V), we denote by

ABMOdCB(V) g ABMOdB(V)
the full subcategory on those A—B-bimodules which are compact as right B-modules.

For V € CAlg(Pr»°) and A € Alg(V), the oo-category RMod 4 (V) is compactly generated and the
V-action preserves compact generators, see Lemma 3.2.12.(5)-(6); the functor RMod_(V): Alg(V) —
Mody(Pr") thus factors through Mody(Pr™°). The analogous statement holds for V € CAlg(PrP)
by Lemma 3.2.12.(1)-(2).

Corollary 4.4.3. The following hold.
(1) ForV € CAlg(PrP), A, B € Alg(V) and AMp € aBModp(V), the functor
—®4 M: RMod 4 (V) — RModg(V)

preserves compact projective objects if and only if Mg, viewed as a right B-module, is a compact
projective object in RModp (V). The equivalence from Proposition 4.4.1.(2) restricts to

ABMod® (V) ~ Funl®(RMod 4(V), RMod 3 (V)).
(2) ForV e CAlg(Pr™®), A, B € Alg(V) and 4Mp € 4BModg(V), the functor
— Q@4 M: RMOdA(V) — RMOdB(V)

preserves compact objects if and only if M, viewed as a right B-module, is a compact object in
RModg (V). The equivalence from Proposition 4.4.1.(2) restricts to an equivalence

ABMod% (V) ~ Funk®(RMod 4 (V), RMod5(V)).
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Proof. We will prove statement (1), the proof of statement (2) is completely analogous. Since RMod 4 (V)
is projectively generated by free modules v ® A, see Lemma 3.2.12.(3), where v € V is compact pro-
jective, it suffices to show that — ® 4 M: RMod4(V) — RModg(V) preserves compact projective
objects if and only if it sends such free modules v ® A to compact projectives in RModg(V) for all
compacts v € V. Since the action functor V. x RModg (V) — RModp(V) takes pairs of compact pro-
jectives to compact projectives by Lemma 3.2.12.(2), this in turn is equivalent to the assertion that
A®a Mp ~ Mp € RModp(V) is compact projective. O

We are now ready to define our Morita categories of interest.

Definition 4.4.4. Fix Z € CAlg(S).

Given K € CAlg(Spsg), we define Morita® (Modz"?) to be the full symmetric monoidal addg -

objects in the image of the symmetric monoidal functor Alg(ModH%O’Z) — PrlI:/I’

tion 4.4.1.(1).
Given K € CAlg(Sp), we define Morita®(Mod) to be the full symmetric monoidal stZZ-enriched

1I\J/17<C)d3 (equipped with stZZ-enrichment as in Observation 4.3.5) on the objects in the
K

image of the symmetric monoidal functor Alg(Modg ) — Pr;[’g 4z from Proposition 4.4.1.(1).
K

enriched subcategory of Pr (equipped with addﬂgz—enrichment as in Observation 4.3.5) on the

cp

>0,z from Proposi-
odi

subcategory of Pr

We unpack the relevant properties of these Morita categories:

Corollary 4.4.5. Fiz Z € CAlg(S).

(1) Given K € CAlg(Spsy), Definition /.4./ defines a large symmetric monoidal addﬂgz—enm'ched
oo-category
Moritan(ModH%O’Z) € CAlg((/lgt[adng])

with a symmetric monoidal surjective-on-objects functor Alg(ModH%O’Z) — Moritan(ModH%O’Z)

and such that the addﬂlgz-enriched hom between A, B in Alg(ModH%O’Z) s given by

ABMod? (Modz"?) € addZ?,

with the CProjg and Z-action induced by their respective actions on ModH%O’Z,

The symmetric monoidal structure is given by the tensor product in Mod%o’z, and the com-
position of 1-morphisms is given by the relative tensor product of bimodules therein.
(2) Given K € CAlg(Sp), Definition 4././ defines a large symmetric monoidal st£ -enriched oo-
category
Morita®(Mod# ) € CAlg(é;c[stH]gZD

with a symmetric monoidal surjective-on-objects functor Alg(Modg ) — Morita®® (ModZ ), and
such that the st2Z -enriched hom between A, B in Alg(Modﬁ) s given by

ABMod%(Modg) € stZ2,

with the Perfg and Z-action induced by their respective actions on Modﬂi
The symmetric monoidal structure is given by the tensor product in Modﬂ‘%, and the compo-
sition of 1-morphisms is given by the relative tensor product of bimodules therein.
(3) Given K € CAlg(Spsg), the symmetric monoidal inclusion ModH%O’Z < ModZ from Observa-

tion 3.5.17 induces a symmetric monoidal addfgz—enm'ched functor

MoritaCP(ModH%O’Z) — Morita®(Modg ),
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where Morita®(ModZ) is considered addZ® -enriched by transporting its stBZ-enrichment along
the forgetful functor st¥% — addBZ

On objects, this functor acts via the inclusion (Alg(Modgz" Z)) < (Alg(Modg))=, and on
hom-categories as the additive K-linear Z-equivariant (i.e. addK -morphism) full inclusion

AMod® (Modz%?) < 4Mod% (Modg ).

Proof. Statements (1) and (2) follow immediately from Corollary 4.4.3 and Observation 4.3.5. For

statement (3), the inclusion Mod>0 Z Modﬂf induces a symmetric monoidal left adjoint functor

L,cp L,c
ModMod>0 Z(Pr —Pr )

L,cp L,c L,c
Pr ~ Mod,, ,>0.z(Pr>? Mod,, >0z (Pr™
ModZ %7 Mo dko’z( ) ModK—OZ( )
—®_  >0,zModf
T s Modyg, gz (Pro) ~ Prle
_ ) ~ .
ModZ Mod#

Analogous to Proposition 3.4.5, this functor fits into a commuting square in CAlg(PrL) of the form

b
addB® —E ., B2

(4.5) = |=
L,cp L,c
PrModgo,z — Pr ModZa
where the top horizontal morphism is left adjoint to the forgetful functor. Using (4.5) to consider the
bottom horizontal morphism as a morphism in CAlg(PrL)adde /, it enhances by Proposition 4.1.7 to

,CP
Modi

Observation 4.1.2, we may understand the addK -enrichment of PlrM0 4z s induced by restricting its
K

a symmetric monoidal addZZ-enriched functor Pr oz — Pr (By commutativity of (4.5) and

Mdz

stZZ-enrichment from Observation 4.3.5 along the forgetful functor stZ% — addﬁz .) For an algebra
A e Alg(ModZ%?), it follows from [Lurl7, Thm. 4.8.4.6] that

RMod 4(Modz*?) @, 4202 Mod§f ~ RMod.a (Modg).

Thus, the addg?-enriched functor Pr;[’q(}o, z — PrM’cC) 4z restricts to an addg?-enriched functor between
(o] K K

the full subcategories
Morita®® (Modz"?) — Morita®(Modg ).

Its explicit description on additive hom-categories can be unpacked from Observation 4.1.2. O

4.5. Morita categories of discrete flat algebras. For the rest of this section, we focus on the case
where K = Hk for an ordinary commutative ring k£ and where Z is a discrete commutative monoid
Z. Our goal of this subsection is to restrict our Morita categories from Corollary 4.4.5 to certain
symmetric monoidal full subcategories which only contain discrete (i.e. ordinary) k-algebras and whose
hom-categories are given by ordinary categories of discrete graded bimodules, or their derived variants.

Definition 4.5.1. A discrete Z-graded k-module M is flat if @,c, M. is flat'” as a k-module. We let
modZ flat” Jenote the full subcategory of the ordinary category of discrete Z-graded k-modules modk
on the flat modules. A (not necessarily commutative) discrete Z-graded k-algebra A is flat if it is flat
as a Z-graded k-module.

Remark 4.5.2. In particular, the ordinary category of discrete Z-graded k-algebras is Alg(modf’ﬂat).

19Recall that a module M over a ring k is called flat if — ®j M is an exact functor.
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The following two observations and example are crucial when connecting back to Section 2.

Observation 4.5.3. An ordinary Z-graded k-module M is flat if and only if it is degreewise flat, i.e.
each graded component M, is a flat k-module for all z € Z. This follows from the fact that flatness is
preserved under infinite coproducts and retracts.

Example 4.5.4. Free modules are flat. In particular, if k is a field, all Z-graded k-vector spaces are
flat, and if k is an ordinary commutative ring and n > 0, the polynomial algebra k[z1,...,x,] is flat,
and hence it is also flat if considered as a Z-graded k-algebra with generators x; in some degree n; € Z.

Observation 4.5.5. As flatness is closed under tensor products, modf’ﬂat is a symmetric monoidal
full subcategory of modf . On the other hand, modf’ﬂat is also a symmetric monoidal full subcategory
of Mod%%z — ModIZ_Ik: under the equivalence ModIZ_Ik ~ D(modf) by Example 3.5.15. The tensor
product in D(modf ) is given by Day convolution of derived tensor products, which reduces to the Day
convolution of ordinary tensor products on flat modules. In particular, tensor products of discrete flat
Z-graded k-algebras are also discrete and flat.

Notation 4.5.6. For flat Z-graded k-algebras A and B, we let 4grbmodp = ABModB(modf) denote
the abelian 1-category of ordinary graded A-B bimodules. Let 4grbmod%~ P denote its full subcate-
gory on those bimodules that are graded-compact-projective, see Definition 3.6.8, as right B-modules.

Let D(4grbmod )& P! denote the full subcategory of the derived oco-category D(agrbmody) on
those objects that are graded-perfect, see Remark 3.6.10 and preceeding definition, as derived right
B-modules.

Most of the constructions in Section 6 will build on the following oco-categories.

Definition 4.5.7. Let k be an ordinary commutative ring and Z a discrete commutative monoid. We
define .
Mor!#+:8" =P (1n0dZ) C Morita® (Mody?)

to be the full addgf -enriched subcategory on the discrete flat Z-graded k-algebras.
Similarly, we define
DMorf1#ter=perf (11642 C Morita®(Mod%,.)

to be the full stZZ-enriched subcategory on the discrete flat Z-graded k-algebras.
The following justifies the terminology 'Morita categories’, see also Example 6.0.2.
Corollary 4.5.8. Let k be an ordinary commutative ring and Z a discrete commutative monoid.
(1) Definition 4.5.7 defines a large symmetric monoidal addgf—enriched oo-category
Mor{1#0:8r =Pl (1nodZ) e CAlg(é\at[addgf])
equipped with a symmetric monoidal surjective-on-objects functor
Alg(modf’ﬂat) — Morflater=proi (1noq 7).
The additive k-linear hom-category between algebras A, B € Alg(modf’ﬂat) is giwen by the
ordinary category agrbmody ™ with Z-action by grading shift.
Composition is given by the ordinary relative tensor product, and the monoidal structure by

the ordinary tensor product over k.
(2) Definition 4.5.7 defines a large symmetric monoidal stBZ -enriched oo-category

DMor!ater=perf (1547 ¢ CAlg((/lgt[stgf])
equipped with a symmetric monoidal surjective-on-objects functor

Alg(modf’ﬁat) — DMorflater—perf 1,042y,
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The stable k-linear hom-category between algebras A, B € Alg(modf’ﬂat) is D(4grbmod )& —Pert
with Z-action by grading shift.
Composition is given by the derived relative tensor product, and the monoidal structure by
the derived tensor product over k.
(8) The functor from Corollary 4.4.5.(3) restricts to a symmetric monoidal add5? -enriched functor

Mor!at:8r—proj (modf) — DMorﬁat’gr_perf(modf).

On objects this functor acts via the identity on Alg(modf’ﬂat)g; on hom-categories between
A Be€ Alg(modf’ﬂat) it is given by the additive k-linear Z-equivariant fully faithful inclusion

agrbmod% ~P < D(sgrbmod )8 P,

Proof. Since the derived tensor product of discrete flat Z-graded algebras is again a discrete and
flat algebra, the functor Alg(modf’ﬂat) — Alg(ModIZ{%Z) is symmetric monoidal, and hence the full
subcategories Mor 8" ~Pri(modZ) and DMor®"&" =P (1n0d#) are closed under the tensor product
in Moritan(Modg%Z) and Morita®(Mod%,), respectively. Denoting the derived and underived Day
convolution tensor product by ®%# and ®8", respectively, and using Proposition 3.6.9 and Observa-
tion 4.5.5 we obtain the following equivalences for discrete flat Z-graded k-algebras A and B

ABModz(Mod%,) ~ RMod gopgz.er g (ModZ; ) =~ RMod gopger 5 (Mod %)
~ D(grmod gopger g) ~ D(agrbmodp).

Recalling Notation 4.4.2 for the full subcategories ABMochp(Mod%%Z) and 4BMod$(Mod%,) on those
bimodules which are compact-projective, resp. compact as right B-modules, the above equivalence
restricts to an equivalence between subcategories (see Notation 4.5.6)

ABMod (Mod797) ~ 4grbmod% ™ and 4BMod%(Mod%,,) ~ D(agrbmod ;)& ~Pet.
Using these observations, Corollary 4.5.8 follow directly from Corollary 4.4.5. O

Remark 4.5.9. The hom-categories 4grbmod%~? of Mor @8 =PJ(mod#) are ordinary 1-categories,
hence Mor "8 ~PrJ (mod#) is a (2,2)-category. On the other hand, DMor™#"8 =P (1n6d7) is a genuine
(00, 2)-category with non-trivial higher morphisms.

Observation 4.5.10. By definition, DMor™#" =P (modZ) is a full symmetric monoidal subcategory

of PrII\‘/I’g 4z, Thus, it comes equipped with a symmetric monoidal fully faithful stZZ-enriched functor

c
flat,gr—perf Z L,c (;) BZ
DMor (modk ) — PrMOdgk =~ StHk .

Explicitly, the functor in Observation 4.5.10 sends a flat Z-graded k-algebra A to the stable oo-

category . oo
¢ Prop. 3.6.
RMod g 4 (Modﬁf) P D(grmod 4 )& —Pert

of graded-perfect right A-modules, with Z-action given by grading shift.
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5. (00, k)-CATEGORIES AND THEIR FACTORIZATION SYSTEMS

In this section, we introduce our (oo, k)-categorical framework, and establish the existence of various
factorization systems generalizing the familiar (surjective-on-objects, fully faithful)-factorization system
on Cat.,. We refer the reader to Appendix A, especially A.1, for motivation and a leisurely introduction
to (oo, k)-categories.

5.1. Basic notions in (oo, k)-category theory. Throughout, we will use the theory of enriched
oo-categories developed in [GH15], see also Appendix A.10.

Definition 5.1.1. We set Cat( ) := S to be the co-category of small spaces, and equip it with its
Cartesian presentably symmetric monoidal structure. We inductively define the Cartesian®’ presentably
symmetric monoidal co-category of (oo, k)-categories Cat (oo i) = Cat[Cat (o —1)]-

Remark 5.1.2. In [Haul5, Thm. 1.2], Haugseng showed that the co-category Cat () from Defini-
tion 5.1.1 satisifes the axioms of Barwick and Schommer-Pries [BS21] and hence is equivalent to most
other known models of the co-category of (0o, k)-categories.

Observation 5.1.3. Consider the diagram
-
71N
Caty «—i—— S
y
)
of adjunctions, where ¢ denotes the fully faithful inclusion of spaces as co-groupoids. Since all these
functors preserve finite products®! | they are all symmetric monoidal. By applying Cat[—] iteratively,
we obtain an analogous diagram
=k
1
Cat(oo,k:+1) Qg1 — Cat(oo,k)
\L/
Lk
of symmetric monoidal adjoint functors for any & > 0 (with x4 fully faithful). Thereafter, for any
j > k >0 we obtain an analogous diagram
|—Ix
1 .
(5.1) Cat(ooJ-) — i — Cat(oqk)
\J_/
Uk

of symmetric monoidal adjoint functors by composition.

Definition 5.1.4. In diagram (5.1), we refer to | — | as the (0o, k)-category completion functor and to
tx as the mazimal sub-(0o, k)-category functor.”” For brevity, we may omit the fully faithful inclusion

20For V a Cartesian symmetric monoidal co-category, the induced symmetric monoidal structure on Cat[V] is also
Cartesian: by construction, the symmetric monoidal structure on Algg,[V] is Cartesian; since the inclusion Cat[V] <
Algc,[V] is a right adjoint and preserves products, it follows that the symmetric monoidal structure on Cat[V] is also
Cartesian.

210ne can see that the functor Cateo 4:|—> S preserves finite products e.g. by observing that it can be computed as
the geometric realization of complete Segal spaces and A°P is sifted [Lur09, Cor. 4.2.3.5].

221 the case that k = 0, we may instead respectively refer to these as the co-groupoid completion and mazimal
sub-co-groupoid (or even simply mazimal subgroupoid) functors.
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functor ¢; from our notation, implicitly considering an (oo, k)-category as an (oo, j)-category with no
noninvertible i-morphisms for any ¢ > k.

Observation 5.1.5. For any j > k > 0, the inclusion Cat o i) N Cat(,;) identifies Cat( ) as
the full subcategory of Cat ;) on those (oo, j)-categories whose i-morphisms are all invertible for all
i > k [GHI15, Prop. 6.1.7(iv)].>* We use this fact without further comment.

Definition 5.1.6. The n-cell (or walking n-morphism) is the (0o, n)-category ¢, := X"[pt] € Cat(og ).
Its boundary (or the walking pair of parallel (n — 1)-morphisms®®) is the (oo, n)-category dc, =
0" [pt] := X"[(] (which is in fact an (co,n — 1)-category). We use both notations interchangeably,
depending on our desired emphasis. We also introduce the notation

Jn: Ocy = X"[0] X" [pt] = ¢,
for the inclusion, which corepresents the functor taking an n-morphism to its source and target (which
are parallel (n — 1)-morphisms).

S[0—pt]
=

Observation 5.1.7. For n > 0, it follows from [GH15, Lem. 6.1.9] that the map |j,|o: [9cnlo = |cnlo
is equivalent to the map S"~! — pt. By induction, it follows that for k < n, |jn|x: |Ocnle — |cnlr is
equivalent to the map Y¥[S"~*~1] — Y¥[pt] = ¢;, induced by S"~*~! — pt.

Notation 5.1.8. Let a: dc¢i, — C be a pair of parallel (k — 1)-morphisms in an (oo, k)-category C. The
space of k-morphisms filling « is

kHome (o) == Homca, ,, (ck,C) X Homeas, ., (9e.C) {a}.

Observation 5.1.9. Given a space X € S and k > 0, the map ) — X induces a functor of (oo, k)-
categories dc,, = X¥[)] — X¥[X]. Tt then follows from the universal property of ¥ that for any
C € Cat(o k) and any pair of parallel (k — 1)-morphisms a: dc,, — C, we obtain an equivalence of
spaces

Homcat(w)k)(zk[X],C) X Homeae, ., (9ex€) {a} ~ Homg (X, kHome(a)).

5.2. Truncatedness and connectedness. Here we recall the standard definition of the (n-connected,
n-truncated) factorization system on the oo-category S of spaces. This will be the base case for our
factorization systems on (oo, k)-categories.

Definition 5.2.1. For any n > 0, a space X € § is called

e n-connected if X is connected and if m;(X,2) =0 for all i <n and all z € X and
e n-truncated if m;(X,z) =0 for all i > n and all x € X.

We extend this to the case that n = —1 by declaring that X is

o (—1)-connected if it is nonempty and
o (—1)-truncated if it is either empty or contractible,

and to the case that n = —2 by declaring that X is

23Note that the functor [1] = c1 — co = pt is a localization at the universal 1-morphism: it is merely a condition that

a functor ¢; =+ C admit an extension along it, namely that « selects an equivalence. By induction (using the universal

E’Vl
property of X[—]), it follows that the functor cp41 [ex 2ol cn is a localization at the universal (n + 1)-morphism:
it is merely a condition that a functor cn1 2 C admit an extension along it, namely that « selects an invertible
(n 4 1)-morphism.

-]

24Here, A\ E;) Cat[V] denotes the “categorical suspension” functor (see Appendix A.10). As the name suggests, ¢y
is the free (0o, n)-category on an n-morphism.

25Note that dc1 = SY =¢g Ugeq co- Since ¥ commutes with colimits, we see that dcn, = cp—1 Uc,,_; cn—1 for n > 1,
i.e., dcy, indeed corepresents pairs of parallel (n — 1)-morphisms.
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e always (—2)-connected and
o (—2)-truncated if it is contractible.

For any n > —2, we declare that a map of spaces is n-connected?® (resp. n-truncated) if its fibers
are all such. By [Lur09, Ex. 5.2.8.16] the classes of (n-connected, n-truncated) maps form a fac-
torization system of small generation on S, generated by the single morphism S™*! — pt. See also
Example B.1.16.

Example 5.2.2. To obtain examples, the following explicit alternative descriptions of n-connectedness
and n-truncatedness for low values of n are useful.

(1) A space is O-connected if and only if it is connected (and in particular nonempty), and it is
1-connected if and only if it is simply connected (and in particular connected).

(2) A map of spaces is always (—2)-connected, and it is (—1)-connected if and only if it is surjective.

(3) A space is n-truncated if and only if it is an n-type, e.g. it is O-truncated if and only if it is
discrete.

(4) A map of spaces is (—2)-truncated if and only if it is an equivalence, it is (—1)-truncated if
and only if it is a monomorphism, and it is O-truncated if and only if it is a covering map (in
the classical sense).

Observation 5.2.3. We note the following basic facts, which we use without further comment.

(1) For any n > —2, a space X is n-connected (resp. n-truncated) if and only if the map X — pt
is such.

(2) For any n > —2, a space is both n-connected and n-truncated if and only if it is contractible,
and hence a map is both n-connected and n-truncated if and only if it is an equivalence.

(3) For any n > —2, we have the implications

n-connected <= (n + 1)-connected and n-truncated = (n + 1)-truncated

for spaces and hence also for maps of spaces.
(4) For any n > —2, both n-connected and n-truncated maps are stable under base change.

(5) By the long exact sequence in homotopy groups, for any n > —1, a map X Loy of spaces is

e n-connected if and only if for every z € X the map m;(X, x) mild), mi(Y, f(x)) is

— an isomorphism for all 0 <4i < n+ 1 and
— surjective for i =n + 1,
and
e n-truncated if and only if for every x € X the map m;(X, x) mild), (Y, f(x)) is
— an isomorphism for all ¢ > n + 1 and

— injective for i = n + 1.
Throughout, we will use the following cancellation properties generalizing well-known facts about

surjections and injections of sets.

Lemma 5.2.4. Suppose that A LB % C are composable maps of spaces, and let n > —2.
(1) If g is (n + 1)-connected and gf is n-connected, then f is n-connected.
(2) If g is (n + 1)-truncated and gf is n-truncated, then f is n-truncated.

Proof. Since connectivity and truncatedness of maps of spaces are defined fiberwise, we may henceforth
assume that C' = *. In this case, (1) and (2) become:

26Readers be aware that it is also common to refer to n-connected spaces and maps as “(n + 1)-connective”, see for
example [Lur09, Terminology].
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(1) f: A — B is a map from an n-connected space to an (n + 1)-connected space, then the fibers
of f are m-connected.

(2) If f: A— B is a map from an n-truncated space to an (n + 1)-truncated space, then the fibers
of f are m-truncated.

For n = —2, these statements are obvious, for higher n they can be easily verified from the long exact
sequence of homotopy groups associated to f. O

Proposition 5.2.5. Fiz any n > —2. A commutative square of spaces

A n-trunc. B

n-conni l(nJrl)—corm.

B ——
(n+1)-trunc.

in which the maps are truncated and connected as indicated is necessarily a pullback square.

Proof. Consider the commuting diagram

BXDC

_ >
(n+1)-trunc.

j(n+l)—conn. k(n—i—l)—conn.

¢ ——  D.

(n+1)-trunc.

where we have used that truncated and connected maps are stable under pullback. By Lemma 5.2.4,
the map A — B xp C is both n-connected and n-truncated, and so is an equivalence. O

5.3. Factorization systems for (oo, k)-categories. In this subsection we define n-surjective and
n-faithful morphisms in Cat( 1) and prove in Theorem 5.3.7 that they form factorization systems,
using the main result Theorem B.4.1 of Appendix B. Furthermore, we establish various properties of
these factorization systems.

Definition 5.3.1. Consider a morphism C  Din Cat(o,k) for some k > 0 and let n > —2.

(1) We declare that any F is (—2)-surjective and that F' is (—2)-faithful if it is an equivalence.
(2) If k = 0, we say that F is n-surjective if it is n-connected and n-faithful if it is n-truncated.?”
(3) For n > —2 and k > 0, we inductively define F to be
(a) n-surjective if it is surjective on objects and for every ¢, ¢’ € C the morphism Home (¢, ') —
Homp,(Fe, Fc') in Cat(o 1) is (n — 1)-surjective, and
(b) n-faithful if for every ¢, ¢’ € C the morphism Hom(c, ') — Homp (Fc, Fic) in Cat(og —1)
is (n — 1)-faithful.
Example 5.3.2. We give a few explicit alternative descriptions of n-surjectivity and n-faithfulness for
low values of n (and any k > 0).

(1) A functor is (—1)-surjective if and only if it is surjective on objects.
(2) A functor is (—1)-faithful if and only if it is fully faithful.
(3) A functor is 0-surjective if and only if it is surjective on objects and on 1-morphisms.

27We nevertheless continue to use the terms “n-connected” and “n-truncated” (referring to maps of spaces) since
they play a fundamental role as the base case of our inductive definitions.
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(4) A functor is O-faithful if and only if the induced functors on hom-categories are fully faithful.
Notation 5.3.3. To simplify our terminology, we refer to a O-faithful functor simply as faithful.

Remark 5.3.4. A functor of (oo, 0)-categories is faithful if and only if it is a covering map (recall
Example 5.2.2.(4)). Hence, in general one may think of a faithful functor as a sort of “directed covering
map”.

Recall the cancellation property Lemma 5.2.4 of truncated and connected maps of spaces. The
second part of Lemma 5.2.4 generalizes to functors of (oo, k)-categories:

Lemma 5.3.5. Let k > 0 and n > —2, and consider composable functors A B%¢ of (00, k)-
categories. Then, if G is (n + 1)-faithful and GF is n-faithful, then F is n-faithful.

Proof. The case n = —2 is the straight-forward statement that a section of a fully faithful functor
is an equivalence. For n > —1, we induct on & > 0. The base case £k = 0 is Lemma 5.2.4. For
k > 1, F being n-faithful is equivalent to proving that for a,a’ € A the induced functor of (co, k — 1)-
categories Hom 4 (a,a’) — Hompg(Fa, Fa’) is (n—1)-faithful. Since the composable sequence of functors
of (00, k — 1)-categories Hom 4(a,a’) — Homg(Fa, Fa') — Hom.(GFa,GFa’) the last functor is n-
faithful, and the composite is (n — 1)-faithful by assumption, the first functor is (n — 1)-faithful by
induction. g

Remark 5.3.6. The first part of Lemma 5.2.4 does not generalize to higher categories: If G is (n+1)-
surjective and GF' is m-surjective, then it does not necessarily follow that F' is n-surjective. For
example, let A be the category freely generated by two objects a and b and two morphisms f: a — b
and g: b — a. Then, in the composite pt — .4 — pt, the second functor is O-surjective (i.e. surjective
on objects and hom-spaces), and the composite is an equivalence (in particular (—1)-surjective), but
the first functor is not surjective on objects and hence not (—1)-surjective.

Just as with the (n-connected, n-truncated) factorization system on the oo-category of spaces, the
n-surjective and n-faithful functors form a factorization system on the co-category of (oo, k)-categories:

Theorem 5.3.7. Let k>0 and n > —2.

(1) The pair (n-surjective functors, n-faithful functors) defines a factorization system on the oco-
category Cat (oo ) of (00, k)-categories.

(2) This factorization system is compatible with the Cartesian symmetric monoidal structure on
Cat(wk).

(8) This factorization system is of small generation. More specifically,
(a) if n+2 < k then it is generated by the set {Oc; — ¢;}nyo<i<k, and
(b) if n+2 >k then it is generated by the single morphism {SF[S"=F+1] — SF[pt] =: ¢ }.

Proof. In the base case that k£ = 0, this factorization system is recorded as [Lur09, Ex. 5.2.8.16], which
is easy to check is compatible with the Cartesian symmetric monoidal structure and generated by the
single morphism {S"*! — pt}. So, let us assume that k > 0.

If n = —2, then this is the trivial factorization system (Cat (oo 1), Cat(zoo,k)) (as in Example B.1.7).
Moreover, it is trivially compatible with the Cartesian symmetric monoidal structure, and it is also
clearly generated by the set {O¢; — ¢; }o<i<k: by induction (and the universal property of the categorical
suspension functor X[—]), a morphism C — D is right orthogonal to this set if and only if it is an
equivalence on maximal subgroupoids and on hom-(co, k — 1)-categories.

From here, in the case that n > —2 (and k& > 0) the claim follows by applying Theorem B.4.1
inductively (varying both k and n simultaneously). O
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Definition 5.3.8. Given a morphism C -+ D in Cat(oo,k), We refer to its unique factorization®®
guaranteed by the (n-surjective, n-faithful) factorization system as its n-factorization, and denote it
by

FaCtn(F) = FaCt(n—surjective7 n-faithful) (F) € Cat(oo,k:)'

Warning 5.3.9. Recall from [GK17, Prop. 4.6] that any presentable oco-category admits a factorization
system of (n-connected, n-truncated) morphisms. We warn the reader that for any k£ > 1 and any n >
—2, the (n-surjective, n-faithful) factorization system on Cat (s x) of Theorem 5.3.7 does not coincide
with this (n-connected, n-truncated) factorization system induced from presentability of Cat (o 1). This
can already be seen in the case that £k = 1: A functor C — D of (00, 1)-categories is n-truncated if
and only if it is so on spaces of objects and morphisms.?” Indeed, we have the diagram of irreversible
implications

equivalence monomorphism

(—2)-truncated == (—1)-truncated == 0-truncated == 1-truncated — -

\W\W\ﬂ

(=2)-faithful =——= (—1)-faithful =——= 0-faithful =———= 1-faithful — -

equivalence fully faithful faithful

for morphisms in Cat (o 1). For example, a (—1)-truncated functor of (oo, 1)-categories, i.e. a monomor-
phism in Cat (1), is a functor F': C — D which for any two objects ¢, ¢’ € C induces a (—1)-truncated
map Home(e,¢') — Homp(Fe, Fi¢') which restricts to an equivalence between the full subspaces of
isomorphisms Hom,,c(c,¢’) — Hom,,p(Fe, F¢'). In particular, any (—1)-faithful, i.e. fully faithful,
functor is (—1)-truncated, and any (—1)-truncated functor is O-faithful, but neither of these implica-
tions is reversible. In particular, a O-faithful functor F': C — D does not necessarily exhibit C as a
subcategory of D in the sense of Appendix A.2.2.

Homwise iterating these observations, a similar diagram applies for (oo, k)-categories with k+1 rows
corresponding to the enrichment-depth at which functors between higher hom-categories are required
to be truncated rather than faithful.

Observation 5.3.10. Fix any j > k > 0 and n > —2. By the description of the generators in

Theorem 5.3.7.(3), and their truncations in Observation 5.1.7, we see that the inclusion Cat (o i) N
Cat (o) preserves and detects the (n-surjective, n-faithful) factorization system.? In particular, a
map of spaces f: X — Y is n-connected (or n-truncated) if and only if it is n-surjective (or n-faithful)
as a map of (oo, k)-categories for any k£ > 0.

It follows that n-factorizations in Cat (o, x) remain so in Cat (s 5). It also follows that the left adjoint

Cat(oo, ) ﬂ> Cat(so,k) preserves the notion of n-surjectivity and that the right adjoint Cat( ;) Lk
Cat(so,k) preserves the notion of n-faithfulness.

In fact, the maximal sub- (oo, k)-category functor Cat ;) SN Cat(so,k) also preserves n-surjectivity
provided n lies outside of the interval [k, j):

28This is the unique (oo, k)-category equipped with a factorization C — Facty,(F) — D of F via an n-surjective
functor followed by an n-faithful functor (see Observation B.1.10 and Notation B.1.11).

29For general k, a morphism is n-truncated if and only if it is so on spaces of i-morphisms for all 0 < i < k.

3OUsing the notation of Definition B.1.5, this is to say that the diagram Cat .0 RN Cat(co,1) 22, ... lies in

/\fb

LR . . . . L. . L
Cat when we equip all of these co-categories with their (n-surjective, n-faithful) factorization systems.
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Lemma 5.3.11. For j > k > 0 and either n > j or k > n > —2, the mazimal sub-(co, k)-category
functor vy, : Cat( ) LN Cat(oo,k) preserves n-surjective functors.

Proof. The case n = —2 is trivial; we henceforth assume n > —1. Similarly, the case j = k is trivial.
It suffices to prove the statement for j = k£ + 1, the general case follows from the observation that ¢y, =
tklkt1 - tj—1. Thus we need to prove that if k > 0 and k # n > —1, then 1x: Cat(o k41) = Cat(oor)
preserves n-surjective functors. We prove this statement by induction on k > 0:

For the basecase k = 0, and hence 0 # n > —1, we show that 1o: Cat(o 1) — Cat(,0) = S preserves
n-surjective functors. Consider an n-surjective functor F': C — D between (0o, 1)-categories. We claim
that tgF: 1oC — 19D is n-connected. For n = —1 this follows since if F' is surjective on objects, then
1o F is surjective on 7y and hence (—1)-connected. For the remaining cases n > 1, it suffices to show
that ¢oF induces (n — 1)-connected maps on hom-spaces. Let ¢,d € C and consider the commuting
diagram of spaces

Hom, ¢ (c, d) —*"> Hom,,p(Fec, Fd)

| I

Home (¢, d) —£— Homp(Fe, Fd).

By assumption, the bottom horizontal map is (n — 1) > O-connected. Since the vertical maps are
inclusions of components, to show that the top horizontal map is (n — 1) > 0O-connected, it suffices
to show that the top horizontal map is surjective on my. Given any § € Hom,,p(Fec, Fd), i.e. an
isomorphism between F'¢ and Fd in D, let a € Home (¢, d) be a lift of 8 in C. We claim that « is an
isomorphism: let 37! € Hom,,p(Fd, Fc) be an inverse of 8 and @ € Home(d, ¢) a lift of 371, Then
ao@ and @o« are in the same component of Home (¢, ¢) and Home(d, d) as the respective identities id,.
and idg as F'is > 1-connected and hence induces bijections on the sets of components of all hom-spaces.
Therefore, @ is an inverse of a and thus « lifts to Hom,,¢(c, d).

For the induction step, let £ > 1 and hence k # n > —1. Given an n-surjective functor F': C — D
in Cat (o x41), the functor ¢ F' is surjective on objects since F' is. For objects ¢,d € C, note that the
component (txF)eq: Hom, c(c,d) — Hom,, (i F'c, 1pF'd) agrees with the functor ¢z (F,q) which is
(n — 1)-surjective by induction. O

Remark 5.3.12. The statement of Lemma 5.3.11 is false when j > n > k. For example, let A be the
free (oo, 1)-category generated by two objects a and b, a morphism f: a — b and a morphism g: b — a.
Then, the unique functor F: A4 — pt is O-surjective, but (o F': 19.A = S° — pt is not O-connected.

Corollary 5.3.13. Given j > k > 0 and eithern > j ork >n > =2, and F: A — B in Cat(mﬁj).

Then, the mazimal sub-(co, k)-category functor vy,: Cat( ;) Ly Cat(so,k) preserves n-factorizations.
That is, if Fact,, (F) is the factorization of F with respect to the (n-surjective, n-faithful) factorization
system, then the induced factorization .y A — 1 Fact, (F) — 1B realizes uiFact,,(F) as the factorization
Fact,, (tr.F) of tx " with respect to the (n-surjective, n-faithful) factorization system on Cat (oo i)-

Proof. The statement follows from the fact that ¢ preserves both n-surjectivity (Lemma 5.3.11) and
n-faithfulness (Observation 5.3.10). O

Throughout, we will also repeatedly use the following simple observation:

Lemma 5.3.14. For j > k > 0 and C € Cat(o j), the inclusion of the mazimal sub-(oco, k)-category
1C = C is (k — 1)-surjective.

Proof. Factoring ¢,C — t41C — ... = 1;_1C — C, it suffices to prove the case j = k£ + 1. For
k = 0 and C € Cat(s,1), the functor ,¢C — C is surjective on objects, i.e. (—1)-surjective. For
k > 1 and C € Cat(y k1), the functor 1,C — C is surjective on objects and by induction homwise
(k — 2)-surjective, hence ¢,C — C is (k — 1)-surjective. O
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We end this subsection with the following useful proposition, generalizing [SY19, Prop. 4.2.8].

Proposition 5.3.15. Let k > 0 and m > n > —2. Given a commuting (solid) square in Cat (s )

A——C
(5.2) lFY lc
B——D
where F' is n-surjective and G is m-faithful. Then the space of (dashed) lifts is (m — n — 2)-truncated.

Proof. We induct on k& > 0. The base case k = 0 is proven in [SY19, Prop. 4.2.8]. For k > 0, fix a
functor G: C — D which is m-faithful and let S be the class of morphisms F' in Cat( ) for which
the space of lifts (5.2) against G is (m — n — 2)-truncated. We will now prove that S contains the
n-surjective functors. Since S contains equivalences, and is closed under composition, small colimits
and cobase change, it forms a saturated class of morphisms (Definition B.1.13). By Proposition B.1.14,
to show that S contains all n-surjective morphisms, it suffices to show that it contains the generators
of the left class; i.e. by Theorem 5.3.7.(3) the functors {dc; — ¢; }nt+2<i<k for n+2 < k and the functor
SRS FHL] — ) for n+2 > k.

We first consider the case that n + 2 > k, where we need to show that a commuting diagram of
(00, k)-categories

Zk[ Snfkﬂ’l] C

4

(5.3) | o
YF[pt] D.

has (m — n — 2)-truncated space of lifts. Let o denote the composite dc, = B[] — LF[S"—F+1] — C,
picking out a pair of parallel (k — 1)-morphisms. By Observation 5.1.9, the space of lifts of (5.3) is
equivalent to the space of lift of the following diagram in spaces

gkl kHome (o)
(54) (n—k)-conni ///’///Y l(mfkr)—trunc.
pt . kHomp (Ga).

By definition of faithfulness, if G is m-faithful, then the right vertical map is (m — k)-truncated for any
a: dc, — C. Hence, it follows from [SY19, Prop. 4.2.8] that the space of lifts of (5.4) is (m —n — 2)-
truncated.

Now we consider the case n+2 < k, where we need to show that dc; — ¢; isin S forn+2 < i < k. For
i =k, since dci, — ¢, is (k — 2)-surjective and (k—2)+2 > k, it follows from the previous case that the
space of lifts of Ocy, — ¢ against G is (m—(k—2)—2)-truncated, and since (m—(k—2)—2) < (m—n—2)
also (m —n — 2)-truncated. It remains to show that d¢; — ¢; isin S for n + 2 < i < k. As both 9¢;
and ¢; are (oo, k — 1)-categories, by the (i, tx—1) adjunction, the two space of lifts are equivalent:

Oenyr —— C Ocnss — 1p_1C
pad o
(5.5) l lG ~ l l““”c
Cpyg —— D Cpy2 — Lp—1D

Since 1,1 G is a n-faithful functor between (oo, k — 1)-categories by Observation 5.3.10, by induction
the space of lifts is (m — n — 2)-truncated. O
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5.4. Homotopy (n, k)-categories of (0o, k)-categories. In this subsection, we define the homotopy
(n, k)-category of an (oo, k)-category.

Definition 5.4.1. For any k£ > 0 and any n > —2, an (n, k)-category is an (oo, k)-category C such
that the functor C — pt is n-faithful. We write Cat(, 1) C Cat(,i) for the full subcategory on the
(n, k)-categories.

Remark 5.4.2. Unwinding Definition 5.4.1 gives an alternative inductive description: For k& > 0 and
n > —2, an (oo, k)-category C is an (n, k)-category if and only if its hom-(co, k — 1)-categories are in
fact (n — 1,k — 1)-categories. In particular, an (n,n)-category is indeed an co-category that is weakly
enriched in (n — 1,n — 1)-categories (as proposed in Appendix A.1), with a (0,0)-category being a set
(i.e. a O-truncated space).”!

Remark 5.4.3. For n > k, it is immediate from [GH15, Thm. 6.1.8] that Cat, ) coincides with
[GH15, Def. 6.1.1]. In particular, Cat(, ;) is the oco-category obtained from applying Cat[—] (n — k)
times to the co-category of (n — k)-truncated spaces S<,,_j, with its Cartesian presentably symmetric
monoidal structure.

Example 5.4.4. We list a few edge cases of Definitions 5.4.1.

(1) For any k > 0, there is only one (—2, k)-category, namely pt.

(2) For any k > 0, there are only two (—1, k)-categories, namely () and pt.

(3) For any k > 0, a (0, k)-category is precisely a partially ordered set (i.e. an co-category enriched
in (—1)-truncated spaces). In particular, the inclusions Cat ) < Catoy < --- are all
equivalences.

(4) More generally, for any &k > n > 0, an (n, k)-category is precisely an (n + 1,n + 1)-category
whose spaces of (n + 1)-morphisms are all either empty or contractible. In particular, the
inclusions Cat(y, n41) < Caty, nq2) = -+ are all equivalences.

(5) Taking k = 1, for any n > 1, an (n, 1)-category is precisely an (oo, 1)-category whose hom-
spaces are (n — 1)-truncated.

Definition 5.4.5. By Observation B.1.20.(1), the fully faithful inclusion Cat(, ;) < Cat (s k) admits
a left adjoint

Tn

(5.6) Cat(wk) PR Cat(n,k)

given by the formula 7,(C) = Fact,(C — pt).>> This left adjoint 7,, is symmetric monoidal as it
preserves products.

Example 5.4.6. Unpacked, the functor 7,, can be described as follows, depending on n > —2 and
k>0.

(1) For any (oo, k)-category C, we have 7_sC = pt.

(2) For any (oo, k)-category C, we have 7_1C = () if C is empty and 7_1C = pt otherwise.

(3) For n >k >0 and any (oo, k)-category C, 7,C € Cat(, 1) is obtained by (n — k)-truncating its
k-morphism spaces (Notation 5.1.8), and univalently completing the result. In particular, for
an (0o, 1)-category C, 71C is its ordinary homotopy category.

31A¢ first glance, it may be confusing that e.g. for an (0o, 2)-category C to be a (2, 2)-category we only need to impose
a condition on its spaces of 2-morphisms: one might wonder whether e.g. its space of 1-morphisms HomCat((x,,z) (c1,C)
might have higher homotopy groups. But actually, path spaces of the latter contribute path components of the former.
(Indeed, this same reasoning shows that the space of objects of a (1, 1)-category must in fact be a 1-groupoid.)

32Beware that (despite our usage of the letter 7) this is not the abstractly-defined “n-truncation” functor in Cat (s )
(see Warning 5.3.9)
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(4) For k& > 1 and any (oo, k)-category C, 70C € Cat(gr) =~ Cat(o,1) is the posetification of C,
obtained by applying 7_1 to its hom-(oco, k — 1)-categories.

(5) For k > n > 0 and any (oo, k)-category C, 7,C € Cat, ) =~ Cat(p,,41) is obtained by k-
homwise applying 7_; (and univalently completing the result).

In general, the hom-categories in 7,,C can be computed by applying 7,,—1 to hom-categories of C:

Lemma 5.4.7. For any n > —2,k > 0 and any (o0, k)-category C and objects ¢, ¢’ € C, the adjunc-
tion (5.6) induces an equivalence

Tn—1Home(c, ') = Hom,_ (e, ).

Proof. Consider the factorization C — 7,,C — pt into an n-surjective followed by an n-faithful functor.
Since n-faithfulness/surjectivity implies homwise (n — 1)-faithfulness/surjectivity, it follows that for
any ¢, ¢ € C, in the induced factorization on hom-(co, k — 1)-categories

Hom,(c,¢’) — Hom,_ .(c,¢) — pt

the first functor is (n — 1)-surjective and the second functor is (n — 1)-faithful, hence exhibiting
Hom, ((c,c’) as the unique factorization 7, _Home/(c, ). O

Observation 5.4.8. Using Observation B.1.3, for any & > 0 and n,m > —2, one can deduce that
the functor 7,: Cat(o ) — Cat(, ) preserves m-faithful functors since its right adjoint preserves
m-surjective functors.

For any j > k > 0 and n > —2, since the inclusion i;: Cat (o r) < Cat s j) preserves n-factorizations
(see Observation 5.3.10), the diagram

Cat(no ;) — > Cat(y j)

o] E

Cat(oo,k) — Cat(n,k)

=
commutes. By adjunction, this induces for any (oo, j)-category C a canonical functor of (n, k)-categories
(5.7) TntkC — tpTnC.

Lemma 5.4.9. For any j > k > 0 and anyn > j or k > n > —2, and an (00, j)-category C, the
canonical functor (5.7) is an equivalence.

Proof. This follows immediately from applying Corollary 5.3.13 to the factorization C — 7,,C — pt. O

Remark 5.4.10. Lemma 5.4.9 does not hold for j > n > k: For instance, for j =1 and n = k£ = 0 and
an (00, 1)-category C, the space 71toC is the set of isomorphism classes of objects of C. On the other
hand, 197C is the set of connected components of C, i.e the quotient of the set of isomorphism classes
of object by the equivalence relation that ¢ ~ d if there exists a zigzag of morphisms between ¢ and d.

Now we are ready to define the n-homotopy category functor:
Definition 5.4.11. For n,k > 0, define the homotopy n-category functor
hy: Cat(oo’k) — Cat(n’n)

to be Cat (oo, k) Iy Cat(p,k) < Cat(n,n) when n > k and to be Cat (o 1) ny Cat(oo,n) In, Cat(pn,n) when
n < k. Note that h,, is symmetric monoidal as ¢,, and 7, are symmetric monoidal. For C € Cat (1),
we call h,C the homotopy n-category of C.

Remark 5.4.12. Since ¢ is a right adjoint and 7 is a left adjoint, there are no natural maps in either
direction between C and h,,C.
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Example 5.4.13. The homotopy n-category functor h, takes a space X to its m-truncation 7, X.
Given a (00, 1)-category C, hoC = 79toC is the set of isomorphism classes of objects, and hiC is its
homotopy 1-category [Lur09, Def. 1.1.3.2]. For n > 1, h, = 7, is equivalent to the ‘n-homotopy
category’ of [SY20, Def. 2.9]. Of particular relevance to this paper will be the case of (0o, 2)-categories
C where h1C = m11C.

Observation 5.4.14. Fix n,m > 0, since both ¢, and 7, preserves m-faithfulness by Observa-
tion 5.3.10 and Observation 5.4.8, h,, also preserves m-faithfulness.

5.5. Faithful functors and homotopy categories. For an (0o, 1)-category C, the co-category of
full subcategories of C is equivalent to the poset of subsets of the set ho(C) of isomorphism classes of
objects in C, or equivalently to the oo-category of ‘full subcategories’ of the set ho(C). In the next
two subsections, we generalize this to arbitrary n,k > 0 and characterizes (n — 1)-faithful functors of
(00, k)-categories into some (00, k)-category C in terms of (n — 1)-faithful functors of (n,n)-categories
into the homotopy n-category h,C.

Notation 5.5.1. For n,k > 0, we let Ar"(Cat(r)) € Ar(Cat(sr)) denote the full subcategory
of the arrow category of Cat o x) on the n-faithful functors. Moreover, for D € Cat(s,x), We write
(Cat(oo,i)) jop © (Cat(oo,k)) /D for the full subcategory of the over-category on the n-faithful functors

C — D. In particular, (Cat (oo k)) = Cat(y,).-

/mpt
The goal of the next subsection §5.6 will be to prove the following theorem.

Theorem 5.5.2. Fiz n,k > 0. The commuting square of co-categories
Ar(”fl)(Cat(oo,k)) -t Cat (oo 1)

(5.8) [ [
At (Catypy) —— Catnn)

is a pullback square. Note the left map exists by Observation 5.4.14.

Before proving Theorem 5.5.2 in §5.6, we record a few corollaries. First, taking fibers at a D €
Cat(so,) immediately leads to the following corollary:

Corollary 5.5.3. Let n,k > 0 and D an (o0, k)-category. Then, the n-homotopy category functor hy,
induces an equivalence of co-categories:

ho: (Cat(oo,k))/m—mp — (Cat(nvn))/(n—hhnp'

Hence, Corollary 5.5.3 is indeed a generalization of the statement at the beginning of this subsection:
The oco-category of (n — 1)-faithful functors into D is equivalent to the oco-category of (n — 1)-faithful
functors into h,D.

For later use, we need an analogous statement for O-monoidal co-categories for a given co-operad
O. For any small co-operad O (see Appendix A.8 and §7 for definitions and notation), we can extend
this to a statement about categories of O-algebras:

Definition 5.5.4. Let O be an oc-operad and k,n > —2. An O-monoidal functor F': C — D of
O-monoidal (oo, k)-categories (i.e. a morphism of O-algebras in the Cartesian symmetric monoidal
category Cat( 1)) is called n-surjective/n-faithful if for every color X € O, the underlying functor
Fx: Cx — Dx is n-surjective/n-faithful.

Corollary 5.5.5. Let n,k > 0, O an oo-operad, and D an O-monoidal (0o, k)-category. Then the
n-homotopy category functor h, induces an equivalence of co-categories:

Ry
(AlgO(Cat(oo,k)))/(n—l)D — (AlgO(Cat(n,n)))/(n—l)hnD'
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Proof. The full subcategory Ar(”fl)(Cat(Oo,k)) C Ar(Cat(ook)) is closed under products and hence
defines a Cartesian symmetric monoidal subcategory. Since all functors in (5.8) preserve products, the
pullback square is a pullback square of Cartesian symmetric monoidal co-categories and hence induces
a pullback square of oco-categories:

Algo (A" (Catoo py) ) —— Algo (Cat(oop))
(5.9) lhn Jhn
Algo (A" (Cat(yy)) — Algo (Catnm)

Under the equivalence of oco-categories Ar(Algy (Catoo,r))) =~ Alge (Ar(Cat(oo k))), the full subcategory
Ar(”fl)(AlgO(Cat(wk))) on the O-monoidal functors F whose underlying functors Fx are (n — 1)-

faithful becomes identified with Alg, (Ar(”_l)(Cat(ocyk))) Hence, the pullback square (5.9) is equiv-

alent to the square
Ar"Y (Algy, (Catoop))) —— Alge (Catioo i)
lh” lh"
Ar®=D (Algp (Catgn)) —— Alge (Catinn)
and taking fibers at the O-algebra D € Alg, (Cat(oo,k)) induces the desired equivalence. O

We record a further straight-forward consequence:

Corollary 5.5.6. Let k,n > 0 and let F: C — D be an (n — 1)-faithful functor between (oo, k)-
categories. Then, for every X € Cat(so ), the square

Fo—

Homcat(m,k)(X,C) HomCat(w,k)(X7,D)
(5.10) lhn lhn

Homcar, ) (hnds haC) 2°5 Homear,, ) (hnd, hy D)

is a pullback square of spaces.
Equivalently, F is a Cartesian morphism for the functor hy: Cat o )y — Caty n)-

Proof. For any pair of objects in Alr("_l)(CéﬂL‘G(C>07;C))7 the pullback square (5.8) of co-categories induces
a pullback square between the respective hom-spaces. In particular, for the pair (idy: X — X) and
(F: C — D) of objects in Ar(”fl)(Cat(ooyk)), we note that

HomAr(Cat(oc,k))(ian F) ~ Homcat(w)k) (X7 C) HomAr(Cat(n,m) (idth; hiF) ~ Homcat(nm) (th, hkC)7
and hence that the resulting pullback square of hom-spaces precisely results in the square (5.10). O

Taking fibers at some G € HomCat(m,k)(X ,D), Corollary 5.5.6 immediately implies the following
corollary which will play a key role in the proof of our main theorem:

Corollary 5.5.7. Let k,n >0, let F: C — D and G: X — D be functors between (00, k)-categories
and assume that F is (n — 1)-faithful. Then, the map of spaces

Hom(Cat(myk))/D (X? C) — Hom(Cat(nyn))/hHD (h"fLXa hnc)

is an equivalence.
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5.6. Proof of Theorem 5.5.2. This subsection is devoted to the proof of Theorem 5.5.2.
We first consider the special case that k = n. This will be a consequence of the following observation
relating faithfulness and homotopy categories, well known in the case k =n = 1 of (oo, 1)-categories.

Proposition 5.6.1. Letn > k > 0 and F: C — D be a functor between (0o, k)-categories which is
(n — 1)-faithful. Then, the following commutative diagram is a pullback square in Cat(og -

C D
(5.11) l l
h.C =1, — h,D=1,D

Proof. Since the inclusion Cat (o 1) < Cat(so,n) preserves pullbacks, and preserves n-factorizations and
hence commutes with 7, it suffices to prove the statement for n = k. We induct on n > 0. The base
case n = 0 is immediate. For general n, we prove that the underlying diagram of spaces

1oC oD
(5.12) i l

to™TnC —— oD

is a pullback square and that for each ¢, ¢’ € C the induced square of (co,n — 1)-categories

Hom, (e, ) Hom,, (Fe, Fc')

l |

Hom_ .(c,¢') —— Hom_ p(Fc, Fc)

is a pullback square. Using Lemma 5.4.7, the latter square is a pullback square by induction.

For the former square (5.12), the top horizontal map is (n — 1)-truncated by Observation 5.3.10.
By Lemma 5.4.9, the bottom horizontal map is equivalent to 7,,.0C — 7,t0D, i.e. to the map between
the n-truncations of the spaces 1oC and toD. Since 7, preserves truncatedness, the bottom horizontal
map is also (n — 1)-truncated. On the other hand, for any space X, the truncation map X — 7,X

=

is n-connected, and hence so are the vertical maps. Now Proposition 5.2.5 implies that (5.12) is a
pullback square. O

We use Proposition 5.6.1 to prove the n > k > 0 case of Theorem 5.5.2.

Lemma 5.6.2. Forn > k > 0, the following commuting square of co-categories is a pullback square

Ar(»=D (Cat(oqk)) -t Cat(oo7k)
(5.13) | l

Ar(®=D (Cat(mk)) —t Cat(mk).

Proof. We show that the functor
(5.14) Ar("_l)(Cat(ooyk)) — Cat(oo)k) X Cat k) Ar(”_l)(Cat(n’k))

is surjective and fully faithful.

Surjectivity amounts to the following: For any (oo, k)-category D equipped with a (n — 1)-faithful
functor ¢’ — 7, D from an (n, k)-category C’, there exists an (0o, k)-category C and a (n — 1)-faithful
functor C — D which is sent to ¢’ — 7,,D under 7,,.
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Define C to be the pullback in Cat (1)

(n—1)-faithful.

E |

(n—1)-faithful.
¢ ———— 1,D.

Since the right class of a factorization system is preserved under pullback, and since C' — 7,D is
(n — 1)-faithful, so is its pullback C — D. We will now prove by induction on n > 0 that the functor
7,C — C" adjunct to C — C’ is an equivalence, proving surjectivity of (5.14). The base case n = 0 is
immediate. In general, we will show that 7,,C — C’ is surjective on objects and fully faithful. Since
D — 7,D is surjective on object (in fact (n—1)-surjective), the pullback C — C’ is surjective on objects.
Since C — C’ factors as C — 7,C — C', it follows that also 7,,C — C’ is surjective on objects. Fully
faithfulness of 7,,C — C’ follows by induction using Lemma 5.4.7.

We now prove that (5.14) induces an equivalence on the hom-space between any pair of objects
{C1 = D1}, {C; — Do} € Ar" Y (Catu 1), and hence that (5.14) is fully faithful. Unwinding the
hom-spaces in the relevant arrow categories, this is equivalent to the statement that for any fixed
functor G: Dy — Dy of (o0, k)-categories, the map of spaces of dashed lifts

C1 ***** > C2 Tncl ****** > TnCQ
Loy l
G Tn
Dl —— D2 Tnpl e TnDQ.
is an equivalence. This follows immediately from Proposition 5.6.1. O

To generalize Lemma 5.6.2 to also allow for the case k > n, we will use the following lemma.

Lemma 5.6.3. For all k > n > 0, the commutative square of co-categories

Ar(n_l) (Cat(oo,k)) —t Cat(oo’k)
(5.15) l"n l’»n

Arn=1 (Cat(oo,n)) -t Cat(oo,n)

is a pullback square.
Proof. We show that the functor
(5.16) Ar("_l)(Cat(oo’k)) — Cat(ooyk) X Cat (o0.m) Ar("_l)(Cat(ooyn))

is surjective and fully faithful.

Surjectivity amounts to the following: For any (oo, k)-category D equipped with an (n — 1)-faithful
functor ¢’ — ¢, D from an (oo, n)-category C’, there exits an (oo, k)-category C with an (n — 1)-faithful
functor C — D which under ¢, gets mapped to the original functor C" — D.

Define C = Fact,,—1(C’ — 1t,D — D) as the factorization with respect to the ((n — 1)-surjective,
(n — 1)-faithful) factorization system in Cat( 1), and hence equipped with morphisms C" — C — D
where the former is (n — 1)-surjective and the latter is (n — 1)-faithful. To conclude, we show that the
map C' ~ 1, — 1,C is an equivalence, and hence that ¢,,(C — D) is equivalent to C' — 1, D. Consider
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the following commutative diagram:

c’
(<
\ 1)‘21.%[ u]
%

\ tnC

tnD

The bottom horizontal and leftmost diagonal functor are surjective/faithful as indicate by the definition
of C. The top-most diagonal functor is (n — 1)-faithful by assumption. The top horizontal functor is
(n — 1)-faithful since ¢, preserves faithfulness by Observation 5.3.10. It then follows from Lemma 5.3.5
that the functor ¢’ — 1,,C is (n—1)-faithful. Since C" — C is (n—1)-surjective and since ¢,,: Cat(og 1) —
Cat(s,) preserves (n—1)-surjective functors by Lemma 5.3.11 it follows that C" ~ 1,,C" — ¢,C is (n—1)-
surjective. Hence, C' — 1,C is (n — 1)-faithful and (n — 1)-surjective and hence an equivalence.

We now prove that (5.16) induces an equivalence on the hom-space between any pair of objects
{€; = D1},{Cs — Dy} € Ar("fl)(Cat(oo)k)), and hence that (5.14) is fully faithful. Unwinding the
hom-spaces in the relevant arrow oo-categories, this is equivalent to the statement that for any fixed
Dy — Dy and any fixed dashed lift as shown in the first diagram in (5.17), the space of dashed lifts as
shown in the commuting square in the second diagram in (5.17) is contractible.

B —
(n—1)-faithful.

-
(n—1)-faithful.

nC1 > 1,Co

tnC1 ——--- > 1,C
(5.17) ll j : c{ 7777777 > c{
tn D1 —— 1, Do l l

By Lemma 5.3.14, ¢,,C; — C; is (n—1)-surjective, and C3 — Dy is (n — 1)-faithful by assumption, hence
the space of lift is contractible since (n — 1)-surjective/(n — 1)-faithful functors form a factorization
system on Cat (o 1)- O

We can combine Lemma 5.6.2 and Lemma 5.6.3 into a proof of Theorem 5.5.2.
Proof of Theorem 5.5.2. The case n > k is Lemma 5.6.2. For k > n, decompose the square as
Ar("_l)(Cat(oo,k)) —t Cat(oo’k)

) -

Ar(n_l) (Cat(oo)n)) -t Cat(oo,n)

| |-

Ar(®=D (Cat(mn) ) —t Cat(mn) .

By Lemmas 5.6.2 and 5.6.3 the bottom and top squares are pullbacks, respectively. O
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6. THE MONOIDAL (00, 2)-CATEGORY OF CHAIN COMPLEXES OF SOERGEL BIMODULES

Throughout this section, we let k be a Q-algebra.®® Recall from Definition 4.3.1 the presentably sym-
metric monoidal co-categories addf” = Fun(BZ,add;) and stP% = Fun(BZ,sty) of small k-linear**
additive, resp. stable, idempotent complete co-categories equipped with a Z-action. These categories
will always be understood as equipped with the Day convolution symmetric monoidal structure.

Notation 6.0.1. Throughout this section, we will use the following terminology:

(1) We refer to objects and morphisms of Cat[Set?”] as ordinary 1-categories with local shifts and
shift-preserving functors.

(2) We refer to objects and morphisms of Cataddf”] as k-linear (oo, 2)-categories with local shifts
and shift-preserving k-linear functors.

(3) We refer to objects and morphisms of Cat[stPZ] as k-linear stable (0o, 2)-categories with local
shifts and shift-preserving k-linear exact functors.

(4) Similarly, we refer to objects and morphisms in Algg ~of the co-categories in (1)-(3) as monoidal
ordinary categories with local shifts, etc.

Unpacked, an ordinary category with local shifts is a 1-category C equipped with, for every ¢,¢’ € C
a Z-action on the hom-set Home/(c, ¢’), denoted by [n]: Home(c, ¢’) — Home(c, ¢’) for n € Z, which is
compatible with composition in the sense that the following diagram commutes:

Home (¢, ¢’) x Home(c/, ¢””) —>— Home(c,c”)
[n]x[m]l lmm}
Home (¢, ¢’) x Home(c/, ¢””) —>— Home(c,c”)

Similarly, a k-linear (stable) (oo, 2)-category with local shifts is an (0o, 2)-category whose hom-categories
are additive (stable), k-linear, and have a homotopy coherent Z-action which is compatible with com-
position.

Example 6.0.2. Most of our constructions in this section are built on the symmetric monoidal k-linear
(2, 2)-category with local shifts

Morf1at8r=proi (1n6q%) ¢ CAlg(é\at[addkBZ])

from Definition 4.5.7. By Corollary 4.5.8.(1), its objects are Z-graded flat k-algebras, and its k-linear
additive, idempotent-complete hom-categories between two such algebras A and B is given by the full
subcategory of the 1-category sgrbmodg of (ordinary) Z-graded A—B-bimodules on those bimodules
which are graded-compact-projective (Definition 3.6.8), as a right B-module. The homwise Z-action is
given by shifting the grading degree of these bimodules.

We warn the reader that Mor™®"# =PI (;modZ) is a locally small, but not a small (the flat Z-graded
k-algebras do not form a small set) (0o, 2)-category. Since all algebras of relevance to this paper are
graded polynomial algebras, it will be convenient to restrict to the small full subcategory on those:

Notation 6.0.3. Let MorP°Y-#" =P (1n0d%) C Mor"8"~Pri(mod%) denote the small full subcategory
on the graded polynomial algebras k[z1,...,z,] for n > 0, with all z; in degree 2. (Graded polynomial
algebras are flat, see Example 4.5.4, this hence indeed defines a full subcategory.) Since tensor products

33A11 of the results in this section which do not specifically refer to the categories of Bott-Samelson and Soergel
bimodules apply generally to arbitrary connective ring spectra k € CAlg(Spx(), and to arbitrary commutative monoids
Z € CAlg(S) in place of Z.

341 this section, and the rest of the paper, we abuse notation and let k denote both the commutative ring, and the
induced commutative ring spectrum Hk and simply write addy and sty instead of add g, and sty as in §4.
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of polynomial algebras are polynomial algebras, this is in fact a symmetric monoidal subcategory and
hence defines an object _
MorP° 8 =Pl (1mod%) € CAlg(Cat[addP?)).

The goal of this section is to first define BSbim as a monoidal (2,2)-category®® and then Shim
as k-linear monoidal (2,2)-category with local shifts, both equipped with faithful monoidal functors
to MorP:8'Proi(;mod%), i.e. functors which induces fully-faithful inclusions on hom-categories (see
Notation 5.3.3).

The following warning makes our construction of a monoidal structure on BSbim and Sbim from
the monoidal structure of MorP%¥*8""PrJ(mod%) somewhat more subtle than one might think.

Warning 6.0.4. We warn the reader that one should not think of BSbim and Shim as sub-(2,2)-
categories of MorP®Y-#" =P (1nod%). Indeed, BSbim and Shim do not contain all l-equivalences be-
tween their objects that exists in MorP°Y 8" =Pri(mod¥). Hence, the faithful functors BSbim —
MorP¥ -8 =Prod (1nod%) and Sbim — MorP?Y £ "PJ(mod%) are not monomorphisms in Cat(so,2); se€
also Warning 5.3.9. In particular, for an (0o, 2)-functor X — MorP°Y 8 ~Pri(mod¥), it is not merely a
property to factor through BSbim or Sbim but additional data.

6.1. The monoidal (2,2)-category of Bott-Samelson bimodules. Recall that to define a full
subcategory of an (oo, 1)-category A, it suffices to specify a subset of the set hg.A of isomorphism
classes of objects of A. Similarly, it follows from Corollary 5.5.3 that to define an (oo, 2)-category C
together with a faithful functor C — A into a fixed (0o, 2)-category A, it suffices to define an ordinary
1-category hiC together with an ordinary faithful functor h1C — hiA into the homotopy 1-category of
A, see Definition 5.4.11. We will use this to define our monoidal (2, 2)-category BSbim together with
its faithful functor to MorP® & =Pl (;mod”).

Observation 6.1.1. Following Corollary 4.5.8.(1), hyMorP°¥:8"=PrJ(mod%) is the (small) ordinary
symmetric-monoidal 1-category whose objects are given by graded polynomial algberas, and whose
morphisms are given by isomorphism classes of ordinary graded bimodules which are graded-compact-
projective as right modules. Furthermore, composition is given by relative tensor product and the
symmetric monoidal structure is given by tensoring over k.

Proposition 6.1.2. The ordinary monoidal 1-category hiBSbim from Definition 2.5.1 admits a faithful
monoidal functor 4
h1BSbim — hy MorP°Y & Prol (mody).

Proof. Recall from Definition 2.3.1 that h;BSbim has objects n € Ny and endo-hom-sets defined as
the subset hoBSbim,, C hg(r,grbmody ) of isomorphism classes of graded bimodules for the graded
polynomial algebra R, = k[z1,...,z,] with 2; in degree 2 on the Bott-Samelson bimodules. The
desired functor to hiMorP?Y#" =P (1nod%) follows immediately from this description: It sends an
object n € Ny of h;BSbim to the graded polynomial algebra R, = k[xi,...,2,] and is defined on
hom-sets as the full inclusion hoBSbim,, < ho(g, grbmod%r;w). Since Bott-Samelson bimodules are
graded-compact-projective as right (and left) modules by Remark 2.1.3, and since the composition and
monoidal structure in i MorP®Y# =P (1n0d%) are defined by the relative (underived) tensor product
and the tensor product ®j, this indeed defines a faithful monoidal functor. O

The following corollary justifies the notation h;BSbim from §2.

Corollary 6.1.3. There exists a unique monoidal (2,2)-category
BShim € Algg, (Cat(so,2))

35As a subcategory of Sbim, BSbim then inherits its local Z-action from Sbim.
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equipped with a faithful monoidal functor BSbim — MorP°¥-€""PrJ(mod%) which agrees on homotopy
categories with the monoidal functor hyBSbim — hy MorP®¥ -8 =PI (mod%) from Observation 6.1.1.

Proof. Recall Corollary 5.5.5, that for any small monoidal (oo, 2)-category D € Algg, (Cat (s 2)), taking
the homotopy 1-category induces an equivalence

hi: Algg (Cat(s,2)) — Algg, (Cat(1,1))

/ED /fhiD

between the full subcategories of Algg (Cat(s2))/p and Algg, (Cat(1,1))/n,p on the faithful functors.
Applying this to D = MorPely-er—pro (mod%), the monoidal (2,2)-category BSbim is the unique pre-
image of hBSbim — h; MorP?#"=PJ(mod¥). Since any (oo, 2)-category with a faithful functor to a
(2,2)-category is again a (2, 2)-category, it follows that BSbim is a (2, 2)-category. d

Definition 6.1.4. We refer to the monoidal (2, 2)-category BSbim from Corollary 6.1.3 as the Bott-
Samelson (2, 2)-category.

Observation 6.1.5. By construction, the isomorphism classes of objects of BSbim are in bijection
with the natural numbers n € Ny. For every n € Ny we now fix a representing object in BSbim in that
isomorphism class and simply denote it by n. For n,m € BSbim, the hom-category in BSbim is given
by
0 n#m

I—IoirnBSbim(’n‘aTn‘) - { BSBlmn n=m °’
where BSbim,, is the category from Definition 2.1.2. The monoidal functor BSbim — MorP®-&"~Pri(mod%)
sends objects n to the polynomial algebra R, and is given on hom-categories by the evident full inclu-
sion of BSBim,, into the category of graded R,—R,-bimodules that are graded-compact-projective as
right R,-modules.

6.2. The monoidal (2,2)-category of Soergel bimodules. Having defined BSbim together with
its inclusion BSbim — MorP°Y 8 =P (mod%), we will now define Sbim as the homwise completion of
BSbim under Z-shifts, direct sums and splitting of idempotents inside of MorP° & —pro] (mod%).

To formally implement this, we need to construct a factorization system on the presentably sym-
metric monoidal co-category addkB Z of additive k-linear oo-categories with a Z-action, equipped with
the Day convolution monoidal structure, constructed in Section 4.3.

Definition 6.2.1. We will use the following terminology:

(1) A functor F': C — D between idempotent-complete oo-categories is called dominant if every
object in D is a retract of an object in the image of F.
(2) A morphism in addkB Z is dominant, resp. fully faithful, if its underlying functor is.

Proposition 6.2.2. The (dominant, fully faithful)-functors define a factorization system on addkBZ
which is of small generation and compatible with the symmetric monoidal structure.

Proof. Consider the sequence of morphisms in CAlg(Pr")
Catoo — Caty — CatLidem Modcprog,, (CatLidemy ~ addy

left adjoint to the respective forgetful functors (see Proposition 3.1.11 for the first two functors, and
Observation 4.2.4 for the latter one). We will successively lift the (surjective-on-objects, fully faithful)-
factorization system on Cats, to addg.

Step 1: We first show that the (surjective-on-objects, fully faithful)-functors define a factorization
system on CatS. which is of small generation and compatible with the symmetric monoidal structure.
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Given a morphism F: C — D in Cat5,, i.e. a functor between co-categories with finite coproducts that
preserves finite coproducts, we consider its (surjective-on-objects, fully faithful) factorization in Caty,

c—F D
Im(F)

where F is surjective on objects and ¢ is fully faithful. Using Observation B.2.1 and Lemma B.2.2 we
can deduce that the factorization system on Caty, restricts to one on Cats, which is of small generation
and compatible with the symmetric monoidal structure, provided we can show that Im(F') admits finite

coproducts and that Fand . preserve them. In fact, since ¢ is fully faithful, it is enough to prove that
Im(F) is closed under finite coproducts in D. To this end, let S be a finite set and I: S — Im(F) a
diagram. Since F': C — Im(F) is surjective on objects, we can lift I to a functor I: S — C which has
a colimit colim I € C by assumption. Since F' preserves coproducts and using the factorization, the

coproduct colim ¢ o I agrees with F'(colim I) and hence is in the image of F, as required.
Step 2: To lift from Cat3, to Cat';'c;ldem, observe that the symmetric monoidal left adjoint
Caty — CatZ'9°™ is a reflective localization, i.e. that the right adjoint is fully faithful. We observe

o0

the following:
(1) A morphism in Cat2:'%°™ is of the form (F)'9°™ for a fully faithful morphism F in CatZ if and

oo

only if it is fully faithful.
(2) A morphism in Cat:'*™ is of the form (F)9°™ for a surjective-on-objects morphism F' in

Cat%, if and only if it is dominant.

(_)idem .

Since the class of dominant functors is stable under retracts in Cat;'*™ it therefore follows from

Lemma B.2.5 that the (surjective-on-objects, fully faithful)-factorization system on Cat5, induces the
(dominant, fully faithful)-factorization system on Cati;idem, and that this factorization system is of
small generation and compatible with the monoidal structure on Cati;idem.

Step 3: Since

Catidem i Modcproj, (CatLidemy ~ addy,
is a monadic adjunction, whose underlying monad CProj, ® —: Cat 2™ — Cat''9°™ preserves colim-

its (and in particular geometric realizations), and preserves dominant functors (since ® is compatible
with the (dominant, fully faithful)-factorization system on Cat%:'4°™ as follows from Step 2), it follows
fromLemma B.2.7 that the (dominant, fully faithful) functors form a factorization system on addy
which is of small generation and compatible with its symmetric monoidal structure.

Step 4: Lastly, by Lemma B.2.3, the (dominant, fully faithful)-factorization system induces one
on Fun(BZ,addy) which is of small generation and compatible with the Day convolution symmetric

monoidal structure. g

Notation 6.2.3. We will use the following terminology:

(1) A morphism F: C — D in Catladd??] is called faithful if its underlying (co,2)-functor is
(see Notation 5.3.3). It is called surjective-on-objects-and-dominant-on-1-morphisms if it is
surjective on objects and if for each ¢,/ € C, the induced additive functor Hom,(c,c') —
Hom,(Fe¢, F') is dominant.

(2) A morphism in Algg, (Catladdpf?]) is called faithful or surjective-on-objects-and-dominant-on-
1-morphisms if the underlying morphism in Cat[addf?”] is.

Applying the factorization system from Proposition 6.2.2 homwise leads to the following corollary.
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Corollary 6.2.4. The (surjective-on-objects-and-dominant-on-1-morphisms, faithful)-functors define
factorization systems on Cat[addZ?] and Algg (Cat [addP%]), respectively, which are of small generation
and compatible with the symmetric monoidal structure.

Proof. This follows immediately from applying Theorem B.4.1 and then Theorem B.3.1 to the factor-
ization system of Proposition 6.2.2. O

The forgetful functor addy — Caty, has a symmetric monoidal left adjoint ‘linearization functor’
Ling : Caty, — addy,

which is the composite of symmetric monoidal left adjoints

(_)\_I,idem

(6.1) Catpo ", Catlidem SProlu®,
: o0

o0

Modcproj, (Catsy ™) =~ add,

where (—)""19™ freely adjoints finite coproducts and splittings of idempotents (see Proposition 3.1.11)
and CProj, ® — constructs free CProj,-modules (see Proposition 3.1.8). This induces a symmetric
monoidal left adjoint of the forgetful functor addg” — CatZ”

Fun(BZ, Ling(—)): Cat?? — add/?,

which we will also denote by Ling(—): Cat?% — addP”. Unpacking Observation 3.5.13, the forgetful
functor CatZ%” — Cato, (i.e. the functor ev,: Fun(BZ, Cat.,) — Cats,) has a left adjoint

— x Z: Caty, — CatZ?

which sends an oo-category C to the oco-category C x Z with free Z-action, and which is symmetric
monoidal with respect to the Day convolution structure on CatZ%.
Combining these left adjoints, we obtain a symmetric monoidal left adjoint

(6.2) Ling(— x Z) : Cate, — addp?.

Applying Ling(— x Z) homwise, this induces by Appendix A.10 and Appendix A.8.11 symmetric
monoidal left adjoints

(6.3) Lin%’loc i= Cat[Ling(— x Z)]: Cat(s,2) = Cat[Cato] — Cat[add??|
and (abusing notation)

(6.4) Lin 1, = Algg, (Cat[Ling(— x Z)]): Algg, (Cat( 2)) — Algg, (Cat[addy™])
of the respective forgetful functors.

Proposition 6.2.5. The functor BSbim — MorP®Y:8 =P (mod%) of monoidal (oo, 2)-categories from
Corollary 6.1.3 factors through a monoidal addkBZ-enm'ched functor

Lin?loc(BSbim) — MorPel 8 =Prol (o d%).

Proof. Since MorP®-#""Pri(modZ) is an object in Algg, (Cataddf?]), the statement immediately fol-
lows from the adjunction (6.4). O

Explicitly, Lin?loc(BSbim) has objects natural numbers and additive k-linear hom-categories with
Z-action given by the k-linearization Ling (BSbim,, x Z) of the 1-category BSbim,, x Z with free Z-action.
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Definition 6.2.6. Define the monoidal k-linear (2,2)-category with local shifts Sbim € Algg, (Cat[addP?]),
the Soergel (2, 2)-category, as the unique factorization

7 : poly,gr—proj Z
Linj ,.(BSbim) Mor (mody)
surjective—on—objects \ faithful
—and—dominant—on—1—morphisms Shim

of Lin%’IOC(BSbim) — MorPolY &Pl (;mod%) with respect to the (surjective-on-objects-and-dominant-
on-morphisms, faithful)-factorization system on Algg (Catladd;”]).
We denote the composite monoidal shift-preserving functor BSbim — Lin?loc(BSbim) — Sbim by

(6.5) ¢: BSbim — Sbhim.

Composing with the monoidal (oo, 2)-functor BSbim — Lin%,loc(BSbim) (i.e. the unit of the adjunc-
tion (6.4)), we can summarize the categories and functors defined so far thus:

Corollary 6.2.7. The above defined functors assemble into a commuting diagram of monoidal (2,2)-
functors

BSbim MorPOl¥8r=Prod (16 q%)
Sbim

where the top and Tight diagonal functors are faithful and the right diagonal functor is shift-preserving
and k-linear.

Remark 6.2.8. Intuitively, Sbim is the smallest locally k-linear additive and idempotent-complete
‘sub’- (00, 2)-category (mind Warning 6.0.4) of MorP®¥-8""PJ(mod%) that is closed under the homwise
Z-action and contains BSbim — MorP°¥:8""P(mod¥). Indeed, it follows from the definition that
Sbim together with its faithful monoidal addf”-enriched functor Sbim — MorP°Y 8 =Pl (mod?) is
initial amongst factorizations of the monoidal (co, 2)-functor BSbim — MorP°%¥:8"=PrJ(mod%) through
faithful monoidal addkB Z_enriched functors. More formally, it is the initial object of the pullback of the
following span of co-categories:

(Alg]El (Cat(ooj))/Morpoly,gr—proj (mod%))(

J

AlgIEl (Cat(oog) ) /MorPoly-gr—proj (mod%)

BSbim— MorPoly,gr—proj (modi))/

Algg, (Cat [addkBZD

/¥ Morpoly,gr—proj (mod% )

6.3. The Soergel (2,2)-category agrees with its classical variant. We now explain how the
monoidal (2, 2)-category Sbim is indeed just a homwise additive and idempotent-completion of BShim.
We first record the following useful observation about the adjunction

Lil’lk(—XZ)

Cat addP?

0 L
forget

Lemma 6.3.1. Let F: C — D be a functor of (oo, 1)-categories, where C € Caty and D € addkBZ.
Then the following properties of F' are equivalent:

(1) Its adjunct Ling(C x Z) — D is dominant.
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(2) Every object of D is a retract of a finite coproduct of shifts (under the Z-action) of objects in
the image of F.

Proof. The tensor unit of Cat:'%™ is the category Set™ of finite sets, and since CProj, € CAlg(Cat'4™),
the unit induces a finite coproduct preserving functor Set™ — CProj & which sends a finite set X to
the coproduct Lixk and is therefore dominant by Lemma 3.5.7.(1). Hence, since the tensor product

in Cat;'%*™ of dominant functors is again dominant (since its (dominant, fully faithful)-factorization
system is compatible with its monoidal structure, as follows from the proof of Proposition 6.2.2), it
follows that for any A € Catgo’idem, the unit A ~ Set™ ® A — CProj  ® A of the adjunction between
Cati;idem and addy is dominant. In particular, it immediately follows that for any B € addy, a functor

A — B in Cat2*™ is dominant if and only if its adjunct (drawn horizontally) is:

A

I ™

CProj, ® A — B

Hence, a functor F' as in the statement of the lemma is dominant, if and only if the functor (C x
Z)Adem s D ig equivalently if every object of D is a retract of a finite coproduct of objects in the
image of C X Z, i.e. of objects which are Z-shifts of objects in the image of C. O

For the following we recall from Section 2.1 the notation R,, := k[x1,...,x,] for the graded polyno-
mial algebra over k in n € Ny variables, each of degree two.

Proposition 6.3.2. The functor ¢: BSbim — Sbim is surjective on objects. For objects n # m €
BSbim, the hom-category Homgy; . (¢en,vm) is the zero category, and for n = m it is the smallest
additive and idempotent-complete full subcategory of the ordinary additive category

R, grbmod R,

of graded R, -bimodules, which contains the full subcategory BSbim,, and is closed under the grading-
shift Z-action.

Proof. Since Lin%’loc(—) is defined by applying Ling(— x Z) homwise, the functor
a: BSbim — Linj, |, (BSbim)

is the identity on objects and hence the composite ¢: BShim — Lin%’loc(BSbim) — Sbim is surjective
on objects. The induced functor on hom-categories between n,m € BSbim therefore factors as follows
in add??:

Ling (BSbim(n, m) x Z) =: Lin?lOC(BSbim)(an,am) — Sbhim(wn, vm) — g, grbmodyg

The first functor is dominant (since Lin?loc(BSbim) — Shim is dominant on morphisms) and the
second functor is fully faithful (since Shim — MorP°% 8" =P (mod¥) is faithful).

It follows from fully faithfulness of the second functor (and the fact that it is a morphism in addkB Z),
that Sbim(tn,vm) is a full additive and idempotent-complete subcategory of g, grbmodg = which is
closed under grading shifts. By Lemma 6.3.1, dominance of the first functor implies that every object of
this full subcategory is a retract of a finite coproduct of shifts of objects in the image of BSbim(n, m) —
R,grbmodp . O

Observation 6.3.3. As there are no non-zero morphisms between n # m, it follows immediately from
Proposition 6.3.2 that the monoidal (2, 2)-functor ¢: BSbim — Sbim induces a bijection on the set of
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isomorphism classes of objects. For objects n,m € Sbim, the additive k-linear hom-category is given
by

Homgyip, (n, m) = { (S)bimn Ziz )
where Sbim,, is the ordinary k-linear additive category from Definition 2.1.4 with Z-action by grading
shift. The monoidal shift-preserving k-linear functor Shim — MorP°¥:8"=PrJ(mod%) sends objects n to
the polynomial algebra R,, and is given on hom-categories by the evident full inclusion of Sbim,, into
the category of all graded bimodules which are graded-compact-projective as right modules.

It follows from functoriality that the composition of 1-morphisms in Homgy; . (n,n) is given by the
relative tensor product — ®p, — (and hence, that the endomorphism 1-category Homgy;, (n,n) is
equivalent to the monoidal category Sbim,, as in Definition 2.1.4), and that the monoidal structure of
Sbim is given by —®;— (and hence acts by parabolic induction on the hom-categories Sbim,, X Sbim,,, —
Sbim,, 4., as in Definition 2.1.5, see Remark 2.3.3).

6.4. The monoidal (oo, 2)-category of chain complexes of Soergel bimodules. Recall from Sec-
tions 3.4.2 and 3.4.3 that the forgetful functor st — add from the presentably symmetric monoidal oo-
category of small stable co-categories to that of small additive co-categories has a symmetric monoidal
left adjoint
K’: add — st,

which sends an ordinary additive 1-category A to the oo-category of bounded chain complexes in A
with chain maps and (higher) chain homotopies between them. By Proposition 4.3.2, this is compatible
with linearity and Z-action and induces a symmetric monoidal left adjoint

K’: addP?” — stP?

of the forgetful functor st?Z — addf Z Applying K® homwise, it follows from Appendix A.10 and
Appendix A.8.11 that we obtain symmetric monoidal left-adjoints of the respective forgetful functors:

K} . = Cat[K']: CatladdP”] — Cat[stPZ]

(6.6) K .: Algg, (Cat[addkBZ]) — Algg, (Cat[stg”]).

Definition 6.4.1. We call the monoidal k-linear stable (00, 2)-category with local shifts
K} (Sbim) € Algg, (Cat[stF”])
the chain complex Soergel (0o, 2)-category.

The unit of the adjunction (6.6) is a monoidal addf*-enriched (oo, 2)-functor
(6.7) Shim — K? _(Sbim).

Since the functor K? is defined by applying K homwise, we immediately obtain the following

loc
explicit description of K2 _(Sbhim), which completes the construction of K{’OC as described in Theorem A:

loc

Proposition 6.4.2. The objects of K{’OC(Sbim) agree with those of Sbim, while the stable k-linear
hom-categories are given by

0 n#*m
Homg: (spim)(n,m) = { K®(Shim,) n=m ’

with Z-action given by internal (i.e. non-homological!) grading shift.
The functor Sbim — K2 (Sbim) from (6.7) sends objects to themselves and is on hom-categories
given by the additive k-linear Z-equivariant functor Sbim,, < K®(Sbim,,) including Soergel bimodules

as chain complexes concentrated in degree zero. In particular, it is faithful as an (oo, 2)-functor.
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b
loc

Note that while Sbim is a (2, 2)-category, the category K
non-trivial higher cells.
The following makes the connection to Section 2 and justifies the notation h;K? _(Sbim) from there.

Corollary 6.4.3. The homotopy 1-category h1 K}, (Sbim) of the monoidal (00, 2)-category Kb _(Sbim)
agrees with the monoidal 1-category th{’OC(Sbim) from Definition 2.3.2.
Moreover, after taking homotopy 1-categories, the monoidal (co,2)-functor BSbim — Sbim —

K? .(Sbim) becomes the ordinary monoidal 1-functor

h1BSbim — hiK? _(Sbim)

(Sbim) is a true (oo, 2)-category with

from (2.13).

6.5. The fiber functor on K! (Sbim). We now construct the monoidal shift-preserving k-linear
exact functor Kb (Sbim) — stPZ.
Recall from Corollary 4.5.8.(2) the (large) derived Morita category

DMorfte—perf (110d47) € CAlg(Cat|st57)).

Its objects can be understood as ordinary Z-graded flat k-algebras, and its k-linear stable, idempotent-
complete hom-category between two objects A and B is given by the full subcategory of the derived oo-
category D(agrbmodpg) of the abelian category agrbmodg of graded A-B bimodules on those objects
which are graded-perfect as right B-modules, i.e. are quasi-isomorphic to bounded chain complexes of
graded-compact-projective B-modules.

As before, it suffices to consider the small full subcategory of polynomial algebras:

Notation 6.5.1. Let DMorP?Y & —Perf (1n0d%) € DMor 48 =P (110d%) denote the small full subcat-
egory on the graded polynomial algebras k[xy,...,2,] for n > 0, with all z; in degree 2. (Graded
polynomial algebras are flat, see Example 4.5.4, this hence indeed defines a full subcategory.) Since
tensor products of polynomial algebras are polynomial algebras, this is in fact a symmetric monoidal
subcategory and hence defines an object

DMorPo-8Perl(10d%) € CAlg(Cat[stPZ]).
In Corollary 4.5.8.(3) we constructed a symmetric monoidal addf Z_enriched functor
Morf126:87 =Pl (1nod%) — DMor!*t-er=Perf (1047)
which sends flat graded algebras to themselves and includes graded bimodules as the discrete objects
into the derived oco-category of graded bimodules, and hence restricts to a symmetric monoidal addkB .
enriched functor ‘
Morp"ly’grfpm(mod%) — DMorpOly’grfpcrf(mod%).
By Definition 6.2.6, there is also a faithful monoidal shift-preserving k-linear functor Sbim —
MorPOl &8 =Prol (1o d %),
Proposition 6.5.2. The monoidal addfz—enriched functor
Sbim — MorP? &' =ProJ (1nod%) — DMorPo &' =Perf (1n0d%)
factors through a monoidal st,fz—enriched functor
(6.8) Hioe: Kb (Sbim) — DMorPe 8 =Perf (042,
Proof. This follows immediately from the adjunction
B7Z Kfoc(_)
Algg, (Cat[add; ™)) I Algg (Cat[stg?]).

forget
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Observation 6.5.3. Unpacked, the functor Hio: K2 (Sbim) — DMorP°¥ 8 =P (1164%) sends an
object n to the polynomial algebra R, := k[z1,...,2,], and a bounded chain complex of Soergel
bimodules to the induced object in D(g, grbmod Rn)gr’perf, i.e. the chain complex considered up to
quasi-isomorphism. Thinking of this as a homotopy coherent version of ‘taking homology’ motivates
the notation Hig..

The unpacking of the functor Hj,. from Proposition 6.5.2 in Observation 6.5.3 immediately implies
the following:

Corollary 6.5.4. The induced functor on homotopy categories
hiHige: hiK? . (Sbim) — hy DMorP¥-er=Perf (1n6q%)
agrees with the functor hy Hyoe from (2.14).

Notation 6.5.5. Recall from Observation 4.5.10 that DMor®*#* =P (116d%) has a symmetric monoidal
fully faithful st,’fz—enriched functor

DMorﬂat’gr_perf(mod%) s sthZ.
We will abuse notation and also denote by Hj,. the monoidal sthZ—enriched composite
(6.9) Hioe: Kb (Sbim) — DMorPo 8 =Perf (10 d%) <5 DMor 18 —Perf (1nod%) < stPZ.

The composite sends a graded k-algebra A to the stable oco-category of bounded chain complexes of
graded-compact-projective right A-modules, with Z-action given by the internal (i.e. non-homological)
grading shift.

Lemma 6.5.6. The composite addp”-enriched functor Sbim — K& (Sbim) — DMorP°% g =Perf (mod%)

loc

and its further composite Sbim — K% (Shim) — DMorP?Y &Pt (1mod%) — stBZ are faithful.

Proof. We show that the former functor is faithful, the latter functor is a composite with a fully
faithful functor and hence also faithful. By construction, the former functor factors as Sbhim —
MorPOl¥ 8 =Prod (1od%) — DMorP*¥ 8 Perf (1n0d%) | the first of which is faithful by Corollary 6.2.7,
and the second is faithful since the induced map on hom-categories between two polynomial algebras
A and B is given by the full inclusion.

agrbmod% P < D( 4grbmod ;)& Pt

by Corollary 4.5.8.(3). O
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7. PREBRAIDINGS AND BRAIDINGS VIA 0o-OPERADS

In this section, we introduce the operadic machinery we use in our construction of the braiding on
K{’OC(Sbim). Throughout, we use Lurie’s theory of oo-operads developed in [Lurl?7, § 2]. Appendix A.8
contains an introduction to our terminology and notation. We remind the reader that for an co-operad
O we denote its oo-category of operators by O® — Fin,, and its underlying oco-category by O and
if it is clear from context sometimes also just by O. Given another oco-operad P, we denote the oo-
operad of O-algebras in P by Alg,(P) with underlying oo-category Alg , (P) — if clear from context
sometimes also just denoted by Algy(P) — and space of objects Alg (P)= = Homop(O,P). Using
the left adjoint Cate, — Op of the underlying-category functor (—): Op — Caty,, any co-category C
can be considered as an co-operad with empty non-1-ary mapping spaces. Abusing notation, we will
also denote this free oo-operad on C by C.

7.1. Recollections on unital oo-operads. We recall some facts about oo-operads from [Lurl7]
and [SY19] which we will use throughout.

Definition 7.1.1. An oc-operad O is unital if for every color X € O, the 0-ary mapping space
Mulp (), X) is contractible. We let Op"" denote the full subcategory of the co-category of co-operads
Op on the unital co-operads.

Example 7.1.2. For all n > 0, the oo-operads E,, are unital.

For co-operads O and P, recall that the oo-category Alg o (P) of O-algebras in P admits a pointwise
operad structure constructed in [Lurl7, Ex. 3.2.4.4] and henceforth denoted Algy,(P).

Lemma 7.1.3. Let O be an oo-operad and consider the operad maps O — O @ Ey and Algg, (0) — O
induced from the operad map Triv — Eg. Then the following hold:

(1) The co-operad ORE is unital. Moreover, O is unital if and only if the operad map O — OQE,
18 an isomorphism.

(2) The oo-operad Algg (O) is unital. Moreover, O is unital if and only if the operad map
Algg (O) = O is an isomorphism.

Proof. Part (1) follows directly from [Lurl7, Prop. 2.3.1.9]. For part (2), note that for an co-operad
P, the fiber of Homop(Eg, P) — Homo,(Triv, P) = P~ at a color X € P is the O-ary mapping
space Mulp(, X) and hence that P is unital if and only if Homop(Eq, P) — Homop(Triv, P) is
an isomorphism. In particular, evaluating at P = Algg (O) for an oc-operad O, and using that
Homop (—, Algg, (O)) ~ Homop(— ® Eg,0) and part (1), it follows that Algg (O) is unital. If O
is moreover unital, let Q be a unital oo-operad and consider the map Homopu (Q, Algg, (O)) —
Homopu (Q, O) which is equivalent to Homgpu (Q ® Ey, O) — Hompopun (Q,0). Since Q is unital,
this is an isomorphism by part (1). This completes the proof of part (2). O

Evaluating Lemma 7.1.3.(1) at O = E, shows that Eq is a (unital) idempotent in Op (as also follows
from Dunn additivity) with image Op"".
The following is an immediate consequence of Lemma 7.1.3, also see [Lurl7, Prop. 2.3.1.9].

Corollary 7.1.4. The full inclusion Op"™ < Op has left and right adjoints

—®Eo

AngEO (=)

Most unital co-operads appearing in this paper arise from the following observation:
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Example 7.1.5. It follows from Lemma 7.1.3 that for any unital co-operad O and occ-operad P the
operad Algy(P) ~ Algogg, (P) =~ Algg, (Algp(P)) is unital. In particular, since E,, is a unital oo-
operad for any n > 0, it follows that for any oo-operad P, the co-operads Algg (7P) are unital.

Example 7.1.6. The underlying oc-operad of a symmetric monoidal co-category C is unital if and
only if the tensor unit I of C is an initial object. An example of such a symmetric monoidal co-category
is given by the coCartesian tensor product on an oco-category with finite coproducts.

The coCartesian monoidal structure on an oco-category with finite coproducts can be generalized to
a certain coCartesian unital operad structure on any oco-category:

Example 7.1.7 ([Lurl7, § 2.4.3]). For any co-category C, there is a unital co-operad C, with underlying
oo-category C and multi-ary mapping spaces
Mule (X1, ..., Xn;Y) ~ Home(X1,Y) X - - - Home (X,,Y)
These coCartesian operads have the following universal characterization:

Lemma 7.1.8 ([Lurl7, Prop. 2.4.3.9, Cor. 2.4.3.11], [SY19, Lem. 2.2.3]). The assignment C — Cy
induces a fully faithful functor Cats, < Op"™ which is right adjoint to the underlying-category functor
Op™ — Catyo.

In particular, it follows that the unit of the adjunction is an operad map O — O, which induces
the identity on underlying oo-categories O — O, ~ O. Fixing colors X, ..., X,,Y € O, this induces
a map
(7.1) o: Mulp(Xy,...,Xn;Y) = Homp (X1,Y) x - -+ x Homp (X,,, Y).

The components Mulp(Xy,...,X,;Y) - Homp(X;,Y) of this map may be thought of as inserting
units in all but the i-th slot.

7.2. The operads A, and T,. For a unital co-operad O, we can use the unit-inserting map
o: Mulp(X1,...,X,;Y) = Homp(X1,Y) X --- x Homp(X,,Y)

from (7.1) to give a quick definition of the well-known notion of a unital As-algebra, which encodes a
left and right-unital binary multiplication without any associativity requirements:

Definition 7.2.1. A unital Aj-algebra in a unital co-operad O is given by a color X € O equipped
with an element of the pullback

Mulo (X, X; X) Xtome (x,x)x2 {(idx,idx)},
ie. a 2-ary map p € Mulp(X,X;X) and an identification of its image (u(1,—),u(—1)) under
o: Mulp (X, X; X) — Homp (X, X)*? with (idx,idx).
A unital As-algebra in a (not necessarily unital) co-operad O is a unital As-algebra in the unital
oc-operad Algg (O).

Lemma 7.1.3.(2) ensures that Definition 7.2.1 is well-defined for non-unital operads and unambigous
for unital co-operads.
We will also be concerned with the following relative version:

Definition 7.2.2. A Ts-algebra in a unital operad O is given by a pair of colors X,Y € O equipped
with an element of the pullback
MHIO(X, )(7 Y) XHOmQ(X,Y)Xz HOHIQ(X, Y)7

i.e. a 2-ary operation p € Mulp(X, X;Y) and an identification of the 1-ary operations pu(—,1) and
(1, =) in Home (X,Y).
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A Ts-algebra in a (not necessarily unital) oco-operad O is a Ta-algebra in the unital co-operad
AlgEO(O).

We now construct oc-operads which corepresent Ty, and As-algebras. For this purpose, for any
n > 0, consider the functor

{ﬂ+‘>l+} . ® .
V,:0p—=S, O Homcat,) p, [l] ———— Fin,, 0% — Fin, |,
which may intuitively be thought of as sending an oc-operad O to the space of (n + 1)-tuples of colors
X1,...,Xn,Y € O equipped with an n-ary map u € Mulp(X1,...,X,;Y).
Lemma 7.2.3. The functor V,,: Op — § is corepresented by an co-operad, also denoted V.,,.
Proof. Using Lurie’s combinatorial simplicial model category of co-preoperads [Lurl?7, § 2.1.4], one can

—1
define the co-operad V,, as a fibrant resolution of the oo-preoperad [1] 225 Fin,. O

For a unital oo-operad O and a Va-algebra (X,Y, Z, u € Mulp(X,Y; 7)), we may insert units into
1 to extract morphisms X — Z and Y — Z in O, This leads to the following:

Lemma 7.2.4. The co-category Vo ® Eg underlying the unital oo-operad Vo ® Eg is equivalent to the
‘walking span’ {s =« e}, i.e. the pushout [1] Upg [1].

Proof. By adjunction, for any co-category C, we have
HomCatw (VQ (024] ]E(),C) ~ HOmOpun (VQ X Eo,cu) ~ Homop(VQ,Cu).

The latter space explicitly unpacks to the space of triples X,Y,Z € C with maps X — Y < Z and
hence Homop(Va,Cly) ~ Homeat  ({e— e <}, C). O

Consider the codiagonal functor {e — e« e} — {e — e} = [1] which identifies the two morphisms in the
span.

Definition 7.2.5. We define the Ty-operad and the As-operad as the following pushouts of unital
oo-operads:

Va®@E) —— [1J®E) —— Eo

& NN

Vo ®Eq Ta Ay

The definitions together with Lemma 7.2.4 immediately imply that algebras of the Ts- and As-operad
are To- and As-algebras in the sense of Definitions 7.2.2 and 7.2.1.

Corollary 7.2.6. Let O be a (not necessarily unital) co-operad.

(1) Given a map of operads [1] @ Eg — O, equivalently a map of operads [1] — Algg (O) specified
by a morphism f: A — B in &EO(O), the above pushout induces an isomorphism of spaces:

HomOpm@Eo/ (T27 O) = MUIAlg]EO(O) (Aa A7 B) XMulAlgEO(O)(A§B)2 {(fa f)}

(2) Given a map of operads Eg — O, equivalently an A € Algg (O), the above pushout induces an
isomorphism of spaces

(73) HomOplEO/ (Ag, O) ~ MulAlgEU (0) (A, A; A) XMUlAlg]EO(O) (A4;A)? {(idA, ldA)}
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Example 7.2.7. Using Corollary 7.2.6, we may factor the canonical map Ey — E; through an operad
map A; — [E; which remembers of an E;-algebra only the binary multiplication and its unitality
structure. This is the first step in the well-known filtration Eg = A; — Ay — ... = A = E; of the
E;-operad by the unital A,, operads, encoding higher coherent associativity (see [Lurl7, § 4.1.4] for a
non-unital version of this filtration in the setting of co-operads). In this paper, we will only need the
first stage Eg — Ay — E;.

Notation 7.2.8. For an oc-operad O and an operad map [1] ® Eg — O corepresenting a morphism
[+ A— B e Algg (0), we write

Tg)(f) = HOInOP[l]@]EO/ (Tg, O) ~ MUIAlgEO (0) (A, A; B) XMUlAlgEO(O)(A§B)2 {(f, f)}

for the space of Ty-structures on f.
For an co-operad O and an operad map Ey — O corepresenting an Eg-algebra A in O, we write

A9 (A) = Homop, (A2, 0) ~ Mulay, (0)(4, 4; A) X Mul a1y (0)(434)2 {(id4,ida)}.

for the space of As-structures on A.
If clear from context, we will often drop the superscript O indicating the ambient co-operad and
simply write To(f) and Ag(A).

A straight-forward, but very useful consequence of the definition is that Ta-structures transport along
adjunctions: In an adjunction, Ts-structures on a morphism f: LA — B are canonically identified with
Ty-structures on its adjunct A — RB:

Lemma 7.2.9. Let C and D be symmetric monoidal co-categories whose monoidal units are initial.

Let
C é D.

be an adjunction with (strongly) symmetric monoidal left adjoint L and unit denoted by n: id¢ = RL.
Then, the adjunction isomorphism
¥ap : Homp(LA, B) 7 Home(RLA, RB) =2 Home (A, RB)

induces via the maps from Observation 7.2.10 for every f € Homp(LA, B) an isomorphism

R(— —o
To(f) =0 To(RF) =2 To(Rf 0 na) = To(a 5(F)).
Proof. By adjunction and monoidality of L, the horizontal maps in the commuting diagram

Homp(LA®?, B) —— Homc(A®?, RB)

i l

Homp (LA, B)*? —— Homp(A, RB)*?

are isomorphisms and hence so is the induced map between the fibers at {(f, f)} — Homp (LA, B)*2.
O

Observation 7.2.10. The space Ty (f) of Ta-structures on a given Eg-morphism f: A — B in Algg (O)
is compatible with composition and functorial: Given an operad map F': O — P, applying F induces

a map of spaces
T5(f) =5 To(F(f)).

Similarly, any Eg-morphism g: B — C in Algg (O) induces evident maps of spaces

(7.4) To(f) L5 Talgo f)  Talg) =L Ty(go f).
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It will be useful to express this operation in terms of oc-operads. Let [2] .= {0 < 1 < 2} denote
the oo-category (and the free oco-operad on that oo-category) corepresenting a pair of composable
morphisms. Consider the following pushouts of co-operads

[1] ® Eg T [1] ® Eg To 1] ® Eg T
{0<1}l - l {1<2}l - l {0<2}l - l
2] @ Eg —— T2 U<y [2] 2] @ Eg —— T2 Upi<ay [2] 2] @ Eg —— T2 Ugo<ay [2]

corepresenting a pair of Eg-morphisms A 1 B % C with a Ty-structure on f, g or g o f, respectively.
By Yoneda, the maps of spaces constructed above induce operad maps

Ts |_|{1<2} [2} — Ty U{0<2} [2] — Ty u{0<1} [2]

7.3. Relative Ty-structures. Analogous to (and as we will see later — generalizing) Definition 2.4.5,
we introduce Ty-structures relative to a given As-structure.

As a consequence of Observation 7.2.10, given an Eg-morphism f: A — B in an oo-operad O,
applying (7.4) in the case g = idpg, we obtain a map of spaces

. —o(f,f)
Ag(B) = Ty(idg) —2L5 Ty (f).
In particular, any Ag-structure on B (e.g induced by a genuine Ei- or even E..-structure) induces a
To-structure on f.
This allows us to introduce the following notion, analogous to Definition 2.4.5.

Definition 7.3.1. Let O be an co-operad, C an As-algebra (with Ag-structure denoted by o € A (C))

and let AL B % C be morphisms of Eg-algebras. We define the space TS (f) o of Ta-structures on
f relative to C as the pullback of the span

{a} = AQ(C) = TS (ide) =209, s (g o f) 2= To(f).

In words, a Te-structure on f relative to C' is a Te-structure on f with an identification of the
induced Ts-structure on g o f with the Ty-structure on g o f induced by the As-structure a on C.

Recall from §A.8.6 that for an E,,-algebra C in a symmetric monoidal co-category V), the over-
oo-category V)¢ inherits a symmetric monoidal structure so that for any oo-operad O, there is an
equivalence of oo-categories Alg ,(V,c) ~ Alg,(V),c, where for the latter category we consider C
as equipped with the O algebra structure induced by restricting its Eoo-structure along the terminal
operad map O — E.

Proposition 7.3.2. Let C' be an Ey-algebra in a symmetric monoidal co-category V, and consider an
Eo-algebra morphism in V¢, i.e. equivalently a commuting diagram of Eo-algebra morphisms in'V as

follows
! B
C

A

Then, we have an equivalence of spaces
v
T,/ (f) =~ T3 (f)
where for the latter space we consider C as equipped with the As-structure induced by its Eoo-structure.

In words: ‘Absolute’ To-structures on f in the sense of Notation 7.2.8 seen as a morphism in the
symmetric co-category V¢ coincide with relative To-structures on f in V in the sense of Definition 7.3.1.
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Proof. By definition, the space T;/C(f) is the fiber of the functor Alg, Vsie) = %[1]@&) (V/p) at

J. By the universal property of the symmetric monoidal structure on the over-category V¢, this is
equivalent to the functor &Tz V)e — %[ eEo (V)/c. Unwinding the definition of morphisms in
over-categories, this results in the desired equivalence. O

7.4. Centralizers and centers. In light of Theorem 2.6.4, we recall the oo-categorical theory of
centers and centralizers developed in [Lurl7, § 5.3.1] and relate them to Ts- and As-algebras.

Definition 7.4.1 ([Lurl7, Def. 5.3.1.2]). Let f: A — B be a morphism in a monoidal co-category C.
A centralizer 3(f) of f is a final object in the co-category

Cry %ca, Cayyb
where the functor C;; — C,4, sends objects (a: I — X) of C;y to (A~T® A oida, X®A)eCyy.

Unpacked, a centralizer is an object 3(f) € C equipped with morphisms w: I — 3(f) and ev: 3(f)®
A — B, such that the following diagram commutes

(oA

(7.5) “@M/Y x

I@A~A ! B,

and which is final among such pairs: for any pair of morphisms ux: I — X inCandevy: X® A — B
making the analog of (7.5) commute, there is a unique morphism ¢: X — 3(f) such that

X®A
ux ®ida 1 #®ida vy
(7.6) ()@ A
I®A~A ! B.

commutes.

Example 7.4.2. Given a functor F': C — D of co-categories, by [Lurl7, Rmk. 5.3.1.4] the centralizer
in Cats exists and is given by the functor category Fun(C, D) with pointing u: {F} — Fun(C, D) and
ev: Fun(C, D) x C — D given by the evaluation functor.

Notation 7.4.3. Let C be a presentably symmetric monoidal co-category. For every morphism f: A —
B in the oo-category Algg, (C), the centralizer in Algg (C) exists [Lurl7, Cor. 5.3.1.15] and will
henceforth be denoted by Z(f) € Algg, (C).

Example 7.4.4. It is straight-forward to verify that for a monoidal functor F': C — D between
ordinary monoidal 1-categories, the centralizer Z1(F') € Algg, (Caty) in the (2,1)-category Algg, (Caty)
of monoidal 1-categories is given by the category from Definition 2.6.1 with unit 1,4 : pt — Z1(F)
and ev: Z1(F) x C — D described in Definition 2.6.1 and Definition 2.6.3.

As with ordinary monoidal categories, the case f = idyq: A — A is of special interest. For C
a monoidal oco-category, recall from [Lurl7, Def. 4.2.1.13] the oco-category LMod(C) of left module
objects, whose objects are pairs of an algebra A € Algy (C) and an A-module M € LMod4(C), and
the functor LMod(C) — C which sends a pair of an algebra A and a module 4M to the underlying
object M.
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Definition 7.4.5 ([Lurl7, Def. 5.3.1.6]). Let C be a monoidal co-category and M an object of C. A
center 3(M) of M is a final object of the oo-category LMod(C) x¢ {M}.

Unpacked, a center 3(M) is an E;-algebra 3(M) in C with a left action on M so that all other left
actions of E;-algebras A on M factor through 3(M).

Proposition 7.4.6 ([Lurl7, Prop. 5.3.1.8]). Let M be an object in a monoidal co-category C. If
idp: M — M has a centralizer in C, then M has a center. Furthermore, an Ei-algebra A with a
left-action on M is a center of M if and only if the underlying maps I — A and A® M — M exhibit
A as a centralizer of id ;.

Example 7.4.7. Given a small co-category C, the center in Cat, exists and is given by the monoidal
oo-category Fun(C,C) € Algg, (Catoo).

Notation 7.4.8. Let C be a presentably symmetric monoidal co-category. For every A € Algg, (C),
the center in Algg, (C) exists [Lurl7, Cor. 5.3.1.15] and will henceforth be denoted by

Zy(A) € Algg, (Algg, (C)) = Algg, , , (C).

By Proposition 7.4.6, the underlying Eg-algebra of Zy(A) agrees with the centralizer Z;(id4) from
Notation 7.4.3.

Example 7.4.9. For A € Algg (Cat;) an ordinary monoidal 1-category, the center is given by the
Drinfeld center Z1(A) € Algg,(Caty), see [Lurl7, Exm. 5.3.1.18].

Notation 7.4.10. Let C be a symmetric monoidal co-category whose tensor unit [ is initial and let
f:+ A — B be a morphism in C whose centralizer 3(f) € C exists. Then, we define evy,: 3(f) — B to

be the composite
id3 () ®1a
%

(=3l 3(f)® A= B,
where 14 € Home (7, A) ~ . Below, we will mostly use this morphism in the case that C = Algy, (A)
for a presentably symmetric monoidal co-category A, in which case this defines an Ej-algebra map
Zp(f) — B for any Ey-algebra map f: A — B in Algg, (A).

The relevance of centralizers to this paper arises from the following proposition:

Proposition 7.4.11. Let C be a symmetric monoidal oco-category and f: A — B be a morphism in
Algg (C). If the centralizer Zo(f) in Algg (C) exists, then the space

Tg(f) = HOInOP[l]@]EO/ (TQ, C) ~ HomAlgEO ©) (A (2] A, A) XHomAlgW:O(c)(A’B)Q {(f, f)}

of Ta-structures on f is equivalent to the following space of (dashed) lifts in Algg, (C):
Zo(f)

(7.7) 7 Xvif;
/// f

A
Proof. The space of lifts (7.7) is by definition the fiber of

B
Homag, (¢)(4, Zo(f)) —"— Homaig, (¢)(A, B)

at f. By the universal property of the centralizer and since I is initial in Algg (C), the space
HomAlglEO ©) (A, Zy(f)) is equivalent to the space HomAlgEO ©(A® A, B) XHomAlgEO(@(A,B) {f} of lifts
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in Algg, (C), where 14: I — A denotes the unique morphism in Algg (C). Under this identification,
the map HomAlgEO © (A, Zo(f)) at, HomAlgEO(C)(A, B) unpacks to the composite

HOIIlAlg]EO(C)(A X Aa B) XHomAlgEO(C)(A,B) {f} — HomAlgu;O (©) (A & A, B) — HomAlgEO ©) (A, B)
of the projection and the precomposition with A ~ I ® A 1a®ida, - 4 ® A. Hence, the fiber of
Homyyg, ©) (A, Zo(f)) At Homyyg, (A, B) at f is equivalent to the space

HomAlgEO(C)(A ® A, B) XHomAlgEO(c)(A,B)X2 {(f, f)} = T2(f)- U

Corollary 7.4.12. Let C be a symmetric monoidal oo-category and A € Algg (C). If the center
Zo(A) € Algg, (C) exists, then the space

Ay (A) = HOH’IOPEO/ (AQ, C) ~ HomAlgEO ©) (A & A, A) XHomAlg]EO(c)(A»B)Q {(ldA, ldA)}

of Ag-structures on A is equivalent to the following space of (dashed) lifts in Algg (C):

Zy(A)
(7.8) \A
A da A
Proof. Apply Proposition 7.4.11 for f =id using that Zy(A) = Zp(ida). O

Observation 7.4.13. Let C be a symmetric monoidal oo-category, and A € Algg (C). Assume the
center Zg(A) € Algg, (C) of the underlying Eo-algebra A € Algg (C) exists. Since A has a left action on
itself, the universal property of Zy(A) € Algg, (C) induces an E;-homomorphism A — Zy(A). Moreover,
since the multiplication of A is right unital, it follows that the composite A — Zyp(A) — A in C is
isomorphic to id4. Hence, by Corollary 7.4.12, this induces an As-structure on A. Unpacked, this
Ao-structure coincides with the one induced from the operad map Ay — E; from Example 7.2.7.

By Observation 7.4.13, any [E;-structure on an Eg-algebra A induces an E;-monoidal section A —
3(A) of the Eg-monoidal 3(A4) — A. We now show that this section and its monoidality can be uniquely
recovered from the E;-structure on A.

Lemma 7.4.14. Let C be a symmetric monoidal co-category with initial tensor unit and let X be an
object in C whose center 3(X) € Algg (C) exists. Then, the forgetful functor

(7.9) Algg, (C)/3(x) Xc,x {idx} — Algg, (C) xc {X}
is an equivalence of co-categories.

Proof. Since Algg, (C) — C is conservative, the co-categories in (7.9) are oo-groupoids, and equivalently
given by the fibers of the respective maps of maximal subgroupoids.

For an E-algebra A in C, it follows from the free-forgetful adjunction C —— LMod(C) and

initiality of the unit of C that the free A-module 4A is initial in LMod 4(C). This induces a functor
LModa(C) ~ LModa(C) , a; — Ca; which sends a left A-module M to the morphism

act;: A~ A@ T 2349 4o M 2% 6

Applying this functor act; : LMod4(C) — C4, fiberwise induces a commuting diagram of spaces
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LMod(C)~ % Homeas. ([1],C)
(7.10) | s
Algg, (€)= =

By the universal property of the center, the oo-category Algg (C),3(x) is equivalent to the oo-
category LMod(C) x¢ {X}, and hence the space g& (C)/3(x) Xc,x {idx} is equivalent to the fiber
of the top horizontal map in (7.10) at {idx} € Homcat_ ([1],C). The functor (7.9) is the induced map
from the fiber of the top horizontal map of (7.10) at idx to the fiber of the bottom horizontal map
of (7.10) at X.

Let Homcag_ ([1],C)° denote the full subspace of Homga:. ([1],C) on the invertible arrows in C.
In particular, the composite Homgas_ ([1],C)"®° — Homgcas. ([1],C) < C¥ is an equivalence. We now
show that the composite map of spaces

(7.11) LMod(C)™ X omea. (1).c) Homcas. ([1],C)** — LMod(C)™ — Algg, (C)~

is an equivalence, which concludes the proof as {idx } € Homcas_ ([1],C) is an object of the full subspace
Homcy ([1],C)°.

It suffices to verify that all fibers of (7.11) are contractible. By definition, for A € Algg (C) the fiber
is the full subspace of LMod4(C)™ ~ (LMod4(C) , 4/) ~ on those modules M for which the induced map
acty;: A — M is an equivalence. But since LMod 4(C) — C is conservative, this is the full subcategory
LModa(C) , a Jiso on the invertible module functors 4 A —4 M and hence contractible. O

The following corollary finally justifies the presence of Ta-structures in this paper:

Corollary 7.4.15. Let F : A — B be an ordinary monoidal functor between ordinary monoidal 1-
categories.

(1) A To®E,-structure on F is a prebraiding on F in the sense of Definition 2.4.1. More precisely,
the space To(F) of Ta-structures on F is discrete and equivalent to the set PreBraid(F) of
prebraidings on F defined in Definition 2.4.8.

(2) An Ay @ Eq-structure on A is a braiding on the monoidal category A, in the usual 1-categorical
sense. More precisely, the space Aa(A) of Ag-structures on A is discrete and equivalent to the
set Braid(A) of braidings on A defined in Definition 2.4.8.

Proof. By Proposition 7.4.11, a Ty ® Ei-structure on F is a lift in Algg (Cat,1)):

Explicitly, the space of To ® E;i-structures on F' is therefore the 1-groupoid of weak lifts from The-
orem 2.6.4.(3). By Theorem 2.6.4, this is equivalent to the set of prebraidings on F' in the sense of
Definition 2.4.8. This completes the proof of part (1). Part (2) follows by applying statement (1) to
the case F' = id 4. O

The operad map Ay — E; induces an operad map As  E; — E; ® E; ~ E,. Hence, any Es-structure
gives rise to an Ay ® E;-structure, but not necessarily vice versa. However, Corollary 7.4.15 shows that
Ay ® Eq-structures on 1-categories agree with braided monoidal structures, which are well-known to
coincide with Es-structures on 1-categories. This hints at a certain connectivity of the operad map
Ay ® E; — Eg which we will study in the next sections.
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7.5. A factorization system on the oco-category of operads. We introduce the obstruction the-
oretic machinery at the heart of our main theorem.

Definition 7.5.1. For n > —1, we say that a morphism of co-operads is n-surjective if it is surjective-
on-objects on co-categories of colors and multi-homwise (n—1)-connected and we say that it is n-faithful
if it is multi-homwise (n — 1)-truncated. We extend this to the case that n = —2 by declaring that
every morphism of co-operads is (—2)-surjective, and that a morphism of co-operads is (—2)-faithful if
and only if it is an equivalence.

In this section, we will show that the n-faithful and n-surjective operad maps form a factoriza-
tion system on the oo-category Op of co-operads. Recall that by definition, Op is a subcategory of
Catoo/Fin* .

Lemma 7.5.2. A morphism of co-operads is n-surjective (resp. n-faithful) if and only if its image
under the composite functor Op — (Cats) /pin, ety Caty, is so (in the sense of Definition 5.3.1).

Proof. The Segal conditions for co-operads imply that surjectivity on underlying functors is equivalent
to surjectivity on co-categories of colors. Moreover, the hom-spaces in an oo-operad are disjoint unions
of (finite) products of multi-hom spaces, and these operations both preserve the class of (n — 1)-
connected (resp. (n — 1)-truncated) morphisms of spaces. (To see that products preserve (n — 1)-
connectedness (resp. (n — 1)-truncatedness), note that this notion is determined fiberwise, that fibers
of a product of morphisms of spaces are computed factorwise since limits commute with limits, and
that (n — 1)-truncated (resp. (n — 1)-connected) spaces are stable under products.) O

Proposition 7.5.3. For any n > —2, the classes of (n-surjective, n-faithful) operad maps defines a
factorization system on the co-category Op of co-operads.

Proof. By Observation B.1.19.(1), the (n-surjective, n-faithful) factorization system on Cato, pulls back
to a factorization system on (Catoo)/Fin, . By Lemma 7.5.2, the classes of our asserted factorization
system are restricted along the inclusion Op < (Cats) /pin,. S0, in order to verify that they indeed
define a factorization system on Op, we verify the equivalent conditions of Observation B.2.1.

In order to proceed, we recall that given two oco-operads 0,0’ € Op, a morphism O%® — O'® in
(Catoo ) /pin, lies in Op if and only if it is inert-coCartesian (i.eit preserves coCartesian lifts over inert
morphisms in Fin,). Moreover, we make the following observation for repeated future use.

(%) Assuming that n > 0, if a morphism in Op is n-surjective then it is surjective on inert-
coCartesian morphisms.

We now turn to condition (1) of Observation B.2.1: given a solid commutative diagram

01%03

T
!

Oy —— Oy

in Op in which f is n-surjective and g is n-faithful, we must show that the dashed lift in (Cateo ) /pin,
(which exists and is unique due to its factorization system) also lies in Op. This is trivial in the case
that n < 0, and in the case that n > 0 this follows immediately from ().

We now turn to condition (2) of Observation B.2.1: given any morphism O LNV Op, we must
show that the factorization

(7.12) -
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in (Cateo) /pin, determined by its (n-surjective, n-faithful) factorization system in fact lies in Op. To

simplify our notation, we write F® = Fact(h). Additionally, we write O® % Fin,, 0'® £ Fin,,
and F® L Fin, for the indicated functors. We note immediately that the claim is trivial both when
n = —2 (since then F® 55 O'® is an equivalence) and when n = —1 (since then F® 5 O'® is the

h
inclusion of the full suboperad on the colors in the image of O = O’). So, we henceforth assume that
n > 0.
We first show that the functor F© % Fin, admits coCartesian lifts of inert morphisms. For this, fix

an object X € ]-'EJr as well as an inert morphism m, < n, in Fin,. Because the functor O% Ny
is surjective, we may choose a lift X e (’)%Jr of X. Let X %Y be a p-coCartesian lift of a. We claim

that X ~ I(X) 1@, I(Y) is a g-coCartesian lift of c. To see this, observe first that r(I(@)) ~ h(a) is
p’-coCartesian (since h is a morphism in Op). Now, to check that I(&) is g-coCartesian, we must check
that the canonical functor ]-'l%,) ;) ]:}gz)(f() ><(Fim)er / (Fin*)ﬂ+ / is an equivalence. This fits into a

commutative diagram

0y, Fitr), Oy,

| l l

® . ® . R .
O)?/ X(Fin*)ﬂ+/ (Fln*)ﬂJr/ —_— ]:l()?)/ X(Fin*)er/ (Fln*)ﬂJr/ E—— Orl(}?)/ X(Fin*)ﬂ+/ (Fln*)ﬁ+/

in which the two outer vertical functors are equivalences. We do so by showing that it is fully faithful
and surjective. Since we have assumed that n > 0 (so that n — 1 > —1), the lower left horizontal
functor is surjective, which implies that the middle vertical functor is surjective. To show that it is
fully faithful, given any pair of objects in }'f?y) /» we may lift them to oY ) (again using that n > 0), and
then examine the induced commutative diagram (of the same shape) on hom-spaces. Because its left
and right vertical maps are equivalences, both of its left horizontal maps are (n—1)-connected, and both
of its right horizontal maps are (n — 1)-truncated, its middle vertical map is also an equivalence since
factorizations for the ((n — 1)-connected, (n — 1)-truncated) factorization system on S are unique. So
indeed, the middle vertical functor in the above diagram is an equivalence. This proves that F® 9 Fin,
admits coCartesian lifts of inert morphisms, as desired.

The same argument proves the Segal conditions for F®, which establishes that F® is indeed an
oo-operad. Moreover, it also proves that [ preserves inert-coCartesian morphisms, and in combination
with (%) we find that r preserves inert-coCartesian morphisms as well. So all in all, the factorization
(7.12) lies in the subcategory Op C (Cats) /pin,, Which proves condition (2) of Observation B.2.1. So
indeed, the (n-surjective, n-faithful) factorization system on (Cat) pin, restricts to a factorization
system on this subcategory. O

Warning 7.5.4. Similar to the situation with co-categories outlined in Warning 5.3.9, we caution the
reader that the (n-surjective, n-faithful) factorization systems on Op differs from the (n-truncated,
n-connected) factorization systems [GK17, Prop. 4.6] derived from the presentability of Op. We refer
the reader to Warning 5.3.9 for an in-depth comparison which also applies here.

Similar to Proposition 5.3.15, the orthogonality of n-surjective and n-faithful operad maps may be
generalized as follows:
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Corollary 7.5.5. Given a (solid) commuting square in Op
0O—— A

/)Y
I s

0O — B

where F is n-surjective and G is m-faithful for m > n > —2, the space of (dashed) lifts is (m —n — 2)-
truncated.

Proof. When m = n, the statement follows from Proposition 7.5.3. For m > n, consider the commuting
square of spaces:

Homo, (O, A) Homop (0, A) XHomo, (0,8 Homo, (O', B)
(—1)—trunci l(—l)—trunc.
Hom /pi,, (O'%, A®) Hom /iy, (0%, A%) X Hom /i, (0% 59) Hom pine (O'®, B®)
i ] |

Hom(0'®, A®) (m—n—-2)-trunc. Hom (0%, A%) X Hom(0O®,B9) Hom(O'®, B®)

The space of lifts of our original square is by definition a fiber of the top horizontal map; it hence
suffices to prove that this top horizontal map is (m — n — 2)-truncated.

By Lemma 7.5.2, the (0o, 1)-functor F®: O® — O'® is n-surjective and G®: A® — B® is m-faithful.
Hence, it follows from Proposition 5.3.15 that the bottom horizontal map is (m — n — 2)-truncated. By
definition of the over-category, the bottom square is a pullback square; hence, the middle horizontal
map is (m —n — 2)-truncated. Since Op is a subcategory of Catog /pin, ; the top vertical maps are (—1)-
truncated. . Since m —n — 2 > —1, the composite of the left vertical and the middle horizontal map
is (m — n — 2)-truncated. It follows from Lemma 5.2.4.(2) that the top horizontal map is (m —n — 2)-
truncated. O

7.6. Lifting operadic structure. In Definition 7.5.1 we introduced the notion of n-faithful and n-
surjective morphisms of operads and showed in Proposition 7.5.3 that they form a factorization system
on the oo-category Op. In this section, we show how this can be used to lift Ty ® E;-structures, i.e.
prebraidings (see Corollary 7.4.15), along certain maps of operads.

Proposition 7.6.1. The following operad maps are 0-surjective:

(1) VoREyRE; —» Vo @EyQ@E; ~ Vo @ Eq, where Vo @ Ey denotes the (free co-operad on) the
underlying co-category of Vo ® Ey;

(2) [1] ®]E1 — TQ ®E1,’

(3) E, — AQ QR E;.

Proof. We first prove part (1). By Lemma 7.2.4, the co-category Vo ® Eq is equivalent to the walking
span {s— e« ¢} and hence the oo-operad Vo @ Eg ® E; ~ {e— e+ e} @ [E; corepresents spans of E;-
morphisms.

On underlying categories, the operad map Vo ® Eg @ E; — Vo ® E; is the identity. It therefore
suffices to show that the induced maps on multi-hom spaces are (—1)-connected. Denote the colors of
{s e« e}®E; by A,C and B, the morphisms by f € Mul(, _, 4 s}, (4,C),9 € Mulgy 4 a1, (B, 0),
the multiplication cells by pa € Mulj, o a1, (A, A; A), pp € Mulye o  oygg, (B, B; B) and uc €
Mulg 5 o s, (C, C; C), the unit cells by 14 € Mulgy 4 aygp, (0, A), 13 € Mulgy 4 o}, (+, B)
and 1o € Muly, _, 4 o}, (*, C) and use the same notation for their respective images in Vo ®E;. The
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only generating cell of Vo®E; that is not evidently in the image of {¢ — ¢ « ¢}®[E; is the binary multiplica-
tion stemming from the Va-operad, which we denote by p € Muly,gg, (4, B; C'). We will now show that
this additional generator p is also in the image of moMuly, _, o  o}gg, (4, B; C) — moMuly, g, (4, B; C)
which concludes the proof that {e —+ e+ e} @E; — V5 ®E; induces (-1)-connected maps on all multi-hom
spaces.

Since p is a map of E;-algebras, we have a path in Muly,gg, (4, A, B, B; C') (where we abuse notation
and write — o (— ® —) to denote the evident operadic compositions):

o (pa®pp) = pic o (n® p).

On the other hand, left and right unitality produce paths in Muly,gg, (4;C) and Muly,gE, (B; C),
respectively :

po(ida®1p) =~ f po(ly®idg) ~ g.
Composing these, we conclude:
p2po(pa®pp)o(ida®la®lp®idp) ~pco(p®p)o(ida®1la®@1lp®idp) ~ pco (f®g)
Hence, p is in the image of
Mulf, o 0}, (C,C;C) X Mulye o  aygp, (4;C) x Mulyy o  aygp, (B, 0)
— Mulge o oygr, (4, B; C) = Muly,gE, (4, B; C).

Since Op is a presentably monoidal category, the pushout squares (7.2) induce pushout squares

V2®E0®E1*>[1]®E1 E1

| -

VQ®E1 T2®E14>A2®E1.

Since left class in a factorization system is preserved under pushouts, so [1] ® E; — Ty ® E; and
E; — Ay ® E; are also 0-surjective. O

7.7. From A; ® E;- to Es-algebras. Considering the filtration A1 ® E; > Ay ®E; — ... A RE; =
Ei ® E; ~ Eg, an Ay ® Eq-structure is less data than a fully coherent Eo-structure. However, as
suggested by Corollary 7.4.15, As ® [E1-structures on 1-categories already agree with Eo-structures. In
this section, we prove a generization that holds for any 2-categorical operad.

Definition 7.7.1. For n > —1, an n-operad is an oo-operad all of whose multi-hom spaces, i.e. the
Mulp(X1,..., X Y), are (n — 1)-truncated. We extend this to the case n = —2 by declaring the
terminal operad to be a (—2)-operad. We denote the full subcategory of Op on the n-operads by Op,,.

Equivalently, an oco-operad is an n-operad if and only if the terminal operad map O — E is
n-faithful.

Example 7.7.2. A l-operad is precisely one that is equivalent to (the nerve of) an ordinary operad.

Example 7.7.3. A symmetric monoidal (oo, 1)-category C, considered as an oo-operad, is an n-operad
if and only if its underlying category is an (n, 1)-category (also see Definition 5.4.1).

The notion of n-truncated morphism defined in Definition 5.2.1 generalizes to any oco-category:

Definition 7.7.4. For n > —2, a morphism f: A — B in an oo-category C is called n-truncated if
the induced map of spaces Home (X, A) — Home (X, B) is n-truncated, see Definition 5.2.1, for every
object X € C.
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In particular, a morphism f: A — B in an oco-category C is O-truncated if for every object X € C,
the map Home (X, A) — Home (X, B) is O-truncated, i.e. all its fibers are discrete sets. For an ordinary
monoidal 1-category A, the monoidal functor Z;(A) — A is faithful, and in particular O-truncated as
a morphism in the co-category Algg (Cati) (see Warning 5.3.9). The following is a generalization of
this statement:

Proposition 7.7.5. Let C be a symmetric monoidal (2,1)-category and A € Algg (C) whose center
Z1(A) € Algg, (C) exists. Then, the morphism Z1(A) — A is a O-truncated morphism in Algg (C).

Proof. Let X € Algg (C). Since Z;(A) is the centralizer 3(id4) of the morphism idy in Algg (C)
and the unit of Algy (C) is initial, the universal property of the centralizer implies that the map
Homyyg, (c) (X,Z:(A)) — Homyyg, (c) (X, A) is equivalent to the composite

Homyyg, (X ®A A X Hom g (o) (4,4) {ida} — Homyyg, (c) (X ®AA) — Homyyg, (c) (X, A).
By definition of the oo-operad Vs in Lemma 7.2.3, the fiber of this map at an f € HomAlgEl ©) (X, A)
is precisely the space of lifts of the operad map {e e« e} = Vy ® Eg — Algg (C) classified by the span

of Ei-morphisms X ENyLY A, to an operad map Vy ® Eg — Algg, (C). Equivalently, this is the
space of lift

Vo®Ey®E —— C
Vo @ Eq

By assumption, C is a symmetric monoidal (2, 1)-category, hence a 2-operad and hence the operad map
C — * is 2-faithful. Since the left vertical operad map is O-surjective by Proposition 7.6.1, it follows
from Corollary 7.5.5 that this space of lifts is 0-truncated. O

Corollary 7.7.6. Let C be a presentably symmetric monoidal (2,1)-category. Then, the map of spaces
Homop(E2,C) — Homop (A2 @ Eq,C)
is an equivalence.

Proof. Consider the diagram of spaces

Homop (E2,C) Homo, (A @ By, C)

HOme (El s C)

To prove that the horizontal map is an equivalence, it suffices to show that for every A € Algg (C), the
induced map between fibers

HomOp(EQa C) ><Homop(IEl,C) {A} — HOme(AQ ® E1, C) ><Homop(]El,C) {A}

is an equivalence.
Since C is presentably symmetric monoidal, it follows that centralizers and centers exist [Lurl7, Cor.
5.3.1.15] and hence, by applying Corollary 7.4.12, that the latter space is equivalent to

(Algg, (€)/7:(4) X (a1g,, (€),4)= {ida}
Applying Lemma 7.4.14 to the oo-category Algg (C), we find that the functor
Algg, (C) /21 (4) X Alg,, (©)/4 {ida} = Algg, (C) X alg, (o) {A}
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is an equivalence. It therefore suffices to show that the forgetful functor
(7.13) Algg, (€)/z,(4) X atgy, ()/a 1ida} = Alegg, (C) /7, () XAtg, (€),4 {ida}

is an equivalence.
Proposition 7.7.5 implies that the map Z;(A) — A is O-truncated as a morphism in Algg (C). Hence,
any section A — Z1(A) is (—1)-truncated. Therefore, the map (7.13) is equivalent to the map

Algg, (C)/-12,(a) X algg, ()/a {ida} = Algs, (C) /12, (4) XAz, (©),4 {ida}

where —/~1Z;(A) denote full subcategories of (—1)-truncated E;-maps (see Notation 5.5.1). To prove
this is an equivalence, it suffices to show that

(7.14) Algg, (C))-12,(a) — Algg, (C)/~17,(4)

is an equivalence. But given any (X — Z1(A)) in Algg, (C)/-1z,(a), the fiber of (7.14) is equivalent to
the space of dashed lifts in Op

E, XA ) -1
(7.15) l L lt

B —Zay ¢

where Ar~!(C) denotes the full symmetric monoidal subcategory of the arrow category Ar(C) =
Fun([1],C) on the (—1)-truncated morphisms.

But since E; — Es is 0-surjective, i.e. essentially surjective on objects and (—1)-connected on multi-
hom spaces E;(n) ~ S,, — Ey(n) = Conf(n,R?), and since Ar~'(C) — C is 0-faithful®’, it follows from
Proposition 7.5.3 that the space of lifts (7.15) is contractible. O

Remark 7.7.7. Since an Ay ® Eq-structure on a given monoidal 1-category is by Corollary 7.4.15.(2)
precisely the data of a braiding, Corollary 7.7.6 in particular implies the well-known observation
(see [Lurl7, Ex. 5.1.2.4]) that braided monoidal structures and Eg-structures coinicide on ordinary
1-categories.

Corollary 7.7.8. For any 2-operad O, the map of spaces Homop (A2 @ E1, O) — Homop (Ez, O) is an
equivalence.

Proof. The full inclusion Op, < Op admits a left adjoint hs: Op — Op, (constructed in [SY20,
Thm. 3.12]). Moreover, it follows from [SY19, Prop. 3.2.6(4)] applied to Corollary 7.7.6 that the
operad map ho(Ag ® E1) — ho(Es) is an equivalence (i.e. that Ay ® E; — Ey is a l-equivalence in
the terminology of [SY19]). By adjunction, it follows that for any 2-operad O, the map Homop (A2 ®
E;,0) — Homo, (E2, O) is an equivalence. O

Remark 7.7.9. In other words, Corollary 7.7.8 shows that Ay ® E; — Es is a l-equivalence in the
sense of [SY19], i.e. it is essentially surjective on the underlying categories and induces an equivalence
on the 0-truncations of all the multimapping spaces.

36Given f,g € Ar~1(C), the fiber of the induced map on hom-spaces Hom,cy(f,9) — Homc(tf,tg) at an h €
Home (tf,tg) is the space of lifts Homc/tq (ho f,g). Since g is (—1)-truncated, this space is (—1)-truncated.
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7.8. Lifting maps of algebras. We end this section with an elementary, but very useful observation
about co-operads.
We recall the following easy fact: Given functors F,G : A — B and H: B — C of co-categories and

assume that for all a,a’ € A the map
(7.16) Homgp(Fa,Ga") A, Hom¢(H Fa, HGad')

is an equivalence of spaces.
We will now prove that this implies that also the map between spaces of natural transformations

Nat(F,G) — Nat(HF, HG)
is an equivalence. Formally, this can be expressed as follows:
Lemma 7.8.1. Given a functor H: B — C of co-categories and a commuting square of co-categories
S% ={0,1} —— Fun(A4, B)
(7.17) l l
[1]={0< 1} —— Fun(A,0C).

Assume that for any by, by € B in the image of {0} x A — S x A — B and {1} x A — S° x A — B,
respectively, and any commuting square

g0 {bo,b1} B
1 —cC.
the space of dashed lifts is contractible. Then, the space of lifts of the square (7.17) is contractible.

Proof. Since pt and [1] generate Cato, under colimits, it suffices to show that for every a € A and

every arrow [1] REIN A, the induced total squares

SO —  Fun(A4,B) 2 B 59 —— Fun(A, B) —> Fun([1], B)
| | | e | | |
[1] —— Fun(4,C) = ¢ [1] —— Fun(A4,C) — Fun([1],C)

have contractible spaces of lifts. Contractibility of the spaces of lifts of the former square follows imme-
diately from assumption, and for the latter square is a straight-forward computation assuming (7.16)
is an equivalence. O

The goal of this subsection is to prove a generalization of this statement for co-operads.

Proposition 7.8.2. Let O, P be co-operads and let b and ¢ be O-algebras in P.
(1) Let F: P — Q be an operad map such that for alln > 0 and colors X1,...,X,,Y in O, the
map of spaces

Mulp(bxl,. . .,bxn;Cy) M Mulg(Fle,. . .,FbXn;FCy)

is an equivalence. Then, for any m > 0, the map of multi-hom spaces

F(-)
Mulaig,, (p)(bs - - -, b5¢) —— Mulajg, (0)(Fb, ..., Fb; Fe)
—— ~———

m m

18 an equivalence.
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(2) Let f: a — b be a morphism of O-algebras in P. Assume that for all n > 0 and colors
X1,...,X,,Y in O, the map of spaces

—o(f,..on f
Mulp(bxl, ey bX”;Cy) % Mulp(axl, ey aXn;Cy)

is an equivalence. Then, for any m > 0, the map of multi-hom spaces

—o(f,--sf)
) ———= Mulajg, (p)(a,...,a;c)

m m

MulAlgo(’P) (b, ey b; Cc

is an equivalence for all n.
To prove Proposition 7.8.2, we recall the following formula for mapping spaces in Algq(P):

Observation 7.8.3. Given a sequence of objects (by,...,b,) and another object ¢ in %O(P), the
multi-hom space Mulyyg, (p)(b1;- .-, bn;c) is explicitly defined, as for any oc-operad, as the space of
lifts of the square

g0 e, Alg o (P)®
(7.18) l l
1] —22% | Fin,

Let Fin, x Fin, EAN Fin, denote the smash product symmetric monoidal structure of Fin, (see [Lurl?7,
Not. 2.2.5.1]). Unwinding the definition of Alg,(P)® from [Lurl7, Cons. 3.2.4.1], this space of lifts is
equivalent to the full subspace of the space of lifts

50 x 0% -~ P
(7.19) l l

[1] x ©® = Fin, x Fin, —> Fin,

on those lifts with the property that for every vertex v € [1], the map O%® ~ {v} x O% — [1] x O% —
P? sends inert coCartesian morphisms to inert coCartesian morphisms. However, since S — [1] is
surjective on objects this condition is automatically satisfied since it is satisfied by the top horizontal
map. Thus, the space of lifts of (7.18), and hence the multi-hom space Mulaig, (p) (b1, .., bn;c) is
equivalent to the space of lifts of (7.19). Hence, after adjunction, it is equivalent to the space of lifts

SV ——— Fun(0%®,P?®)

|

-

[1] =~ Fun(0%,Fin,)

More generally, given any functor of co-categories X — Y which is surjective on objects, an co-operad
map P — Q and a commuting square of co-categories

X —— Algy(P)®

7
-
-
-
-
-
-

Y T Algy(Q)°,
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the same argument shows that the space of (dashed) lifts of this square is equivalent to the space of
lifts
X —— Fun(0O®,P®)

|

Y 2 Fun(0®, Q%).

Proof of Proposition 7.8.2. To prove part (1), fix an n > 0 and consider the functor S° = {0,1} —
Algo(P)®, sending 0 to (b,...,b) and 1 to (c). Fix a u € Mulayg, (0)(FD, ..., Fb; Fc). This determines
a commuting square of oo-categories

SV —— Alg,(P)®

| |

[1] —— Algp(Q)%.

The fiber of Mulayg, (p) (b, .., b;¢) = Mulayg, (0)(Fb, ..., Fb; Fe) at p is precisely the space of lifts of
this square. By Observation 7.8.3, this space of lifts is equivalent to the space of lifts

SV —— Fun(0®, P®)

1] = Fun(0%, Q%)
By Lemma 7.8.1, to prove contractibility of this space of lifts, it suffices to verify that for each pg,p1 €

P® in the image of {0} x O — SY x 0% — P¥ and {1} x O — §% x O® — P¥ respectively, any
square

SO {po.p1} P®

[1] — Q%
has a contractible space of lifts. Using the Segal condition on oc-operads, this precisely unpacks to the
condition in the statement of the proposition.
To prove part (2), fix an n > 0 and a point h € MapAlgO(P)(a, ...,a;c). Let A2 ={0<1} Ugoy {0 <
2} = {L»} denote the outer horn. Then, the multi-ary operation h together with our original operation
[ € Mulpyg, (p)(a;b) assembles into a commutative diagram as on the right:

SO x [1] A3 {L}

I
[1] x [1] o) et F}n*

Algo(P)®

The fiber of Mulayg,, () (D, - -, b;¢) = Mulayg, (p)(a, ..., a;c) at h is precisely the space of lifts of the
right square. Since the left square is a pushout, this space is equivalent to the space of lifts of the total
square. By Observation 7.8.3, this space of lifts is equivalent to the space of lifts of the square

$0 x [1] —— Fun(0%, P®)

i l

[1] x [1] —— Fun(O®, Fin,)
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and hence to the space of lifts of the square
S§9 ——— Fun(O%, Fun([1], P®))
[1] —— Fun(O%, Fun([1], Fin,)).

By Lemma 7.8.1, a sufficient condition for contractibility of this space is that for all pair of objects
o, c1 € Fun([1], P?) in the image of {0} x O® — S x O® — Fun([1],P®) and {1} x 0% — S x 0% —
Fun([1], P®), respectively, the space of lifts of all commuting squares of the form

go Leocr} Fun([1], P®)

| |

[1] —— Fun([1], Fin,)

is contractible. Using the Segal condition on P®, this is satisfied provided the conditions in the

statement of the proposition hold.
O
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8. THE MAIN THEOREM

Throughout this section, we fix a Q-algebra®” k. The goal of this section is to prove our main Theo-
rem B and hence to construct a fully coherent Eo-structure on the monoidal (0o, 2)-category K2 (Sbim)
introduced in Definition 6.4.1, compatible with its structure as an object of Algg (Cat[stF%]) (i.e. com-
patible with local k-linearity and Z-action) together with an Es-structure on its monoidal functor
Hyoe: Kb _(Sbim) — stPZ from Notation 6.5.5.

Our proof proceeds by successively rewriting the space of such Es-structures into spaces of simpler
categorical structures; namely co-categorical variants of the prebraidings encountered in §2.4.

8.1. Spaces of braidings and prebraidings.

Notation 8.1.1. Let V be a symmetric monoidal co-category, or more generally an co-operad.
(1) For an E;-algebra A in V, we write

BraidV(A) = HOmop(EQ, V) XHomop(]El,V) {A}

for the space of Es-algebra structures on A compatible with the given E;-structure and refer
to this space as the space of braidings on A.
(2) For an E;-algebra A in V, we write

PreBraidy (A) := Hom g, (v) (A® A, A) X Hom gy, (v (4,4) <2 {id4,ida}

and refer to this space as the space of prebraidings on A.
(3) For f: A — B a morphism of E;-algebras in V, we write

PreBraidy(f) = HOII’IAlg]E1 (V)(A ® A, B) XHomAlg]El () (A,B)*2 {f, f}

and refer to this space as the space of prebraidings on f.

For an Eq-algebra A, it follows by definition that PreBraidy(A) = PreBraidy(ids). Recall from
Corollary 7.2.6 that analogous to Braidy, the spaces of prebraidings are also corepresented by certain
oo-operads:

PreBraidV(A) = HOHlop (AQ R Eq, V) X Homop (E1,V) {A}
PreBraidV(f A — B) = Homop(’]I‘g ® El, V) X Homop ([1]®E1,V) {f}

Moreover, for any E;-algebra A, composing with the operad map As @ E; — E; ® E; ~ Ey from
Example 7.2.7 defines a ‘forgetful’ map of spaces

(8.1) Braidy,(A) — PreBraidy (A).

Example 8.1.2. For an ordinary monoidal 1-category A € Algg (Cat(q 1)) it follows from Corol-
lary 7.7.8 that the map of spaces

Braidcat,, ,, (A) — PreBraidcat,, ,, (A).

is an equivalence. By Corollary 7.4.15(2), these spaces are equivalent to the (discrete) set of classical
braidings on A.

Similarly, it follows from Corollary 7.4.15(1) that for monoidal functors F': A — B between ordinary
monoidal 1-categories, the spaces PreBraidcas, , (F) are equivalent to the (discrete) set of classical
prebraidings on F' in the sense of Definition 2.4.8.

37As in Section 6, all results in this section which do not specifically refer to the categories of Bott-Samelson and Soergel
bimodules apply more generally to arbitrary connective ring spectra k € CAlg(Sp~(), and to arbitrary commutative

monoids Z € CAlg(S) in place of Z.
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Warning 8.1.3. Example 8.1.2 is key to our paper, and is at the heart of an observation already
encountered in Remark 2.4.4: While braidings and prebraidings on ordinary monoidal 1-categories
coincide, the notions already diverge for monoidal 2-categories; the map (8.1) is in general far from an
equivalence.

As in §2.4, we would also like to consider spaces of prebraidings over a given fixed prebraiding.
The following generalizes Definition 2.4.5 to the co-categorical setting.

Definition 8.1.4. Let V be a symmetric monoidal co-category, C' an Eq-algebra (or merely an As @ E;-
algebra) and A 1B % Cbe maps of Ej-algebras. We define the space PreBraidy (f),c of prebraidings

Algg (V
on f over C to be the space T, e ( )(f)/c from Definition 7.3.1.
Unpacked, a prebraiding on f over C' is therefore a prebraiding on f together with an identification
of the induced prebraiding on g o f with the one induced by the Es-structure of C.

Example 8.1.5. It follows from Example 8.1.2 that for an ordinary braided monoidal 1-category C, and
monoidal 1-functors A = B % C between ordinary monoidal 1-category, the space PreBraidcat,, (F)/c

of prebraidings on F' over C' in the sense of Definition 8.1.4 agrees with the set PreBraid ;o (F) of pre-
braidings over C' from Definition 2.4.8.

Recall from §A.8.6 that for an E.-algebra C in a symmetric monoidal co-category V, the over-
oo-category V)¢ inherits a symmetric monoidal structure so that for any oc-operad O, there is an
equivalence of oo-categories Alg ,(V,c) = Alg ,(V),c-

Example 8.1.6. It immediately follows from the defining property of V¢, that for a given E;-algebra
in V¢, i.e. an Ej-algebra A equipped with an E;-algebra map A — C, the space Braidy, . (A) encodes
a compatible Es-structure on A together with Es-structure on the E;-morphism A — C.

Following Example 8.1.6, to prove Theorem B and to study Es-structures on KP (Sbhim) together
with Eo-structures on its fiber functor K{’OC(Sbim) — stPZ, we will therefore need to study the space
Braidcat[sthZ]

B (K{’OC(Sbim)) and relate it to certain spaces of prebraidings in certain over-categories.
%

These spaces can be understood in terms of prebraidings over given prebraidings in the sense of Defi-
nition 8.1.4:

Corollary 8.1.7. Let C be an Ey-algebra in a symmetric monoidal oco-category V, and let F be a
morphism of Ei-algebras in V¢, i.e. equivalently a commuting diagram

A f B

~N S

C

of E1-algebras in V. Then, the spaces
PreBraidy, . (F') >~ PreBraidy (F) ¢
are equivalent.

Proof. Apply Proposition 7.3.2 to the symmetric monoidal oo-category Algg (V/¢) =~ Algg, (V),c. O

Example 8.1.8. Combining Corollary 8.1.7 with Example 8.1.5 we find that in the setup of Exam-
ple 8.1.5, the space PreBraid(cat, ;)0 (F) agrees with the set PreBraid,(F) of prebraidings over C
from Definition 2.4.8.
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8.2. Statement of the main theorem. By Example 8.1.6, the space of compatible Es-structures
on K! (Sbim) together with compatible Eo-structures on its fiber functor Hoc: K8 (Sbim) — st is

precisely given by the space

Bra’idCat[stEZ] (K?oc(Sblm))v

/st BL
where K2 _(Sbim) is seen as an E;-algebra in Cat [stfz]/stksz via its Ei-functor Hy.: K8 (Sbim) — stPZ.

Our main theorem will prove that this space is in fact a set, namely the set of prebraidings in the sense
of §2.4 on a functor between certain ordinary monoidal 1-categories. The key fact we use is that while
the (00, 2)-“fiber’-functor K? (Sbim) — stPZ is not faithful, the composite Sbim — K? (Sbim) — st5%
is faithful by Lemma 6.5.6, i.e. induces fully faithful functors on all hom-categories. Furthermore,
Sbim is generated by the (2,2)-category BSbim from Definition 6.1.4, in the sense that the functor
BSbim — Sbim is surjective on objects and that any l-morphism in Sbim is a retract of a finite
coproduct of grading shifts of 1-morphisms in the image of BSbim as proven in Proposition 6.3.2.

For future applications, we abstract this situation as follows:

Theorem 8.2.1. Let C € Algg, (Cat [addP%]), D e Algg_(Cat[st£?]) and let H: C — D be a morphism
in Algg, (Cat [addP%]) whose underlying (co, 2)-functor is faithful, i.e. induces fully faithful functors on
hom-categories. Consider the monoidal functor Kb _(C) — D, induced by the adjunction (6.6), as an
object of Algy, (Cat[stF”],p).

(1) Then, the map of spaces (constructed more formally in the proof below)
(8.2) Braidcagsi57) ., (Kioe(€)) = PreBraidca ), , (1€ = K (C)),

which restricts a braiding on K2 (C) to a prebraiding on the subcategory inclusion C — K& (C)
and then passes to the homotopy 1-category hy, is an equivalence. (Here, we leave the evident
maps to D and hiD implicit.)

(2) Further, assume there is a functor v: B — C in Algg (Cat(,2)) which is surjective on objects
and such that for every two objects b,/ € B, any object in Hom, (i, tb') € addE? is a retract
of a finite coproduct of Z-shifts of objects in the image of Hompy(b,0') € Cat(o1y. Then, the
pre-composition map

loc loc

PreBraidcay, y, ,, , (1€ — K (C) — PreBraidcay, y, , , (1B = K (C))
s an equivalence of spaces.

In other words, Theorem 8.2.1 asserts that the space of pairs of an Eg-structure on Kf (C) and an

loc
[Es-structure on the functor K{’Oc (C) — D, compatible with their given E;-structures, is equivalent to

the set of prebraidings on h1B — th{’OC(C) over hD.

In the remainder of Section 8, we prove Theorem 8.2.1 by factoring (8.2) through various other
spaces of prebraiding. Before discussing the proof, we immediately record how Theorem 8.2.1 implies
Theorem B from the introduction:

Corollary 8.2.2. The space of braidings

(8.3) Braidcasfsip7) 5z (K}, (Sbim))

is equivalent to the set of prebraidings

(8.4) PreBraid j,, patorpety.sr—vert (modz) (1 BSbim — hiKj, (Sbim))

over h1Hioc: th{’OC(Sbim) — thMorpC’ly’grfperf(mod%) as defined in Definition 2./.8.
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In particular, the space of pairs of an Eg-algebra structure on KP (Sbim) € Cat[stPZ] together
with an Es-algebra structure on the functor Hie: K& (Sbim) — stPZ, which enhance their monoidal

structures, and satisfy the condition that the positive braiding
o11:1@1 = 1®1 € Homgy (gpim) (1@ 1,1@ 1) = K"(Sbims)

agrees up to chain homotopy with the shifted Rouquier complex X11 = F(o11)(—1) from Defini-
tion 2.2.7 and (2.6), is contractible.

Proof. Recall that the functor Kb (Sbim) — stP% factors by definition through the small full subcat-
egory DMorP° 8 7Perf (11104%) < DMor#%8 =Pt (1n0d%) < stBZ. Hence, the space (8.3) is equivalent

to the space

(8.5) Braid gt 57 (K}, (Shim)) .

/DMorpoly,gr—perf (modZ) loc

We now invoke Theorem 8.2.1 for C = Sbim, D = DMorP°¥e" P (1mod¥), and B = BSbim, the functor
Hy,.: Sbim — DMorpOly’gI_pe’f(mod%) from Proposition 6.5.2 which is faitfhul by Lemma 6.5.6, and
the functor ¢: BSbim — Sbim from (6.5) which satisfies the relevant conditions of Theorem 8.2.1 by
Proposition 6.3.2. Thus, the space of braidings (8.5) is equivalent to the space of prebraidings

(8.6) PreBraid(Cat(l‘l))/thMorpolyygr_perf(mod% ,(h1BSbim — h1K? . (Sbim)).

Both, h;BSbim — h;K% (Sbim) and hyK{ _(Sbim) — hyDMorP? 8P (1n0d%)  agree with the
respective functors from Section 2, namely with (2.13) by Corollary 6.4.3 and with (2.14) by Corol-
lary 6.5.4 respectively. Hence, it follows from Example 8.1.8 that this space (8.6) is equivalent to the
set PreBraid p,, porpoly.er—pert (mod?) (h1BSbim — hiK} (Sbim)) from Theorem 2.6.4.

The second half of Corollary 8.2.2 follows directly from the first: By Corollary 2.5.3, the condition
on the positive braiding oy 1 fixes an element of the set (8.4) and hence a point in the space (8.3).
Thus, there is a contractible space of braidings on Kfoc(Sbim) over sthZ compatible with the given

prebraiding on 3 BSbim — h; DMorPe &' =Perf (10d7). O

Remark 8.2.3. Consider the functor
ho: AlgEz(Cat[sthZ]) — Algg, (Cat(z,2))

induced by the lax symmetric monoidal composite

Cat[forget

Cat[stP%] } Cat[Catoo] = Cat(og 2) LEN Cat(2,9)

which first forgets along stf Z s Cato®® the homwise structure and then takes the homotopy 2-category
(Definition 5.4.11). Applying this to K{ (Sbim) € Algg, (Cat[st/%]) results in the braided monoidal

loc

(2,2)-category H := hoK} (Sbim) € Algg_(Cat (2 2)) described in Section 1.1.

loc

8.3. From prebraidings to braidings. Our proof will proceed by successively simplifying the space
of prebraidings and braidings on K (C). This subsection contains the operadic heart of our proof,

captured by four corollaries of results in Section 7.

Definition 8.3.1. Given a map of spaces f: A — B, we let Im(f) C B denote the full image of f, i.e.
the subspace of B given by the union of those connected components of B in the image of g f.

In other words, A — Im(f) < B is the factorization of f with respect to the ((—1)-connected,
(—1)-truncated)-factorization system on spaces.

Ling (— xZ b
38The forgetful functor sthZ — Cat is right adjoint to the composite Cato M addkBZ X, sthZ of the

symmetric monoidal functors from (6.2) and Proposition 4.3.2(2) and is hence laxly symmetric monoidal.
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Observation 8.3.2. Recall the (0-surjective, O-faithful) factorization system on the oo-category Op
from Definition 7.5.1 and Proposition 7.5.3.

(1)

Given a map of operads E; — O, corepresenting an E;-algebra A in O, we write O|g, for the
factorization E; — O|g, — O into a 0-surjective followed by a 0-faithful map of operads.
Explicitly, O|g, has one color A and the only non-empty multi-hom spaces are given by the
full images
Mulo,, (A4,...,A;A) =Im (S, = Mulp(4, ..., 4; A))

of the map Eq(n) = S, — Mulo(4,...,4; A) induced by the E;-structure on A.

(In other words, Im (S, — Mulp (4, ..., A; A)) is precisely the union of those components of
Mulp (A4, ..., A; A) which contain the orbit of the n-ary multiplication of A under the S,,-action
permuting its inputs.)

Given a map of operads [1] ® E; — O, corepresenting a morphism f: A — B of E;-algebras in
O, we write O|j1jgg, for the factorization [1] ® E; — O|jjjgr, — O into a 0-surjective followed
by a O-faithful map of operads.

Explicitly, O|jjgE, has (at most) two colors A, B and multi-hom spaces connecting them,
one of them being

Muloy g, (A,...,A;B) =Im (S,, > Mulp(4,...,4;B)),

where the map from S,, = E;(n) is induced by the Ej-structures on f. (In other words,
Im (S,, = Mulp(4,...,A; B)) is the union of those components of Mulp(4, ..., A; B) which
contain the orbit of f o 4 ~ up o f under the S,-action permuting its inputs.)

Given a map of operads [2] ® E; — O, corepresenting a composable pair of Ej-algebra mor-
phisms A — B — C, we can similarly consider O|[3)gE,, which has (at most) three objects
A, B,C, and multi-hom spaces connecting them, such as

1\/[u1(9|[2]<>Z>IE1 (4,...,A;B) =Im (S,, » Mulp(4,...,4;B))
1\/Iulo|[2]®[El (B,...,B;C)=1Im (S, - Mulp(B,...,B;C)),

where the maps from S,, = E;(n) are induced by the E;-structure on f and g, respectively.

Throughout we will repeatedly use the following simple observation, applied to the oco-category
V = Op with its (0-surjective, 0-faithful) factorization system.

Lemma 8.3.3. In an oo-category V with a factorization system (L, R), consider a commuting square

A—— B

I

C —— D

and a further morphism @ — A in L so that also the composite Q@ — C is in L. Let Q — Blg — B and

@ — D|g — D denote the factorizations of the induced morphisms from Q. Then, the map between
spaces of (dashed) lifts

is an equivalence.

A —— Blg A——> B
Sy LT
C—— Dl c——D

39

39The left diagram exists since @ — A and Q — C are in £, while B|g — B and D|g — D are in R.
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Proof. Let Ve denote the full subcategory of Vg, on the morphisms ) — X which are in £. The
factorization system induces a right adjoint of the inclusion Vg, 2 < Vg, which sends Q@ — X to its
factorization @@ — X|q. The statement then follows immediately from adjunction. O

The fact that braidings and prebraidings agree on ordinary 1-categories, see Example 8.1.2; gener-
alizes to the following observation:

Corollary 8.3.4. Let O be an co-operad, A an Ei-algebra in O, and assume that the spaces

Im [ S, > Mulp(4,...,A;A)
———

n

are 1-truncated (i.e. 1-groupoids) for all n > 0, where the map from S, = Ei(n) is induced by the
E1-structure on A. Then, the map of spaces

Braidp(A) — PreBraidp(A)
is an equivalence.

Proof. Fix a prebraiding on A, represented by a lift of the map of oco-operads E; — O representing A,
to a map of co-operads Ay ® E; — O. The fiber of Braidp(A) — PreBraidp(A) at this prebraiding is
precisely the space of further lifts

A @E — O

a4
-
-
-
-
-
-
-

-

E,
The operad map E; — Ay ®E; is 0-surjective by Proposition 7.6.1, and the composite E; — Ay ®E; —
E is O-surjective since all mapping spaces of Eg are connected and all mapping spaces of E; are non-

empty. Hence, it follows from Lemma 8.3.3 applied to the oo-category Op (with its (0-surjective,
0-faithful) factorization system) that this space of lifts is equivalent to the space of lifts

Ao E; —— O|]E1

24
-
-
-
-
-

By

Since all multi-hom spaces of O|g, are by assumption 1-truncated, and hence O|g, is a 2-operad (see
Definition 7.7.1), it follows from Corollary 7.7.8 that this space of lifts is contractible. g

Corollary 8.3.5. Let F': O — P be a map of co-operads and let g: b — ¢ be a morphism of E1-algebras
in O. Assume that for all n > 0 the map of spaces

Im [ S, — Mulo(b,...,b:¢) | 2% tm | S, — Mulp(F(b), ..., F(b); F(c))
——

—_——

n n

is an equivalence, where the maps from S, are induced by the Eq-structure on g and F(g). Then, the
map of spaces

PreBraidp(g) — PreBraidp (F(g))

is an equivalence.
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Proof. Consider the map of operads [1] ® E; — O representing the E;-algebra map f: A — B. The
fiber of PreBraidp(f) — PreBraidp (F(f)) at a prebraiding represented by an operad map To®E; — P
is precisely the space of (dashed) lifts of the following commuting square of operads:

neE 2% o0

Ed
-
e
P F
-
-
-

Tg@]El — P.

Since [1]®@E; — T2 ®E; is 0-surjective, it follows from Lemma 8.3.3 that this space of lifts is equivalent
to the space of lifts

fra—b
1] ®E e Olnjer,

TQ ®E1 —_— P|[1]®]E1.

Hence, replacing O by O|jjge, and P by P|[1jge, with multimapping spaces as in Observation 8.3.2,
we may without loss of generality assume that the maps

Mulp(a,...,a;b) = Mulp(Fa,..., Fa; Fb)

are equivalences. It then follows from Proposition 7.8.2.(1) that the maps

MulAlgEl(@)(a, cooa3b) — MulAlgEl o (Fa,...,Fa; Fb)
are equivalences. Hence,

PreBraido(g) =Mulaig; (0)(@,@50) Xaulag, (o) (@02 19}

— MulAlgEl Py (Fa, Fa; Fb) XMul iy, (o) (Fa,Fb)? {Fg} = PreBraidp(Fg)
is an equivalence. O
Corollary 8.3.6. Let O be an oco-operad and let

alibLe

be morphisms of Eq-algebras in O. Assume that for all n > 0, the map of spaces

Im [ S, = Mulp(b,...,bc) Mﬂm Sp — Mulp(a,...,aq;c)
~—— ~——

n n
are equivalences, where the maps from S, are induced by the Eq-structures on g and on go f. Then,
the map of spaces

PreBraidp(g) — PreBraidp(g o f)

is an equivalence.

Proof. The pair of composable morphisms of Ei-algebras {f, g} may be corepresented by an operad
map [2]®E; — O. Recall the operad maps [2|@Eq — Talgo<2y[2] = Tallfi <2y from Observation 7.2.10
corepresenting a pair of composable Eg-morphisms with a Ts-structure on g and on go f, respectively,
and the construction of a Ts-structure on g from a Ts-structure on g o f.
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Fix a prebraiding on go f, corepresented by a lift of the operad map [2] @ E; — O to an operad map
T2 Ugo<2y [2] ® Ey — O. The fiber of PreBraido(g) — PreBraido(g o f) is given by the space of lifts

(TQ |_|{0<2} [2]) ® Eq f; @)

(T2 Ui<oy [2]) ® By
We now claim that both operad maps
(87) [2] RE; — (TQ |_|{0<2} [2]) R Eq [2] RE; — (TQ |_|{1<2} [2]) ® Eq

are O-surjective. Indeed, this follows since [1] ® E; — Ty ® Eq is O-surjective by Proposition 7.6.1
and since both operad maps (8.7) are by definition given by a pushout of this 0-surjective operad map
against the operad maps [1]®E; — [2] ®E; induced by the inclusions {0 < 2} — [2] and {1 < 2} — [2],
respectively (see Observation 7.2.10).

Hence, it follows from Lemma 8.3.3 applied to the co-category Op that our space of lifts is equivalent
to the space of lifts

(T2 Ujo<oy [2]) ® B1 —— Olpjzr,

(T2 Upi<oy [2]) ® B4
Therefore, without loss of generality, we may replace O by O|gjgE, and hence with Observation 8.3.2,
we may assume that
Mulp(b,...,b;c) — Mulp(a,...,a;c)
are equivalences. It therefore follows from Proposition 7.8.2.(2) that
MulAlg]El ©)(b,...,bc) — MulAlgElo(a7 e, G50)
are equivalences, and hence as in the proof of Corollary 8.3.5 that

PreBraidp(g) — PreBraidp(g o f)

are equivalences. O

Lastly, we record the following special case of Lemma 7.2.9 that prebraidings transport along ad-
junctions:

Corollary 8.3.7. Consider an adjunction between symmetric monoidal co-categories with (strongly)
symmetric monoidal left adjoint L

L
1% L w
R
and denote the induced adjunction between oo-categories of Eq-algebras by

LEI
(8.8) Algg, (V) I Algg, (W).

Rg,

Then, for any morphism of Ei-algebras f: Lg,a — b in W, the induced map of spaces
PreBraidyy (f) — PreBraidy (Rg, f) — PreBraidy (Rg, f o n4)
(constructed as in Lemma 7.2.9) is an equivalence, where n denotes the unit of the adjunction.

Proof. This is an immediate corollary of Lemma 7.2.9 applied to the adjunction (8.8). O
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8.4. Proof of the main theorem. We now prove the various truncatedness conditions appearing
in Corollaries 8.3.4 — 8.3.5 in the setting of Theorem 8.2.1, and assemble the obtained equivalences
between spaces of (pre-)braidings into a proof of our main theorem.

We first recall from Section 5 that faithful (oo, 2)-functors are completely determined by their induced
ordinary functors between homotopy 1-categories, with the following straight-forward corollary:

Corollary 8.4.1. Let n > 0 and consider categories and functors in Cat(s,2)
y><n W faithful z
with faithfulness properties as indicated. Then, the map induced by applying hq
Homcat ), (V" Z) = Homcar, o (Y7 11 2)

is an equivalence of spaces.

Proof. Since hy: Cat(s,2) — Cat(y 1) is (strongly) symmetric monoidal, this follows directly from
Corollary 5.5.7. O

Moving to locally additive (oo, 2)-categories, recall from Notation 6.2.3 that we call a morphism
F: X —Yin Cat[addkB Z] surjective-on-objects-and-dominant-on-1-morphisms if its underlying (oo, 2)-
functor is surjective on objects and if for each pair of objects z, 2" € &', every object of Hom,, (F'z, Fa')
is a retract of an object in the image of Hom y (x,2’) — Homy,(Fx, F'z'). The key technical statement
of this section is the following straight-forward application of the (surjective-on-objects-and-dominant-
on-1-morphisms, faithful)-factorization system on Cat[add”] constructed in Corollary 6.2.4.

Proposition 8.4.2. Let n > 0 and consider categories and functors in Cat [addfz]

surjective—on—objects
—and—dominant—on—1—morphisms

faithful
y7 y@n W aithfu z ’

with surjectivity and faithfulness properties as indicated (and where ® denotes the tensor product in
Cat [addfz]). Then, the map induced by precomposition with the tensor power X®" — Y&

HomCat[adde]/W (y®na Z) — Homcat[addkBZ]/W (X®n, Z)

is an equivalence of spaces.

Proof. Since the (surjective on objects and dominant on 1-morphisms, faithful) factorization system
is compatible with the monoidal structure on Cat[addf”], as an n-fold tensor power of a functor in
the left class, the functor X®" — Y®" remains surjective on objects and dominant on 1-morphisms,

and hence the first map is an equivalence as a direct consequence of the orthogonality of surjective-on-
objects-and-dominant-on-1-morphisms and faithful functors. O

Below, we will repeatedly use the following simple lemma;:
Lemma 8.4.3. Suppose we are given a commuting square of spaces
A—=-> B
(8.9) fl lg
¢ ——D
where the top horizontal map is an equivalence and where for every point ¢ € C, the induced map of
fibers fib.(f) — fiby(c)(9) is an equivalence. Then, the induced map

Im(f) — Im(g)

is an equivalence.
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Proof. The square (8.9) factors as

A B

Im(f) —— Im(g) -

C D
Hence, we may without loss of generality assume that Im(f) = C and Im(g) = D, i.e. that f and g are
surjective on mp and prove that in this case h is an isomorphism. Working fiberwise (and identifying
A with B via the given equivalence), it suffices to consider the case D = pt; in other words, given
a (—1)-connected map f: A — C so that for all ¢ € C' the map fib.(f) = A(= fiby(A — pt)) is

an isomorphism, we need to show that C is contractible. This follows directly from the long exact
sequence of homotopy groups associated to the fiber sequence. O

Recall from (6.3) the adjunction

Ling 1¢(—)

(8.10) Cat (oo 2) addP”

_
DI S
forget

where the right adjoint forgets additivity, k-linearity and the Z-action and the (strongly) symmetric
monoidal left adjoint Lin?loc(—) sends an (oo, 2)-category C to the locally additive k-linear (oo, 2)-
category with local shifts with the same objects as C and hom-categories given by the linearization
Ling (Home (a, b) x Z) with free Z-action.

Corollary 8.4.4. Given categories and functors as in the assumptions of Theorem 8.2.1. Then, for
each n > 0, the following hold:

(1) The space
Tm (Sn — Homggyfs52, (K}, (C)®" K} (C)))

loc loc

18 1-truncated, i.e. a 1-groupoid.
(2) The map of spaces

Im (Sn - HomCat[addkBZ]/D (C®n7 K{)oc (C)))
— Im <Sﬂ - HomCat[addEZ]/D (Lin%,loc (B)®na K{)oc(c)))

s an equivalence.
(8) The map of spaces

Im (Sn — HomCat(oo,z)/D (anv K?oc(c)))
5 Im (Sn — Homca ), (hlBX”,th{’OC(C))>

s an equivalence

We warn the reader that the functor K?

e(C) = D is not faithful, and hence Propositions 8.4.1 and
8.4.2 do not apply directly.
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Proof. We first prove the part (2). Since the monoidal structure on C — K}, (C) arises from adjunction,
the relevant maps from S,, all factor as:

S
T

Homgytjaaaz?),,, (C*", C)

HomCat[addEZ] /D (Lin%,loc (B) ®n7 C)

| |

(C®H7Kb (C)) - Homcat[addgz]/p (Lin?loc(B)@n’Kb (C))

HomCat[addkBZ] loc loc

/D
Since C — D is faithful, it follows from Proposition 8.4.2 that the top horizontal map is an equivalence.
Moreover, for every f € Homg,gjaaare Cc® Kb (C)), the induced map between the fibers of the

loc

1) (
vertical maps is

(C®n7C) — HomCat[addsz]/Kf © (Lin%’loc([g)@n’(f) .

It follows from Proposition 4.3.2 that C — K (C) is faithful. Hence, this map between fibers is also
an equivalence by Proposition 8.4.2. Therefore, it follows from Lemma 8.4.3 that the induced map
between the full images of the vertical maps is an equivalence, and hence so is also the induced map
between the full images of .S,,.
The proof of part (2) is entirely analogous: The relevant maps from S, all factor as
Sn —
Homcat(myz)/p (B®™,C) Homcat(lwl)/hID (h1B*™, hiC)

l |

HomCat(m,z)/D (B@n, K} (€)) HomCat(Ll)/hl_D (hlgxnv thb (C))

loc loc

HomCat[add}fZ]/K{, ©

Since C — D is faithful by assumption, it follows from Corollary 8.4.1 that the top horizontal map is an

. . . b
equivalence. The induced map between the fibers of the vertical maps at an f € Homcag,., ,, P (B®™ Kb

is given by
®n xXn
Homcat(w’Z)/KfoC“) (B=",C) — Homcat(l'l)/“lKﬁ)c(C) (h1B ;h1C)

and hence is also an equivalence by Corollary 8.4.1 since also C — K} (C) is faithful. Therefore, it

follows from Lemma 8.4.3 that the induced map between the full images of the vertical maps is an
equivalence, and hence so is also the induced map between the full images of .S,,.
Part (1) follows from combining parts (2) and (3): It follows from adjunction and monoidality of
K? .(—) that
HomCat[stEZ]/D (Kfoc(c)(@n?Kb (C)) = HomCat[addEZ]/—D (C®H7Kb (C)) :

loc loc

Similarly, it follows from adjunction and monoidality of Lingloc(—) that

HomCat[addkBZ] (Lin%,loc(8)®nv K{)OC(C)> = HomCat(oo,z)/D (anv K{)OC(C)) .

/D
Hence, combining the second and third statement, we find that
Im (Sn — HomCat[stEZ]/D (K{)oc(c)®n7 K{)oc(c))> =~ Im (Sn — HomCat(Ll)/th (hlgxnv thi}oc(C))>

which is — as a mapping space of Cat(; 1) — a l-groupoid. g

Now we prove the main theorem:

©))
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Proof of Theorem 8.2.1. Given categories and functors as in part (2) of Theorem 8.2.1, we will prove
that the composite

(8.11) Braidcasep7),» (Kioc(C)) = PreBraidcat,, ), , (€ — K .(C))
— PreBraidcat(lyl)/h D(h18 — Kb ()

loc

is an equivalence. Note that part (1) of Theorem 8.2.1 then follows by taking B — C to be the identity
C — C (which clearly satisfies the required conditions). Then, the second statement follows since the
first map and the composite in (8.11) are equivalences, and hence so is the second map.

To prove that (8.11) is an equivalence, note that it follows from Lemma 6.3.1 that the condition on
B — C in the statement of Theorem 8.2.1.(2) equivalently asserts that Lin%ﬁlOC(B) — C is surjective on
objects and dominant on 1-morphisms.

We now unpack (8.11) as a sequence of equivalences of spaces of (pre-)braidings:

BraidCat[sthZ]/D (Kioc (C))
=~ PreBraidg,q 527 ,,, (Kb .(0))
Cor. 8.3.4 applied via Cor. 8.4.4.(1) to the E;-algebra K! (C) in Cat[stPZ]
(C = Kioe(€))

~ PreBraidCat[addsz] loc

/D
b

Kloc
Cor. 8.3.7 applied to the adjunction Cat[add£?] i Cat[st 7]
forget

Lin%,loc (B) - Kf’oc(c))
Cor. 8.3.6 applied via Cor. 8.4.4.(2) to the E;-morphism Lin?loc(lﬁ) — C in Cat[add}”]
~ PreBraidCat(oovz)/D (B—-K!.(C)

~ PreBraidcat[addkBZ]/D(

Lini,loc(*)
Cor. 8.3.7 applied to the adjunction Cat(sg o) L Cat[addkBZ]
forget

~ PreBraidcat(l,l)/hID (B — hiK}, (C))
Cor. 8.3.5 applied via Cor. 8.4.4.(3) to the functor h;: Cat[addkBZ}/D — Cat(Ll)/th

This completes the proof of Theorem 8.2.1. O
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APPENDIX A. RECOLLECTIONS, NOTATION, AND CONVENTIONS REGARDING HIGHER CATEGORY
THEORY

In this paper, we make essential use of higher category theory and higher algebra. Here, we give a
rapid overview of the notions that are most important to this paper (with further references for the
interested reader).

A.1l. From n-categories to (oco,n)-categories. As a starting point, let us recall the distinction
between strict and weak 2-categories [Bén+67]. In a strict 2-category, one requires associativity and
unitality of composition to hold up to equality. By contrast, in a weak 2-category, one only requires
these to hold up to natural isomorphism. Moreover, these natural isomorphisms are then required to
satisfy further coherence conditions.’” We can summarize the situation with the slogan that a weak
2-category is “a category that is enriched in 1-categories up to coherent natural isomorphism”. More
generally, one would like to define a weak n-category as “a category that is enriched in weak (n — 1)-
categories up to coherent natural isomorphism”. However, making this notion rigorous for higher values
of n — with all of the desired coherence conditions — becomes increasingly infeasible as n grows [GPS95].

Homotopy theory provides a remarkable alternative perspective on this problem, which leads to a
uniform and robust solution. To explain it, let us recall Grothendieck’s homotopy hypothesis: any
appropriate definition of “weak n-category” should have that its weak n-groupoids are equivalent (in a
suitably homotopical sense) to homotopy n-types (i.e. topological spaces with homotopy groups above
dimension n all vanishing, taken up to weak homotopy equivalence).*! Note that under the homotopy
hypothesis, natural isomorphisms on the categorical side correspond to homotopies on the topological
side. Hence, we arrive at an alternative proposed definition for “weak (n, 1)-categories”,** namely as
categories that are enriched either in weak (n — 1)-groupoids up to coherent natural isomorphism or in
homotopy n-types up to coherent homotopy. In the limit, we find that “weak (0o, 1)-categories” should
be categories that are enriched in (arbitrary) homotopy types up to coherent homotopy.

Before continuing our discussion, we pause to note a few conventions. First of all, just as we may refer
to 1-categories simply as “categories”, we will also refer to (oo, 1)-categories simply as “co-categories”.
Moreover, given that we will only be interested in “weak” notions, we usually leave this term implicit
henceforth.

Now, there exist a number of robust models for co-categories (i.e. categories enriched in homotopy
types up to coherent homotopy), although all are known to be equivalent (in a suitably homotopical
sense) [Toé05]. The most developed is that of quasicategories, thanks to Lurie’s foundational work
[Lur09], which we take as a primary reference. However, we stress that throughout this paper we
work in an entirely model-independent fashion: we only manipulate oco-categories in a manner that
makes no reference to a specific model (so e.g. we never make reference to the individual simplices of
a quasicategory).

The theory of co-categories reifies the limiting case of Grothendieck’s homotopy hypothesis: among
oo-categories, the co-groupoids are equivalent to homotopy types. We refer to such objects alternately
as oo-groupoids or as spaces, depending on the context. We write Caty, for the co-category of (small)
oo-categories (see Appendix A.G for a brief discussion of set-theoretic matters), and we write S C Cato,
for the full subcategory of spaces.

40op instance, the associativity isomorphisms must satisfy the pentagon axiom, which articulates a coherence condi-
tion among the five possible ways of composing a sequence of four composable morphisms.

411ndeed, the homotopy hypothesis can be taken as one motivation (of many) for a theory of weak n-categories in the
first place: it can be seen directly that strict 3-groupoids do not model all homotopy 3-types [Sim98].

42Recall that for 0 < k < n, the term “(n, k)-category” refers to an n-category whose i-morphisms are all invertible
for all ¢ > k. So an (n,n)-category is just an nm-category (without further conditions), while an (n,0)-category is an
n-groupoid.
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We can now return to the problem of defining weak n-categories. The essential observation is
as follows: all of the desired coherence conditions articulate equivalences between various composite
operations. Thus, in order to obtain a robust theory of (oo, n)-categories, it suffices to have a robust
theory of oco-categories enriched in a given one: then, we can recursively define (co,n)-categories to
be oco-categories that are enriched in the (oo, 1)-category of (oco,n — 1)-categories. As we explain
further in Appendix A.10, such a robust formalism is provided by [GH15]. Hence, writing Cat[V] for
the oco-category of V-enriched oco-categories, we may recursively define the (oo, 1)-category of (oo, n)-
categories as Cat (oo ) = Cat[Cat(o,n—1)], the co-category of co-categories enriched in (small) (co,n —
1)-categories; as a base case we define Cat () *= S, and as a consistency check we have an equivalence
Cat(oo,1) = Cat[Cat(oo,p)] =~ Cate [GHI5, Thm. 5.4.6]. As explained in Appendix A.10, for & > 0,
Cat (oo i) is Cartesian presentably symmetric monoidal. Among the (oo, n)-categories, weak (n,n)-
categories can then be defined simply as those satisfying certain discreteness conditions [GH15, § 6.1].

In fact, this definition ultimately affords an (co,n + 1)-category (as opposed to just an (oo, 1)-
category) of (0o, n)-categories, using the fact that Cat ., is Cartesian closed [Rez10]: for any (oo, n)-
categories C and D we have an (oo, n)-category Fun(C, D) of functors between them, which is uniquely
characterized by the universal property that we have a natural equivalence

Homcat,, ., (€,Fun(C, D)) ~ Homcat,, ., (ExC,D)

of hom-spaces for any (0o, n)-category £ € Cat (s p)-

A.2. Some basic notions in co-category theory. Here we highlight a few oo-categorical notions
that we use repeatedly throughout this paper. We make no effort to give a comprehensive account,
and instead refer the interested reader to [Lur09] for a more thorough treatment. Indeed, a remarkable
number of notions in ordinary category theory port over to co-category theory with minimal modifi-
cation (though see Appendix A.3 for a prominent non-example, and see Appendix A.2.6 for another
non-example).

A.2.1. Basic notions. Broadly speaking, the fundamental role played by sets in ordinary category
theory is played by spaces in oo-category theory. In particular, as noted in Appendix A.1, an oo-
category C is enriched in spaces (i.e. co-groupoids): for any pair of objects ¢,d € C we obtain a space
Home(c,d) € S. These hom-spaces admit a composition law, which is associative and unital up to
coherent homotopy.

Any oo-category has an associated ordinary 1-category hiC, called its homotopy category, with the
same objects as C and hom-sets Homy, ¢(c,d) = moHome(c,d), i.e. identifying 1-morphisms in C if
there is an invertible 2-morphism between them.

A presheaf on an oco-category C is a functor C°? — S. These assemble into the co-category P(C) =

Fun(C°P, S), which receives a fully faithful Yoneda embedding C Home(=7), P(C) [Lur09, Prop. 5.1.3.1].

As a matter of terminology, we interchangeably use the terms “isomorphism”, as in ordinary category
theory and “equivalence” (in order to emphasize that one is working in a higher-categorical context).

In ordinary categories, objects characterized by universal properties (e.g. limits and colimits) are
unique up to unique isomorphism when they exist: said differently, the collection of objects satisfy-
ing the characterization assemble into an empty or contractible groupoid. In oo-categories, objects
characterized by a universal property instead assemble into an empty or contractible co-groupoid. For
instance, an object ¢ € C is called initial if for every d € C the space Hom¢(c, d) is contractible, and
the initial objects of C assemble into an empty or contractible co-groupoid.

In classical category theory, the term “unique up to unique isomorphism” is sometimes replaced by
the shorter term “essentially unique”. The word “essentially” here is meant to indicate that object
is not literally unique (e.g. there exist many terminal objects in the category Set of sets (namely the
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singletons)), but rather that it is unique in the appropriate category-theoretic sense. However, in oo-
category theory one is emphatically never interested in uniqueness beyond that in the oo-categorical
sense (i.e. parametrized by a contractible co-groupoid), and so we generally omit all technical uses

of the word “essentially”. Relatedly, we will refer to a functor C 5 simply as surjective (rather
than “essentially surjective”) if for every object d € D there exists an object ¢ € C and an equivalence
F(e) ~d.

A.2.2. Monomorphisms and subcategories. A general pattern in higher category theory is that one
must keep track of “higher coherence data” (see e.g. Appendix A.3). Thus, it is notable when a given
construction does not require this. Given a construction that a priori might involve coherence data,
we say that the data is in fact (merely) a condition in order to indicate that such data is unique if it
exists (i.e. that the oo-category of such assembles into an empty or contractible co-groupoid).

Most fundamentally, given a space X and a subset of its path components, it is merely a condition
for a point z € X to lie in one of these. In fact, the inclusions of path components are precisely the

monomorphisms in the oo-category of spaces: given an inclusion of path components Y 4 X , 1t is
merely a condition for any map Z — X to factor through it.

This notion generalizes: we say that a morphism ¢ — d in an co-category C is a monomorphism if it
is merely a condition for any morphism e — d to factor through it.** This is equivalent to the condition
that the resulting morphism Home(—, ¢) = Home(—, d) in P(C) is a componentwise monomorphism.

As a notable example, the monomorphisms in Cat., are precisely the functors that are fully faithful
on equivalences and monomorphisms on all hom-spaces.** We reserve the term subcategory for (the
image of) a monomorphism (in Cats,, or more generally in Cat[V] (again see Appendix A.10)).

As another notable example, it is merely a condition for a morphism in an co-category to be an
equivalence. Said differently, the functor [1] — [1]8P9 ~ pt is an epimorphism in Cat., (see §§A.2.4-
A.2.5 for an explanation of the notation).

A.2.3. Adjunctions. It is merely a condition for a functor C S Dtobea (say) left adjoint: its space
of right adjoints is either empty or contractible. First of all, a pointwise right adjoint to F' at an object
d € D is a pair of an object ¢ € C and a morphism F(c) 24, d such that for every ¢ € C the composite
Home () ¢) EiN Homp (F(c), F(c)) =% Homp (F(c'), d) is an equivalence. Equivalently, this is the data

m —),d
of a representing object for the presheaf C°P w) S (which by definition comes equipped with

the data of a universal element ¢4 € Homp (F(c), d) witnessing it as such). Then, a right adjoint exists
if and only if a pointwise right adjoint exists at all objects of D; in this case, the right adjoint is the
(necessarily unique) factorization of the functor D Homp (F(=2),7), P(C) through the Yoneda embedding.
(See Appendix A.5 for an alternative description of co-categorical adjunctions.)

As a basic example, there exists a right adjoint S <% Cat to the inclusion, which carries an oo-
category C to its maximal subgroupoid C= (which is obtained by discarding all of its noninvertible
morphisms).

3 This is equivalent to the condition that the commutative square

[
|
[

is a pullback square. (In particular, if a functor commutes with pullbacks then it preserves monomorphisms.)
44This claim is easy to check in the model for co-categories given by complete Segal spaces [Rez01].

id,
—_—

QU <«—O

—
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A.2.4. Simplicial objects. We write A for the simplicial indexing category (the full subcategory of Caty,
on the finite nonempty totally ordered sets), and for any n > 0 we write [n] ={0<1<---<n} €A

for the indicated standard object. A simplicial object in an oo-category C is a functor A°P BN C; we
use the term geometric realization to refer to its colimit, and denote this by | X| := colimaes (X) € C.*°

A.2.5. Localizations. Given an oo-category C and a collection W' of morphisms in C (often assumed
to be those defining a subcategory of C), the localization of C at W is the target of the initial functor

C — C[W 1] that carries all morphisms in W to equivalences. As an extreme example, the co-groupoid

_)epd
completion of C is its localization at all of its morphisms; this defines a left adjoint Cat., L) S
to the inclusion. More generally, we can identify the localization at (the morphisms in) a subcategory
W C C as the pushout

We———¢

i l

werd . C[W1]
A special case of localization is given by a reflective localization adjunction, i.e. an adjunction

L
(A1) C I D
R

in which the right adjoint is fully faithful. In this case, writing W C C for the subcategory of morphisms
in C that are carried to equivalences in D, the left adjoint witnesses D as the localization C[W~1]. In
this case, R can be characterized as the inclusion of the full subcategory of objects of C that are local
with respect to the morphisms in W, i.e. those ¢ € C such that for every d — e in W the morphism
Home(d, ¢) + Home(e, ¢) is an equivalence [Lur09, Prop. 5.5.4.2]."% Of course, dual remarks pertain
to coreflective localization adjunctions, i.e. adjunctions in which the left adjoint is fully faithful.

Note that we might obtain the same localization even if we change the collection W. For instance, it
is unnecessary to invert equivalences (since they are already invertible), and for any pair of composable
morphisms f and g inverting any two of f, g, and ¢gf automatically inverts the third (since equivalences
have the two-out-of-three property). This observation plays a key role in the theory of accessible
localizations of presentable co-categories (see Appendix A.7).

A.2.6. Connected categories versus weakly contractible co-categories. While certain results in ordinary
category theory refer to connected categories (i.e. those whose groupoid completions are connected),
their co-categorical analogs generally instead refer to weakly contractible co-categories (i.e. those whose
oo-groupoid completions are contractible). For instance, the forgetful functor C., — C commutes with
(and detects) weakly contractible colimits.!”

A.3. Higher coherence. Here we briefly illustrate the primary operational difference between working
in ordinary categories and working in co-categories, namely that in the latter case one must keep track
of higher coherence data.

Let M be a monoid (i.e. a set equipped with an associative and unital binary operation). Then, the
data of M is entirely recorded by its bar construction, a simplicial set Bar(M) with Bar(M),, == M*"
whose face and degeneracy maps respectively record the product and unit of M. Indeed, M is already

45The classical notion of geometric realization that carries a simplicial set to a topological space is a homotopy colimit
(of the corresponding levelwise discrete simplicial topological space), which provides a concrete model for the colimit in
S of the corresponding levelwise discrete simplicial space. So, these two uses of the term are spiritually compatible.
461f ¢ admits a terminal object pto € C, then this locality condition is equivalent to the orthogonality relation
(d — e)L(c — pte) (see Definition B.1.1).
As a non-example, binary coproducts in CC/ are computed by pushouts in C.
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. _ Bar(M . .
completely specified by the restriction A%, < A°P M Set; note that the associativity of its

multiplication is guaranteed by the commutativity of a certain square
(A.2) l i

of face maps in A°P (whose morphisms all correspond to endpoint-preserving injections in A). Alto-
gether, we can identify monoids as a full subcategory either of Fun(A°P, Set) or of Fun(A%}, Set).

By contrast, such a restriction — or more generally, the restriction to A, C A°P for any n — is
not possible in the context of co-category theory. As a fundamental example, an co-monoid M (i.e.

an oo-categorical monoid object in S) is completely specified by its bar construction A°P Bar—(M)> S
(whose face and degeneracy maps likewise record its product and unit). Heuristically, we may think
of relations among various morphisms and their composites in A°P as recording coherence data for the
muliplication of M, inasmuch as the functor Bar(M) carries these equalities in the hom-sets of A°P
only to “homotopy-coherent equalities” (i.e. higher equivalences) in S.*® Because S is an co-category
(and not an (n, 1)-category for any n < oo, i.e. its hom-spaces can have homotopy groups in arbitrarily
high dimensions), these coherence data never become unique or vacuous after some finite stage.

We note for future reference that oo-monoids can be identified (via their bar constructions) as the
full subcategory of Fun(A°P,S) on those simplicial spaces X satisfying a Segal condition, namely that
for every n > 0 a certain natural morphism X,, — (X7)*" is an equivalence.

We generally suppress the modifier “homotopy coherently” (e.g. of the adjectives “associative” and
“unital”), unless we specifically mean to draw attention to it.

A.4. Straightening and unstraightening. A fundamental tool in co-category theory is the straight-
ening and unstraightening equivalence, as we now briefly describe.

Fix an oo-category B and a functor B EiN Cats,. Then, the (coCartesian) unstraightening of F
(a.k.a. its (covariant) Grothendieck construction) is an object (£ % B) € (Catoo )/ that may be
described heuristically as follows:

e an object of £ is given by a pair of an object b € B and an object x € F(b);
e a morphism (b,2) — (¢,y) in £ is given by a morphism b Icin B along with a morphism
F(f)(z) % yin F(c).
(Of course, the images under p of these data are simply b and f, respectively.) Such a morphism
(f,a) in & is called (p-)coCartesian if « is an equivalence. Observe that these satisfy a universal
property: if e 2 f in & is p-coCartesian, then for any g € Ep(r) we have an equivalence Homg (f, g) ~
Homeg (€, 9) X Homs(p(e) n(e)) {P(P)}-

Conversely, a functor €& 2 B is called a coCartesian fibration if for every pair of an object e € &

and a morphism p(e) ENY B, the morphism f admits a coCartesian lift with source e. In this

case, p is the unstraightening of a functor B EiN Catoo, whose values are given by the fibers F(b) ~ &,
and whose functoriality is implicitly specified by the coCartesian morphisms (in essence because the
Yoneda embedding is fully faithful). We refer to F' as the straightening of p, and to its functoriality

48For instance, the commutative square (A.2) selects an associator for M (i.e. a path in Homg(M*3, M)), and there-
after we can locate the pentagon axiom as the image in Homg (M >4, M) of the (tautological and unique) nullhomotopy
of a certain pentagon in Homaop ([4],[1]) € Set C S.

49See [Maz19] for a more leisurely description.
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F(b) LEIN F(c) for a morphism b J5 ¢in B as the coCartesian monodromy functor of £ associated to
/-

The coCartesian fibrations over B define a (generally non-full) subcategory coCarts C (Catwo) s,
whose morphisms are those functors over B that preserve coCartesian morphisms. Altogether, by
[Lur09, Thm. 3.2.0.1], straightening and unstraightening define inverse equivalences

Fun(B, Caty,) ~ coCartg ,
under which precomposition with a functor B’ — B corresponds to pullback therealong.

A similar but dual story applies in the case of a functor B°P EiN Catyo: this now has a (Cartesian)
unstraightening (a.k.a. its (contravariant) Grothendieck construction), giving an object (£ — B) €
(Catoo )/ admitting a dual description. Altogether, we obtain an analogous equivalence

Fun(B°P, Cato,) ~ Cartp .

A.5. Adjunctions revisited. An adjunction of co-categories can be defined as a functor £ — [1] that
is both a coCartesian fibration and a Cartesian fibration. Its coCartesian unstraightening defines the

left adjoint & L, &1, while its Cartesian unstraightening defines the right adjoint & il &1, and the uni-
versal properties of coCartesian and Cartesian morphisms yield natural equivalences Homg, (e, R(f)) ~
Homg (e, f) ~ Homg, (L(e), f) for any e € & and f € &;.

We define a morphism of adjunctions to be a morphism in coCartpy) N Cart[ll.‘r’“ In particular, a
morphism of adjunctions determines a commutative square in Cat., after omitting either both left
adjoints or both right adjoints.

Given a commutative square in Caty, in which two parallel functors are both (say) left adjoints,
passing to their right adjoints we obtain a canonical laxly-commutative square (i.e. one that commutes
up to a specified natural transformation), and it is merely a condition for this to be invertible so
that the original square defines a morphism adjunctions [Hau+23].°" Of course, this is nothing but
the condition that the morphism in coCart(;; specified by the original square lies in the subcategory
coCarty) N Cart(yy. Dual remarks apply if the two parallel functors are instead both right adjoints.

A.6. Set-theoretic considerations. In order to deal with set-theoretic issues, we systematically use
the device of Grothendieck universes (see e.g. [Lur09, § 1.2.15]). Specifically, we fix a triple of strongly
inaccessible cardinals kg < k1 < ko. The sets of cardinality < k; for 0 < i < 2 will be called x;-small
and they form Grothendieck universes Uy € U; € U,. Likewise, a category is called k;-small if the
sets of isomorphism classes of objects and the homotopy groups of morphisms spaces are of cardinality
< Ki. We refer to kg-small objects as small, to k1-small objects as large, and to ko-small objects as
huge (and the latter play almost no role in in our work). So for instance, the co-category Cates, of
small co-categories is large, as is the co-category S of (small) spaces.

We occasionally write e.g. é\atoo to refer to the huge oo-category of large oo-categories. Its main
use is that it contains the co-category of presentable co-categories (see Appendix A.7). We often prove
results for Caty, and then apply them to 68?500 (which is easily justified by a change of Grothendieck
universe) in order to discuss specializations to presentable oo-categories.

We may sometimes emphasize smallness (e.g. of a set or of an co-category). On the other hand, we
may also omit the word “small” for brevity; for instance, when we say that an oco-category admits all
colimits we certainly mean that it admits all small colimits.

We generally refer to a large set as a “class” (and to a class that is not small as a “proper class”).
However, in related contexts we will have occasion to contemplate large spaces, and rather than belabor
the distinction we simply also refer to these as “classes”.

50These are also frequently referred to as “Beck—Chevalley squares”.
51This is frequently referred to as a “Beck—Chevalley condition” on the original commutative square.
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Relatedly, in the most invariant terms, given an oo-category C, “a set of objects of C” refers to a set

S equipped with a functor S oo we say that an object of C lies in the set if it is in the image of
F (up to equivalence). Said differently, when we refer to a set of objects of C, we generally intend to
implicitly refer to its image (a subgroupoid of C). Note that if S is small and C is locally small, then
the image of S in C is also small; hence, in such cases this implicit passage to images does not change
size.

A.7. Presentable co-categories. Many (co-)categories of lasting interest are not small, but are nev-
ertheless “controlled by small data” — namely, they are presentable. By definition, an oo-category C is
presentable if it admits all small colimits and moreover there exists some regular cardinal « such that C
is the completion of its full subcategory C* C C of k-compact objects under s-filtered colimits. For this
we recall that a k-filtered colimit means a colimit indexed by a x-filtered category, i.e. an oco-category,
in which every diagram of cardinality < x has a cocone, and an object is called k-compact if the
associated representable functor preserves k-filtered colimits. If we can take x to be the cardinality w
of the natural numbers, we say that C is compactly generated (as w-compact objects are generally just
called “compact objects”).

An extremely convenient feature of presentable oo-categories is their adjoint functor theorem [Lur09,
Cor. 5.5.2.9]: a functor between presentable co-categories is a left adjoint if and only if it preserves
small colimits, and it is a right adjoint if and only if it is accessible (i.e. preserves s-filtered colimits
for some k) and preserves small limits. Presentable co-categories naturally define two subcategories

prt ¢ (/3a\too o Prft

of the huge oco-category of large oo-categories, in which the morphisms are the left (resp. right) adjoint
functors. Evidently, passing to adjoints defines an equivalence Pr¥ ~ (PrR)Op. These actually define
(00, 2)-categories (by taking all natural transformations as 2-morphisms), and we write Fun®(—, —)
and Fun®(—, —) for their respective hom-(oo, 1)-categories.

An accessible localization is by definition a reflective localization among presentable co-categories.
The left adjoint of an accessible localization is a localization not just in @coo but also in Pr’ [Lur09,
Prop. 5.5.4.20]. Moreover, given any accessible localization

C T D

«—
R

the left adjoint L witnesses D as the localization C[S~!] for some small set S of morphisms in C, and
hence R is the fully faithful inclusion of the subcategory of S-local objects [Lur09, Prop. 5.5.4.1].

Presentable oo-categories admit presentations by generators and relations, in the following sense.
First of all, for any small co-category C € Cato, its oco-category P(C) of presheaves is presentable. This
is the free presentable co-category on C: for any D € Pr”, restriction along the Yoneda embedding
defines an equivalence Fun(C, D) <= Fun®(P(C), D) [Lur09, Thm. 5.1.5.6]. And then, any presentable
oo-category is an accessible localization of P(C) for some C € Caty, [Lur09, Thm. 5.5.1.1].

There exists a symmetric monoidal structure on Pr”, which is characterized by the fact that mor-
phisms C ® D — & in Pr¥ (i.e. left adjoint functors) are equivalent to functors C x D — £ that are
bicocontinuous (i.e. cocontinuous (or equivalently, left adjoints) separately in each variable), whose unit
object is S ~ P(pt) € Pr. A presentably (symmetric) monoidal co-category is a (resp. commutative)
algebra object in (Pr’, ®), i.e. a presentable co-category equipped with a (resp. symmetric) monoidal
structure that is cocontinuous separately in each variable.”” Most (symmetric) monoidal presentable

521 any symmetric monoidal oco-category the unit object is canonically a commutative algebra object, and here this
recovers the Cartesian symmetric monoidal structure on S (which is a presentably symmetric monoidal structure).
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oo-categories of lasting interest (e.g. Cat(,,) (and in particular S and Cat.,) and Sp) are presentably
(resp. symmetric) monoidal.

A.8. Some basics of co-operads. Here we briefly discuss some relevant features of the theory of
oo-operads introduced in [Lurl?7, § 2].

A.8.1. Basic notions. The notion of an oo-operad is an oco-categorical version of the theory of colored
operads. A colored operad consists of a set 1gO of colors along with for every finite set {X; € 10O}ier
of colors and every color Y € o0 a set Mulp ({X; }icr, Y) of multimorphisms from {X;};cr to Y, which
altogether must be equipped with a associative and unital composition law.”® In particular, the unary
multimorphisms (i.e. those with |I| = 1) define a category O of colors (whose set of objects is 1pQ).
We now give a hint of the main definition. An oo-operad O is an oo-category O% (called the oco-
category of operators of O) equipped with a functor O® — Fin, to the category of finite pointed sets
satisfying certain conditions. We immediately introduce the notation n, = {1,2,...,n}, € Fin, for
the indicated standard object, as well as the notation O := Oﬁ for the indicated fiber. We refer
to O as the oco-category of colors of O (or sometimes as its underlying oco-category, for reasons that
will be explained shortly). We will sometimes abuse notation and denote the underlying co-category
O of an oc-operad O simply also by ©. The crux of the definition of an oc-operad is that O%
satisfies a sort of “fiberwise” Segal condition which implies that for every n > 0 there is a natural
equivalence (’)S?Jr ~ O*", as well as an “internal” Segal condition which implies that for every pair of

objects X = (X1,...,X,,) € 0" ~ (’)g+ and Y = (Y7,...,Y,) € O*" ~ (’)® , we have a natural
equivalence

n
HOHlo@(X, Y) ~ |_| HHOIH@@ ({Xj}jeffl(i)vyi) .
f€Hompin, (m+ ;E+) 1=1
An ordinary colored operad O’ defines an co-operad O with Hompe ({X; }icr, Y) == Muler ({X; }ier, V).
As a result, we also write Mulp ({X; }ier,Y) = Hompe ({X; }icr, Y) for the hom-spaces in an co-operad
O whose targets lies in O, and refer to their points as multimorphisms. Altogether, co-operads assemble
into a (non-full) subcategory Op C (Catoo)/Fin,: in essence, morphisms of co-operads are required to
respect the Segal condition equivalences. In fact, allowing all 2-morphisms in (Catso)/pin, endows Op
with the structure of an (oo, 2)-category, whose hom—(oo 1)-categories we denote by Homq,(—, —).
We say that an oo-operad O is single-colored if its oco-category of colors O is contractible. In this
case, we may write * € O for the unique point, and we write O(n) = Mulo({*}ic{1,...,n}, *) for the
unique space of n-ary multimorphisms in O.

A.8.2. Key examples. Perhaps the most important family of examples of co-operads is the sequence
Ey - Eq1 — -+ = E. These are single-colored, with the space Ex(n) of n-ary operations given by
(the underlying space of) the topological space of configurations of n disjoint points in R*.°* The
above maps are induced by the standard embeddings R® <+ R! < ... < R*. We note that E; and
E., are respectively the oo-operads underlying the colored operads that parametrize associative and
commutative algebras (and in particular, their spaces of multimorphisms are discrete). Hence, we also
write Assoc := [E; and Comm := [E, and respectively refer to these as the associative and commutative

oo-operads. In fact, Comm is simply the identity functor Comm = E., ~ Fin, i, Fin,, and defines a
terminal object of Op.

53The usage of an abstract finite set I here (as opposed to {1,...,n}) is convenient since it naturally builds in the
relevant symmetric group actions.

54 hig topological space is homotopy equivalent to that of framed embeddings (R¥)"" < RF under which composition
of multimorphisms in E; corresponds to composition of framed embeddings.
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Another illustrative example is the co-operad LM associated to the two-colored operad parametrizing
pairs of an associative algebra object along with a left module over it. We will return to LM in
Appendix A.9.

It will occasionally be useful for us to refer to the single-colored oo-operad Triv, which has no n-ary
multimorphisms for n # 1 and the only 1-ary morphism is the identity morphism. Given an co-operad
0, we write Oryiy = O Xcomm Triv.

A.8.3. O-monoidal co-categories. Given an co-operad O, an O-monoidal co-category C is a coCartesian
fibration C® — O% satisfying analogous Segal conditions, which are equivalent to the condition that
the composite C® — O® — Fin, is also an oc-operad. In particular, an (O-monoidal oco-category
can be equivalently specified by the straightening O® — Cat., of this coCartesian fibration. °° We
often abuse the notation by denoting an O-monoidal co-category by its source operad C. Altogether,
O-monoidal oo-categories define a full subcategory Alg,(Catys,) C coCartpe ~ Fun(O®, Caty,). As
special cases, we write Alg(Catoo) = Algpsoc(Cato) for the oco-category of monoidal oo-categories
and CAlg(Cate) = Algromm(Cato) for the oo-category of symmetric monoidal co-categories. The
restricted coCartesian fibration C — O (or simply its source) may be thought of as the “underlying
oo-category” of C, although this is most immediately meaningful when O is single-colored.

An oco-category that admits finite products canonically upgrades to a Cartesian symmetric monoidal
oo-category. We note that it is merely a condition for a symmetric monoidal co-category to be Cartesian
symmetric monoidal. Dual remarks apply in the case of finite coproducts.

A.8.4. O-algebra objects. Given an O-monoidal co-category C, an O-algebra object in C is a section of
the structure map C — O in Op. These assemble into an co-category Algy,(C) = Hoimop/o (0,0). As
special cases, we write Alg(C) = Algaoc(C) for the co-category of (associative) algebra objects in C
and CAlg(C) = Algcomm(C) for the oo-category of commutative algebra objects in C.

More generally, given a morphism P 2> @ in Op, we analogously define the co-category Algp 0 €)=
@Op/o (P,C) of P-algebras in C (relative to p). Equivalently, the base change p*C — P defines the
underlying P-monoidal co-category of C € Algy(Cato), and we have Algp o (C) ~ Algp(p*C). For
example, there is a natural morphism LM — Assoc, and so we can contemplate LM-algebras in any
monoidal co-category C € Alg(Cats,). Note that when O = Fin, we also write this as Algp(C). °°
Altogether, for an O-monoidal co-category C we obtain a functor

(Op,)? 2222,
whose functoriality is given by precomposition.

As a matter of terminology, it is common to refer to O-algebra objects in a Cartesian symmetric
monoidal co-category as O-monoids (e.g. in S or Caty). In particular, O-monoidal co-categories are
indeed O-monoids in Cats,. When referring to notions in spaces, one generally simply prepends “co-”
to the classical terms, so e.g. the objects of Alg(S) may be referred to as “oco-monoids”.

Of particular relevance to this paper is the case O = Es, and we generally use the term braided
in place of the prefix “Es-": in particular, a braided monoidal (co,2)-category is an Es-algebra in
Cat(s,2)- Indeed, a braided monoidal co-category in the classical sense defines an Ez-monoid in Cate.

Cato

55This latter perspective is effectively a generalization of the bar construction indicated in Appendix A.3, and it
further generalizes to O-algebra objects in any Cartesian symmetric monoidal co-category [Lurl7, § 2.4.2] (which notion
is defined shortly).

56Hence, this framework adheres closely to the “microcosm/macrocosm principle”: it is precisely an O-monoidal
structure on an co-category that allows us to contemplate O-algebra objects therein. In particular, one can make sense
of O-algebra objects for any oo-operad O inside of a symmetric monoidal co-category (since Comm € Op is terminal).
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A.8.5. O-algebras of symmetric monoidal co-categories. Let O,C be oo-operads, then the co-category
Alg»(C) has the structure of an oc-operad [Lurl7, Ex. 3.2.4.4]. From now on, we will denote the
oo-operad of O-algebras in C by Alg,(C), and the underlying oo-category of O-algebra by Alg o (C), or
just Alg,(C) if clear from context. When the oco-operad C is in fact a symmetric monoidal co-category,
i.e. C® — Fin, is a coCartesian fibration, then so is the co-operad Algy(C). Furthermore, let X € O be
a color, the evaluation functor ex : Alg o (C) — C, which takes an O-algebra to its underlying X-object,
is symmeric monoidal [Lurl7, Prop. 3.2.4.3]. More generally, for any map of co-operads O' — O, the
pullback functor on algebras Alge(C) — Algy,(C) is a symmetric monoidal functor.

A.8.6. Symmetric monoidal structure on overcategories. Let C be a symmetric monoidal co-category
and A € CAlg(C) be a commutative algebra object therein. Then, there exists a symmetric monoidal
structure on the overcategory C,4 ([Lurl7, Thm. 2.2.2.4]), universally characterized (cf. [Lurl7, Def.
2.2.2.1]) by the following equivalence of co-categories for any oo-operad O

%O(C/A) = %O(C)/Aa

where on the right hand side we A is equipped with the O-algebra structure induced by the terminal
map of operads O® — Comm.

A.8.7. Boardman-Vogt tensor product and Dunn additivity. The oo-category Op of oo-operads itself
carries a symmetric monoidal structure, called the Boardman-Vogt tensor product uniquely character-
ized®” by giving rise to an equivalence of co-operads for all co-operads @, 0’ and P:

(A.3) Algo(Algo (P)) =~ Algog o (P).

Equivalently, the Boardman-Vogt tensor product has Alg_(—) as its internal hom.

A fundamental theorem in the theory of ococ-operad is Dunn’s additivity theorem [Lurl7, Thm.
5.1.2.2]: for n,m > 0, there is an equivalence of co-operads E,, ® E,,, ~ E,,;,,. In particular, using A.3,
an E, 4 ,-algebra in an co-operad O is equivalent to an E,-algebra in the co-operad of E,,-algebras in

0.

A.8.8. Lazly O-monoidal functors. If C and D are O-monoidal co-categories, then a morphism C — D
in Op, o is called a lazly O-monoidal functor.”® Let us denote the coCartesian fibrations C® — O%,
D® — O% by p and ¢, then an O-monoidal functor is a laxly O-monoidal functor that takes p-
coCartesian morphisms in C® to g-coCartesian morphisms in D®.

Whereas an O-monoidal functor respects the O-monoidal structure up to coherent natural equiv-
alence, a laxly O-monoidal functor C — D respects it only up to certain (generally noninvertible)
coherent natural transformations, which nevertheless suffices to obtain an induced functor Alg,(C) —
Algo (D) on oo-categories of O-algebra objects (simply by composition in Op,¢). For instance, given

a laxly monoidal functor C £ D and an algebra object A € Algg (C), we obtain structure maps

F(A) @P F(A) = F(A&C 4) 2 p(A) and 1p — F(Le) 2% F(A) giving the multiplication

and unit of F(A) € Alg(D).
Furthermore, Alg,(—) takes (laxly) symmetric monoidal functors between symmetric monoidal oco-
categories to (laxly) symmetric monoidal functors.

57This follows from the explicit construction of the co-operad Algo(P) in [Lurl7, Const. 3.2.4.1]
58This is also technically a C-algebra object in D (relative to O), although we find the present terminology to be more
illuminating.
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A.8.9. Localizations of O-monoidal co-categories. Given an O-monoidal oo-category C € Algy(Catoo)
and a collection W of morphisms in C, the O-monoidal localization of C at W is (the target of) the
initial object of Algy(Cats)c/ in which the morphisms in W' are sent to equivalences. Of course, this
generalizes the notion of localization of oco-categories discussed in Appendix A.2.5.

As an important special case, we say that a reflective localization (A.1) is compatible with a (sym-

metric) monoidal structure ® := ®¢ on C if for all objects ¢, ¢’ € C the morphism L(c ® ¢’) Le®ner),

L(RL(c) ® RL(c')) in D is an equivalence.” In this case, D inherits a (resp. symmetric) monoidal
structure ®P, defined by the formula d ®P d’' := L(R(d) ®° R(d")) for any d,d’ € D and with unit ob-
ject 1p = L(1¢),°Y and the left adjoint L is canonically (resp. symmetric) monoidal (so that the right
adjoint R is canonically laxly (resp. symmetric) monoidal). In this case, the left adjoint L witnesses D
as not just a localization but also a (resp. symmetric) monoidal localization of C.

A.8.10. Presentably O-monoidal co-categories. Given an oo-operad O, a presentably O-monoidal oco-
category is an O-monoidal co-category C® — O® such that for every color X € O the oo-category Cx is
presentable and moreover for every multimorphism {X;}ie; — Y in O the corresponding multifunctor
[I;c; Cx; — Cy is multi-cocontinuous (i.e. cocontinuous separately in each variable). This is equivalent

to the condition that C defines an O-algebra (Pr’,®), and we write Algy(Pr”) C Alg@(é—a\too) for
the subcategory whose objects are the presentably O-monoidal co-categories whose morphisms are the
O-monoidal left adjoints among them.

Given a presentably O-monoidal oo-category C € AlgO(PrL ), the oo-category Alg,(C) is also pre-

Alg(_y,0(C)
e

sentable. Moreover, the functor (Op,,)°? Catoo factors through Pr¥, i.e. for every mor-

phism A — B in Op,, there exists a left adjoint

the “free B-algebra on an A-algebra” functor [Lurl7, Cor. 3.1.3.5]. Of course, these left adjoints then

. Alg—)jo0 o L
assemble into a functor Op,p ——— Pr™.

Warning A.8.1. Given a presentably symmetric monoidal co-category C and a small co-operad O,
the oo-category Alg,(C) is presentable and carries a symmetric monoidal structure. However, it is
not necessarily presentably symmetric monoidal: The symmetric monoidal structure on Alg,(C) is not
necessarily compatible with finite coproducts (though it is always compatible with sifted colimits). An
easy counterexample is C = Set and O = E;.

A.8.11. Adjunctions of O-algebras. For an oo-operad O, an O-monoidal left adjoint is an O-monoidal
functor F': C — D between O-monoidal co-categories such that for each color X € O, the underlying
functor Fx: C — D is a left adjoint.

An important fact which we use repeatedly is that given an O-monoidal left adjoint F', its right
adjoint G is canonically laxly @-monoidal [Lurl7, Cor. 7.3.2.7]. Conversely, given a laxly O-monoidal
right adjoint, it is merely a condition for its left adjoint to be O-monoidal [Lurl7, Cor. 7.3.2.12].
Moreover, such an adjunction determines an adjunction on O-algebra objects [Lurl7, Rem 7.3.2.13],

59 ven if ®C is a symmetric monoidal structure, this compatibility only depends on its underlying monoidal structure.
60An illustrative example is the completed tensor product of modules over a topological commutative ring (e.g. a
local commutative ring (R, m) equipped with the m-adic topology).
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whose adjoints both commute with the forgetful functors®, i.e., defines a morphism of adjunction:

Algo(C) == Algo(D)
(A.4) | l
4 D.

I

G

If C, D are symmetric monoidal co-categories, and F': C — D is a symmetric monoidal left adjoint, then
the symmetric monoidal functor Alg, (F'): Alg,(C) — Algy(D) is a symmetric monoidal left adjoint.

A.9. Module co-categories.

A.9.1. Left, right, and bimodules for associative algebras. We briefly review the theory of module oo-
categories from [Lurl?7, § 4]. There are oo-operads LM, RM and BM parametrizing pairs (a, ,m) of an
associative algebra object a along with a left module m over it, pairs (a,m,) of an associative algebra
with a right module, and triples (a,b,,m;) of associative algebras a,b and a bimodule m between
them, respectively. Forgetting the module m gives rise to operad maps E; — LM, E; — RM and
E;UE; — BM.

An LM-monoidal co-category M amounts to a monoidal co-category M, together with a left module
oo-category M., over it. An LM-algebra in such an LM-monoidal oco-category therefore consists of an
E;-algebra in M, together with a left module in M,,,. We denote the co-category of LM-algebras in M
by LMod(M). Furthermore, pre-composing with the map E; — LM induces a functor LMod(M) —
Alg(M,). For an algebra A € Alg(M,), we denote the fiber of this functor at A by LModa(M,,),
and call it the oco-category of A-modules in M,,. If M is a presentably LM-monoidal co-category, then
LMod 4 (M,,) is also presentable [Lurl7, Cor. 4.2.3.7].

Any monoidal co-category C can be considered a LM-monoidal co-category by setting M,, = M,
with its canonical left module action. In this case, LMod 4(C) carries a canonical right action by C[Lurl7,
§ 4.3.2], if C is further presentably monoidal this exhibits LMod(C) as an object in RModc (Pr").

We use analogous notation for RM and BM-monoidal oco-categories and algebras; for example, in
a BM-monoidal oco-category consisting of two monoidal oo-categories M, and M, and an M,~M,
bimodule co-category M,,, the fiber of BMod(M) — Algg (M,) x Algg, (M}) at an algebra A and B
is denoted 4BModp (M) and is presentable if M is a presentably BM-monoidal co-category.

A.9.2. The bar construction and relative tensor product of bimodules. We describe the relative tensor
product of bimodules in the presentably monoidal case, though the theory works much more generally.

Given bimodules 4 Mp and gN¢c between algebras A, B,C in a monoidal oco-category M the bar
construction defines a simplicial object Bar(M, B, N) € 4BMod¢(C) with Bar(M,B,N),, = M ®
B®" N with face and degeneracy maps given by multiplication, actions and the unit. The relative tensor
product ([Lurl7, Prop. 4.4.2.14]) M ®p N is defined as the geometric realization of Bar(M, B, N) in

ABModg(C). If M is a presentably monoidal oo-category, this defines a functor in Prl:
—Q®B —: ABMOdB(C) ® BMOdc(C) — ABMOdc(C).
For A = B = C, this induces a presentably monoidal structure on 4BMod 4(C).

6llndeed, such data define an adjunction in the (co,2)-category Alg,(Catoo)'®, to which we may apply
Hom p 1, (Catoo) (O 4 Omuiv, —).
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A.9.3. Module categories of commutative algebras. If C is a symmetric monoidal oo-category and A
a commutative algebra in C, there is an equivalence LMod4(C) ~ RMod4(C) treating the given left
action as a right action and vice versa. For this reason, we denote the oco-category of modules of a
commutative algebra simply by Mod 4(C) and refer to it as the co-category of A-modules. Moreover,
treating an A-module as a bimodule induces a functor Mod 4(C) — 4BMod4(C). If C is presentably
symmetric monoidal, the relativ tensor product — ® 4 — defines a presentably monoidal structure on
4BMod 4 (C). This lifts to a presentably symmetric monoidal structure on Mod4 [Lurl7, Thm. 4.5.2.1].

A.10. Enriched oco-categories. Our work makes crucial use of the theory of enriched oco-categories
of [GH15], which we briefly review here. Given a monoidal co-category V, we write Cat[V] for the
(large) oo-category of (small) V-enriched oo-categories. Similarly, let (/]a\t[V] be the (huge) co-category
of V-enriched oco-categories with large spaces of objects.

We note from the outset that this formalism enjoys a convenient univalence property: the equiv-
alences in Cat[V] are precisely the (enrichedly) fully faithful and surjective functors. This may be
contrasted with the classical notion of an “equivalence of categories”, which is not generally an iso-
morphism in the ordinary category of ordinary categories since it is not generally an isomorphism on
objects. Of course, achieving this univalence requires an additional step, which is itself the imposition
of a univalence condition."

Given a monoidal co-category V, a categorical V-algebra C with space of objects X € S heuristically
H - cr . .. .
consists of a functor X *2 M) V specifying hom-objects as well as an associative and unital

composition operation. These assemble into an co-category Alge,.[V]. Given a categorical V-algebra

C € Alge,,[V] we generally write 1oC € S for its space of objects, and the functor Alge,,[V] <> S is a
Cartesian fibration (with Cartesian monodromy functors given by pulling back the hom-objects along
a map of spaces). If V is in fact symmetric monoidal, then Alg.,,[V] admits a symmetric monoidal
structure as well [GH15, Cor. 5.7.12], with ¢o(C ® D) ~ (10C) X (t0D) and Hom;gp((c,d), (¢',d")) ~
Hom(c, ') ® Homp(d, d').

Now, given a categorical V-algebra C € Algc,[V] we can extract a space C= € S of equivalences
(with respect to its internal category theory), and this comes equipped with a morphism ((C — C=
from its space of objects (which heuristically sends each object to its identity morphism). A morphism
C — D in Algc,,[V] is surjective on objects if the induced map C~ — D~ is surjective (i.e. surjective
on mp). A morphism F': C — D in Algq,,[V] is fully faithful if for any two objects ¢,d € C, the induced
map Hom(c,d) — Homp(Fe, Fd) in V is an isomorphism in D.

We say that C is univalent if the morphism (¢C — C~ is an equivalence; in essence, this is the
condition that its internally- and externally-defined spaces of objects coincide. Finally, a V-enriched
oo-category is a univalent categorical V-algebra. These define a full subcategory Cat[V] C Algq,,[V].
Furthermore, the inclusion has a left adjoint (i.e. a reflective localization), which we may refer to
as univalent completion, which exhibits Cat[V] as the localization of Algc,.[V] with respect to fully
faithful and essentially surjective functors [GH15, Thm. 2.4.11].

If we assume that V is symmetric monoidal, then the reflective localization is compatible with the
symmetric monoidal structure on Algq,[V] in the sense of Appendix A.8.9. It follows that Cat[V]

62This theory is effectively a generalization of the theory of complete Segal spaces [Rez01], with the univalence being
obtained by restricting to those from all Segal spaces. In particular, using the terminology introduced just below, an
ordinary category in the classical sense (defined in terms of a set of objects) is equivalently a categorical Set-algebra
whose space of objects is discrete (or equivalently a Segal set). By contrast, an object of Cat[Set] C Cat[S] ~ Catoo
— equivalently, an oco-category whose hom-spaces are all discrete — merely has a 1-truncated oco-groupoid of objects, a
surjection to which from a set determines a presentation thereof as an ordinary category in the classical sense.
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also inherits a symmetric monoidal structure, given by taking the tensor proiigct in categorical V-
algebras and then univalently completing the result.%® By the same argument, Cato,[V] also inherits a
symmetric monoidal structure.

If V is presentably monoidal, then both co-categories Cat[V] and Alg,,[V] are presentable [GH15,
Prop. 5.7.8]. If V is furthermore presentably symmetric monoidal, then so is Cat[V] [GH15, Prop.
5.7.16]. This assembles into a functor Cat[—]: CAlg(Pr") — CAlg(Pr").

x[-]

If V is presentably monoidal, there also exists a categorical suspension functor V.—— Algc,.[V]
[GH15, Def. 4.3.21], which is characterized by the universal property that morphisms X[V] — C are
equivalent to a pair of objects ¢,d € C and a morphism V — Hom,(c,d) in V.°* We also simply write
¥[—] for the composite V — Algc,.[V] — Cat[V], which has the same universal property in Cat[V].

63Beware that the functor Cat[V] L0, S is not generally symmetric monoidal: for C,D € Cat[V], the morphism
10(C @MECat VI DY 5 1o (L(C @A18cat VI DY) = 19(C @C2tY] D) is generally not an equivalence. A simple example is given
by taking V = Ab to be the category of abelian groups, and taking C = BR and D = BS to be the one-object categorical
Ab-algebras associated to associative rings R and S. We have 1o(L(BR)) ~ B(R*), and BR®A!8catlAbl BS .= B(R® S),
but the canonical map R* x S* — (R®S)* is generally not an isomorphism of sets. (For instance, if R and S are fields
of different characteristic, then R® S = 0.)

641 general, a categorical V-algebra with space of objects X € S has an underlying V-graph, i.e. a functor X X2 — V
(which encodes the hom-objects but not composition), and this forgetful functor has a left adjoint free functor (using
e.g. that V is presentably monoidal). Then, given an object V' € V, the categorical algebra X[V] € Algq,,[V] is free on
the V-graph with space of objects {0,1} € Set C S given by

. vV, (7)) =(0,1)
(,5) — { Oy , otherwise
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APPENDIX B. FACTORIZATION SYSTEMS FOR ENRICHED 00-CATEGORIES

As the terminology suggests, a factorization system on an oo-category gives a functorial way of

factoring its morphisms. As a basic example, every morphism X Ly ¥ in the oo-category of spaces
(and in particular in the category of sets) admits a factorization

Fact(f)

as a surjection followed by a monomorphism. In fact, every morphism of spaces admits a unique such
factorization. This uniqueness persists in the case of a general factorization system, arising from a
certain orthogonality relation that is required of the two factors.®®

In this appendix, given a presentably monoidal co-category V, we prove as Theorem B.4.1 that a
factorization system on V that is compatible with its monoidal structure determines a factorization
system on the co-categories Cat[V] of V-enriched co-categories. In fact, we prove a more general result
as Theorem B.3.1: if V is presentably O-monoidal, under mild hypotheses we obtain a factorization
system on the oco-category of algebras over any oo-operad A equipped with a morphism A — O. We
use Theorem B.4.1 to obtain factorization systems on (oo, k)-categories (Theorem 5.3.7), on enriched
(00, 2)-categories (Corollary 6.2.4), and on co-operads (Proposition 7.5.3). Along the way, we establish
a number of useful results concerning factorization systems, some of which are also used in the main
body of the paper.

We begin in Appendix B.1 by recalling some basic definitions and properties of factorization systems,
including some convenient features that result from specializing to presentable co-categories. We then
proceed in Appendix B.2 to establish a number of ways of obtaining new factorization sytems from
old ones. We then prove our two main results Theorem B.3.1 (concerning algebras over oo-operads) in
Appendix B.3 and Theorem B.4.1 (concerning enriched oo-categories) in Appendix B.4.

B.1. Recollections on factorization systems.

B.1.1. Basics of factorization systems.

Definition B.1.1 ([Lur09, Def. 5.2.8.1]). Given morphisms a L band ¢ 5 din an oo-category, we
say that [ is left orthogonal to r or that r is right orthogonal to [ if for any solid commutative square

a —> C

(B.1) ll lr

b d

the space of dashed lifts b — ¢ is contractible. In this situation, we may write [_Lr. More broadly, given
classes £ and R of morphisms in an co-category, we write LLR to indicate that [Lr for every [ € L
and every r € R.

Example B.1.2. A morphism f in an oco-category satisfies the relation fLf if and only if it is an
equivalence.

Observation B.1.3. Given an adjunction

C D

Q=

655 illustrated in Example B.1.8, this orthogonality relation may be seen as a sort of generalized coprimality re-
quirement on the factors.
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and morphisms f and g in C and D respectively, the orthogonality relations f1G(g) and F(f)Lg are
equivalent. We use this fact without further comment.

Notation B.1.4. Given a class S of morphisms in an oo-category, we write S+ (resp. +.5) for the
class of morphisms that are right (resp. left) orthogonal to those in S.

Definition B.1.5 ([Lur09, Def. 5.2.8.8]). A factorization system on an oo-category C is a pair (£, R)
of classes of morphisms in C satisfying the following conditions.

(1) The classes £ and R are stable under the formation of retracts (in Fun([1],C)).
(2) We have the orthogonality relation £ 1 R.

(3) Every morphism ¢ I, din € admits a factorization

withl € Land r € R.

We respectively write Cati‘j"c, Cautgj"R7 and Catgj"L’R for the co-categories of co-categories equipped
with factorization systems, in which a morphism is a functor that respectively preserves the left class,
the right class, or both classes.

Notation B.1.6. To simplify our notation, we take the following conventions when studying a class
S of morphisms in an oo-category C.

(1) Assuming that S consists of precisely the morphisms in a subcategory of C (e.g. both classes
in a factorization system on C), we simply write S to denote this subcategory.

(2) Assuming that S is stable under homotopy (e.g. both classes in a factorization system on C),
we also simply write S to denote the full subcategory of Fun([1],C) on the morphisms in S.

(3) We simply write C= for the class of equivalences in C, and we simply write C for the class of
all morphisms in C.

(4) For any object ¢ € C, we write C/s. C C/, for the full subcategory on those objects (d — ¢) € C.
that lie in S’ (when considered as morphisms in C). In the special case that ¢ ~ pt; is terminal,

we simply write ¥ := Crspt,-

Example B.1.7. For any oo-category C, the pairs (C=,C) and (C,C=) define factorization systems on
C.

Example B.1.8. Let N* :={1,2,3,...}* denote the (commutative) monoid of natural numbers under
multiplication. Given two elements s,t¢ € N*, their corresponding morphisms in BN* satisfy s_L¢ (and
thereafter tLs) if and only if s and ¢ are coprime. From here, it is easy to check that e.g. the pairs
(powers of 2, odds) and (odds, powers of 2) define factorization systems on BN*. More generally, if
{2,3,5,...} = P; U P, denotes a two-element partition of the set of prime numbers, then

(powers of elements of P;, powers of elements of P5)

determines a factorization system on BN*  and moreover every factorization system on BN* arises in
this way.

Observation B.1.9. A factorization system (£,R) on an oo-category is completely determined by
either £ or R (since R = £+ and £ = *R). We use this fact without further comment.

Observation B.1.10. By [Lur09, Prop. 5.2.8.17], the factorization in part (3) of Definition B.1.5 is
unique. We often use this fact without further comment.



A BRAIDED MONOIDAL (o0,2)-CATEGORY OF SOERGEL BIMODULES 129

Notation B.1.11. Justified by Observation B.1.10, given a morphism c J din an oo-category C
equipped with a factorization system (£,R), we write Fact(f) := Factz z)(f) € C for the unique
object through which f factors via the factorization system.

We introduce the following notion for future use.

Definition B.1.12. Let O be an occ-operad and let C be an O-monoidal co-category. Suppose that
for every color X € O, the oo-category Cx of X-colored objects in C is equipped with a factorization
system (Lx,Rx). We say that the O-monoidal structure of C is compatible with these factorization
systems if for every n > 0 and every n-ary operation (Xi,...,X,) — X in O, the corresponding
functor Cx, x - -+ x Cx, — Cx carries morphisms in Lx, x -+ x Lx, to morphisms in £x.%

B.1.2. Factorization systems on presentable co-categories. We now discuss factorization systems of
small generation on presentable oco-categories. We then proceed to make some further observations
about factorization systems that admit specializations when applied to those of small generation.

For motivation, observe that both classes of a factorization system necessarily contain all equiv-
alences. As a result, both classes of a factorization system on a large oo-category must be large.
However, on a presentable oo-category one can define a factorization system in terms of a small set of
morphisms (which then generate the left class), as we now recall.

Definition B.1.13 ([Lur09, Def. 5.5.5.1]). We say that a class of morphisms S in an co-category C is

saturated if it satisfies the following conditions.

(1) The class S contains all equivalences and is closed under composition.®”

(2) The full subcategory S C Fun([1],C) is closed under (small) colimits.
(3) The class S is stable under cobase change.

Proposition B.1.14 ([Lur09, Prop. 5.5.5.7]). Fiz a presentable co-category C and a small set of
morphisms S in C. Then, there exists a factorization system (L,R) on C with R = S+. Moreover, L
is the smallest saturated class of morphisms in C that contains S. O

Definition B.1.15. In the context of Proposition B.1.14, we say that the factorization system (£, R)
(or simply the left class £) is of small generation, or more specifically that it is generated by S.
Moreover, we may write S for £. We define the subcategories
——fs.,L ——fs.,R
pritsL Cat; and pritts R Catoz

to be those on the presentable co-categories whose factorization systems are of small generation, whose
morphisms are respectively required to be left or right adjoints (in addition to preserving the indicated
class of the factorization system).

Example B.1.16. Fix any integer n > —2. By [Lur(09, Ex. 5.2.8.16], the co-category S of spaces ad-
mits a factorization system (n-connected, n-truncated),’® which is generated by the singleton {S"*! —

pt}.%
Observation B.1.17. Given an adjunction between co-categories equipped with factorization systems,

the left adjoint preserves the left class if and only if the right adjoint preserves the right class. It follows
that passing to adjoints determines an equivalence Pri-ts+£ ~ (PrfEs:R)op  We use these facts without

further comment.

66The data of an O-monoidal oo-category equipped with compatible factorization systems is equivalent to that of
a functor O — Catgos"ﬁ satisfying certain Segal conditions (as in Appendix A.8.3). (Observe that Catgos"ﬁ admits
products, which are defined in the evident way.)

673aid differently, the morphisms in S are precisely those that lie in a wide subcategory of C.

68These notions are recalled in Section 5.2.

6910 the case that n = —2 this recovers (8,8%), and in the case that m = —1 this recovers (surjections,
monomorphisms).
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Lemma B.1.18. IfC is a presentably O-monoidal category for a small operad O and suppose that for
every color X € O, the presentable co-category Cx is equipped with a factorization system (Lx, Rx)
generated by a set Sx. Then, the factorization systems are compatible with the O-monoidal structure if
and only if for every operation (X1,...,X,) = X in O, the corresponding functor Cx, x ---Cx, — Cx
carries morphisms in Sx, --- X --- Sx, to morphisms in Lx.

Proof. Assume that Cx, x ---Cx, — Cx carries morphisms in Sx, --- X --- Sx, to morphisms in Lx.
By assumption, the functor Cx, X --- x Cx, — Cx preserves small colimits separately in all variables.
Since for every Y € O, the class of morphisms Ly is by Proposition B.1.14 the smallest saturated
class of morphisms in Cy that contains Sy, the functor Cx, x --- x Cx, — Cx therefore also carries
morphisms in Lx, X --- X Lx, to morphisms in Lx. O

Observation B.1.19. Fix an co-category C with a factorization system (L, R).

(1) For any object ¢ € C, we obtain factorization systems on both C,; and C,. in which both classes
are pulled back from C via the respective forgetful functors.

(2) Suppose that C is presentable and that (£, R) is of small generation. Then, the factorization
systems of part (1) are both of small generation as well. Specifically, if S denotes a set of
morphisms in C that generates (£,R), then they are respectively generated by the evident
(small) spaces of morphisms indexed by

|_| Home (¢, a) and |_| Home (b, ¢) .
(a—b)eS (a—b)eS

Observation B.1.20. Fix an oco-category C with a factorization system (£, R).

(1) Assume that C contains a terminal object. Then, there exists a left adjoint

(B.2) C i CR

to the fully faithful inclusion, which is given by the formula ¢ — Fact(c — pt.). Moreover, the
right adjoint is the inclusion of the L-local objects, and hence the left adjoint exhibits C™ as
the localization C[£1].7

(2) Assume that C is presentable and that (£, R) is generated by a set S of morphisms in C. Then,
the reflective localization (B.2) also identifies C* with the (accessible) localization C[S™1].

(3) Furthermore, if C has a symmetric monoidal structure compatible with the factorization system
and which has the terminal object as monoidal unit, then it induces a symmetric monoidal
structure on C®, for which the left adjoint C — C* is symmetric monoidal.

(4) Given a morphism (Cy, (Lo, Ro)) LN (C1,(£L1,R1)) in Catgj"L’R in which both Cy and C; admit
terminal objects and F(ptc, ) =~ ptc,, the reflective localizations of part (1) assemble into a
morphism

Co 1T C

| Jz

Cl(—)

of adjunctions.

7OHovvever7 beware that a morphism in C may be sent to an equivalence in C® even if it is not in L.
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B.2. Induced factorization systems. In this subsection, we record an assortment of useful results
that allow us to obtain new factorization systems from old ones, in roughly increasing order of com-
plexity. Specifically, we give sufficient conditions for inducing factorization systems on subcategories
(Observation B.2.1), on oco-categories of functors (Lemma B.2.3), on the total co-categories of Carte-
sian fibrations (Lemma B.2.4), through reflective localizations (Lemma B.2.5), and through monadic
adjunctions (Lemma B.2.7).

We begin by recording necessary and sufficient conditions for a factorization system to restrict to a
subcategory.

Observation B.2.1. Let C be an co-category equipped with a factorization system (£, R), let Co C C
be a subcategory, and let us write Lo := LN Cy and Ry := R N Cy. Then, the pair (L, Ro) forms a
factorization system on Cp if and only if the following conditions are satisfied.

(1) For any solid commutative square (B.1) in Cy with | € £ and r € R, the unique lift in C
(guaranteed by the orthogonality relation £1R) also lies in Cp.

(2) For any morphism ¢ L din Co, both morphisms in the factorization ¢ — Fact(, z)(f) — d
also lie in Cyp.

In particular, if Cy is a full subcategory of C, then (Lo, Ro) forms a factorization system if and only
if Fact(z,)(f) lies in Co for any morphism f in Co.

Lemma B.2.2. Let C be an oo-category equipped with a factorization system (L,R), let Co C C be
a subcategory, and suppose that Lo = LN Cy and Ry = R N Cy fulfill conditions (1) and (2) of
Observation B.2.1, so that they induce a factorization system (Lo, Ro) on Co. Then we have:

(1) If Co and C are presentable, (L,R) is of small generation, and the inclusion Co — C admits a
left adjoint L: C — Cy, then (Lo, Ro) is of small generation and L(L) C Ly.

(2) If Co and C are furthermore presentably O-monoidal for a small operad O, the left adjoint
L:C — Cy is O-monoidal, and (L,R) is of small generation and compatible with the O-
monoidal structure, then so is (Lo, Ro)-

Proof. For (1), let L: C — Cy denote the left adjoint, let S be a generating set for £ and define Sy to
be the set of Co-morphisms Sy := L(S). By adjunction, a morphism f in Cy is in Sy iff it is in S+ = R,
and hence that S = R N Cy, proving that (Ly, Ro) is generated by Sp. L(L) C Ly follows from the
adjunction.

For (2), it follows from the proof of (1) that for every X € O, the class (L) x is generated by (Sp)x =
Lx(Sx) where Sx is a generating set for £x. Hence, to check that (Lg, Rg) is compatible with the O-
monoidal structure, it suffices by Lemma B.1.18 to show that for every operation (Xi,...,X,) — X in
O, the induced functor (Co)x, X+ % (Co)x, — (Co)x carries morphisms in Lx, (Sx,)x---x Lx, (Sx,)
to a morphism in (L) x. But since L is O-monoidal, such a family of morphism is carried to the image
under Lx of their product in Cx. Since £ is compatible with the monoidal structure, that product is
in Lx and hence the morphisms are carried to a morphism in Lx(Lx) C (£Lg)x- O

We now show that an co-category of functors automatically inherits a factorization system from one
on the target.

Lemma B.2.3. Let C be an oo-category equipped with a factorization system (L, R), and let T be a
small co-category.
(1) The oco-category Fun(Z,C) admits a factorization system (LT, RT), in which (as the exponential
notation suggests) a natural transformation between functors lies in LT (resp. RT) if and only
if its components all lie in L (resp. R).
(2) IfC is presentable and (L, R) is of small generation, then Fun(Z,C) is presentable and (LT, RT)
s of small generation.
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(8) If O is a small operad, I is O-monoidal, C is presentably O-monoidal and (L, R) is compatible
with the O-monoidal structure on C, then (L1, R!) is compatible with the Day convolution
O-monoidal structure on Fun(I,C).

Proof. Part (1) is a restatement of [Lur09, Cor. 5.2.8.18]. To prove part (2), assume that C is pre-
sentable and let S be a set of morphisms in C that generates £. We note first that Fun(Z,C) is

presentable by [Lur09, Prop. 5.5.3.6]. Now, for each functor pt = Z (selecting an object of Z) we
obtain an adjunction

iy

C T Fun(Z,C)

-
K2

It follows that RZ is precisely the right orthogonal to the (small) space of morphisms

Sl = I—l |_| Zr(f)

i€ fES

in Fun(Z,C). From here, Proposition B.1.14 implies that (£Z, R?) is generated by S’ (and in particular
that £ is the smallest saturated class of morphisms containing S’).
For part (3), given an n-ary operation (Xi,...,X,) = X in O, the induced functor Fun(Ix,,Cx,) X
- x Fun(Ix, ,Cx,) — Fun(Ix,Cx) is computed as the left Kan extension of Ix, X --- x Ix, —
Cx, X -+ xCx, — Cx against Ix, X --- x Ix, — Ix. As the left class of a factorization system, £ is
closed under colimits in C. Therefore, the image of natural transformations f; € Fun(Ix,,Cx,) which
are componentwise in £ will again be componentwise in L. d

A simple example of a factorization system arises from a Cartesian fibration & 2 B: the total
oo-category &€ admits a factorization system (£,R) in which £ = p~!(B=) and R consists of the
p-Cartesian morphisms. This can be generalized as follows.

——fs.,R
Lemma B.2.4. Fiz an co-category B and a functor B°P £ Catoj (recall Definition B.1.5). For
each b € B, let us write (Ly, Rp) for the given factorization system on F(b). Moreover, let us write

& 2 B for the Cartesian fibration associated to F.
(1) The co-category € admits a factorization system (L, R), described as follows.
(a) A morphism e =5 f lies in L if and only if the morphism p(e) LGN p(f) in B is an
equivalence and moreover the morphism e — p(a)*(f) in Epey =~ F(p(e)) lies in Ly).
(b) A morphism e = f lies in R if and only if the morphism e — p(a)*(f) lies in Rp(e)-
—f.5., R
(2) Suppose that B is small and that F' factors through the subcategory prftfsR Catio (recall
Definition B.1.15). Then, the factorization system of part (1) is also of small generation.

More specifically, if for each b € B the set Sy generates the class Ly, then the set S == | |,z Sp
generates the class L (considering each Sy as defining a set of morphisms in the fiber &, ~ F(b)).

Proof. Part (1) is straightforward. Thereafter, for part (2) it suffices to show that R = S+ (so that
(L,R) is indeed the factorization system generated by S via Proposition B.1.14). The containment
R C S+ follows from the fact that the Cartesian monodromy functors preserve the right classes, while
the containment R O S+ follows from the explicit description of R. g

We now provide sufficient conditions for descending a factorization system through a reflective
localization.

Lemma B.2.5. Suppose that
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is a reflective localization and that (L, R) is a factorization system on C. Suppose further that L(L) is
stable under retracts and that RL(R) C R.

(1) The pair (L(L),L(R)) forms a factorization system on D, in which the factorization of a

morphism d ENFEP given by the lower composite in the commutative diagram

d ! &
zT Tz
(B.3) LR(d) LR LR(d')
\ /
L{Pact(R(f)

Moreover, considering D as a full subcategory of C (via R), the right class L(R) is intersected
from R (i.e. we have RL(R) = RN R(D)).

(2) Suppose further that C and D are presentable and that (L, R) is generated by a set S of mor-
phisms in C. Then, (L(L), L(R)) is generated by the set L(S) of morphisms in D.

(3) Suppose that C is (symmetric) monoidal compatible with both the reflective localization (recall
Appendiz A.8.9) and with the factorization system (recall Definition B.1.12). Then, the induced
(symmetric) monoidal structure on D is compatible with the factorization system (L(L), L(R)).

Warning B.2.6. Although the right adjoint to a reflective localization is (by definition) the inclusion
of a full subcategory, the factorization system given by Lemma B.2.5.(1) is generally not the same as
that of Observation B.2.1. More specifically, although its right class is simply the restriction of the
larger right class, its left class is not generally the restriction of the larger left class: using the notation
of Lemma B.2.5, although we do have RL(R) = RNR(D), in general RL(L) and LN R(D) are distinct.
Indeed, by Observation B.2.1, these factorization systems coincide if and only if for every morphism f
in D the object Fact(z z)(R(f)) € C lies in the image of R.™"

Proof of Lemma B.2.5. We begin with part (1).

Note first that in diagram (B.3), the lower diagonal morphisms respectively lie in L(£) and L(R),
so this is indeed a factorization of the desired type.

Next, L(L) is stable under retracts by assumption. To see that L(R) is also stable under retracts,
consider a retract ¢ in Fun([1], D) of some L(f) € L(R). Applying R, we find that R(g) is a retract
in Fun([1],C) of RL(f) € RL(R). Since by assumption RL(R) C R, it follows that RL(f) € R, and
hence R(g) € R since R is stable under retracts. It follows that g ~ LR(g) € L(R), as desired.

We now verify the orthogonality relation L(L)LL(R). For this, given any f € £ and any g € R,
we must show that L(f)1L(g). By adjunction, this is equivalent to showing that f1 RL(g). But by
assumption we have RL(g) € RL(R) C R, and so the claim follows from the fact that £LLR.

We now verify both containments that together constitute the claim that RL(R) = RN R(D). First
of all, by assumption we have RL(R) C R, and moreover clearly L(R) C D and hence RL(R) C R(D).
So indeed, we have RL(R) C R N R(D). In the other direction, consider an arbitrary element R(f) €
R N R(D). In particular we have R(f) € R, so LR(f) € L(R), so R(f) ~ RLR(f) € RL(R). So
indeed, we have RL(R) 2 RN R(D).

71Notably7 we do not generally have this coincidence in a case of primary interest for us, namely the reflective
localization from categorical V-algebras to V-enriched co-categories (see Theorem B.4.1 and Lemma B.4.3). Rather, given
a morphism of V-enriched oco-categories, if we consider it as a morphism of categorical V-algebras then its factorization
will have the same underlying space as the source, but this will generally not be univalent. (In this case, RL(L) consists
of the surjective functors between V-enriched co-categories that are homwise in £, whereas £ N R(D) consists of the
to-equivalences between V-enriched co-categories that are homwise in L£.)
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We now prove part (2). By Proposition B.1.14, it suffices to show that L(R) = L(S)*. To verify
the containment L(R) C L(S)*, it is equivalent by adjunction to check that RL(R) C S+, and this
follows from the fact that RL(R) C R = S*. To verify the containment L(R) 2 L(S)*, we observe
that for any f € L(S)*, by adjunction we have R(f) € S* =R, so indeed f ~ LR(f) € L(R).

We conclude by proving part (3). Note that it suffices to prove the claim in the monoidal case. And
here, the claim follows from the observation that

L(£) ®P L(L) = L(RL(L) ®° RL(L)) ~ L(L ®° £) C L(L) ,
in which the equivalence and the containment respectively follow from the compatibilities of the reflec-

tive localization with the monoidal structure ®° and with the factorization system (£, R). O

We now turn to our final auxiliary result, which gives sufficient conditions for inducing a factorization
system through a monadic adjunction.

Lemma B.2.7. Fix a monadic adjunction
F

C L D = rMod(C)
U

between presentable co-categories (where T := UF' denotes the underlying monad). Suppose that (L, R)
is a factorization system on C of small generation, and suppose further thatT' commutes with geometric
realizations and preserves L. Then, D admits a factorization system (L', R') of small generation, where
L' =UYL) and R' = U L(R).

Furthermore, assume that C, D are presentably O-monoidal for a small co-operad O, and the left
adjoint C — D is O-monoidal. If the O-monoidal structure on C is compatible with the factorization
system, then the O-monoidal structure on D is compatible with the induced factorization system on D.

Proof. We begin by fixing a small set S of morphisms in C that generates £. By Proposition B.1.14,
we obtain a factorization system (L', R’) on D generated by its image F'(S). So, it remains to show
that £ = U~'(L) and that R' = U~!(R).

We first show that R’ = U~1(R). For this, note that by definition R’ = F(S)*. Hence, it suffices
to show that a morphism lies in F'(S)* precisely if its image under U lies in R, which follows from the
adjunction F 4 U (and the fact that R = S*).

We now show that £/ = U~1(L£). For this, let us write £” := U~1(L£), so that our goal is to show
that £ = L£". Since L' = F(S), it is equivalent to show that F(S) = £”. In other words, it suffices to
verify that £” is the smallest saturated class of morphisms in D that contains F'(S).

We deduce this in steps. First of all, the fact that £” contains F(S) follows from the assumption
that the monad T preserves £ and the fact that £ contains S.

We now show that £” is saturated by verifying the conditions of Definition B.1.13.

Condition (1) is clear: £” defines a wide subcategory of D.

We now verify condition (2), i.e. we show that the full subcategory £ C Fun([1], D) is closed under
small colimits. For this, fix a small co-category Z as well as a functor 7 =, Fun([1], D) that factors
through £”. We wish to show that the colimit colimz(X) (computed in Fun([1], D)) also lies in L, i.e.
that U(colimz(X)) € Fun([1],C) lies in £. Now, since the adjunction F' 4 U is monadic, every object
D € D admits a functorial bar resolution: it is the geometric realization of the levelwise free simplicial
object FT*U(D) € Fun(A°P, D) [Lurl7, Prop. 4.7.3.14]. Using this, we may compute colimz(X) as
the colimit of the functor

T x A —X°, Fun([1],D)
w w
(i, [n]) —— FT"U(X(:))
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Namely, we obtain the string of equivalences
U(colimz (X)) =~ U(colimzxaor (X))
~ U(colim,jeaop (colim;ez (X '(4,[n]))))
)
=: colim,jcpep U (colim;ez (FT"U (X (7))))
=~ colim,)epor U F'(colim;er (T"U (X (7))))
=: colimy,jc pop T(colim;ez (T"U (X (4)))) ,

)
~ colim[ le AopU(COHmiEI( ( [’I’L]))

in which the third equivalence follows from the fact that U commutes with geometric realizations since
T does by [Lurl7, Cor. 4.2.3.5]. Now, by definition of £” = U~!(L), for each object i € Z the
object U(X (i) € Fun([1],C) lies in £. Using repeatedly both the fact that T preserves £ and that
L C Fun([1],C) is closed under colimits, we find that U(colimz(X)) € Fun([1],C) lies in £, as desired.
So indeed, £” C Fun([1], D) is closed under colimits.

The verification of condition (3) (that £” C Fun([1], D) is stable under cobase change) follows from
an essentially identical argument (inasmuch as it involves the computation of a colimit (specifically a
pushout) in Fun([1],D)). So indeed, the class £ of morphisms in D is saturated.

In order to conclude that £” = F(S), it therefore remains to show that any saturated class £ of
morphisms in D that contains F(S) also contains £”. Since F' preserves colimits, certainly F(L) C
L. From here, to show the containment £” C L choose any f € L" = U~1(£). Recall that
the aforementioned bar resolution yields an equivalence |[FT*U(f)| ~ f. Note that U(f) € L, and
since T preserves £ then T"U(f) € L, and so all values of the simplicial object FT*U(f) lie in
F(£) C Fun([1],D). Hence, its geometric realization — namely, f — must lie in £, So indeed, £ is
the smallest saturated class of morphisms in D containing F'(S).

It remains to prove the compatibility with O-monoidal structure. Given an operation (ay, ..., ay,) — b
in O, we want to show that the induced functor pu: Dy, X ---x Dy, — Dy carries L;, x---x L], to Lj.
Explicitly, given morphisms X;: [1] = Dy, in L], , we would like to show that U(u(X1,---, X)) € L.
As above, the bar resolution gives us a simplicial object X/: A°® — Fun([1],D,,) for each 1 < i < mn,
with X/([n]) = FT"U(X;).

We have a string of equivalences:

U(u(X1,-+, Xn)) = U(p(colimpy,jepor X ([ma]), - -, colimp,,, jener X7, ([n0m])))
=~ U(colimpn,).... fn,.))e(aory= (X1 ([n1]), -+, X7, ([nm])))
=~ U(colim,jepor u(X1([1]), -+, X7 ([0])))

(B.4) ~ colimpeace U(u(X1([n]), -+, X7, ([n])))
~ colimpyepor U (W(FT"U(X1), -+, FT"U(X,0)))
~ colimpeam UF (u(T"U(Xy), -+ T"U(X,0))
~ colimp e por T((T"U (X1), - , T"U (X)) ,

in which the third line uses the fact that the diagonal A°P in (A°P)" is cofinal, which is equivalent to
the statement that A°P is sifted [Lurl7, Def. 5.5.8.1, Lem. 5.5.8.4]. For 1 < i < n, U(X;) € L by
asssumption. It follows that T"U(X;) is also in L. Since the O-monoidal structure on C is compatible
with the factorization system and T preserves L, we see that T(u(T"U(X1), -+ ,T"U(X,,))) is in L.
The result now follows from (B.4) and the fact that £ is closed under colimits. O

B.3. Factorization systems for algebras over co-operads. We now prove the first main theorem
of this appendix, which gives factorization systems for algebras over oo-operads.
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Theorem B.3.1. Fix a small co-operad O such that O ~ pt and a presentably O-monoidal co-category
C equipped with a compatible factorization system (L, R) of small generation.

(1) For any A € Op,q, the presentable oo-category AlgA/o(C) admits a factorization system
(La,RA) of small generation with L4 = U™ (LA) and Ry = UY(RA), where we write
Alg4,0(C) N Fun(A,C) for the forgetful functor and (as the exponential notation suggests
(and as in Lemma B.2.3)) a morphism in Fun(A,C) lies in LA (resp. RA) if and only if its
components all lie in L (resp. R).

(2) Fiz a morphism A — B in Op,o. Then, in the adjunction

P}
Alg4/0(C) L Algg/0(C)
U

A

we have FR(L4) C Lp and UR(Rp) C R4 (using the notation of part (1)). In particular, the
factorization systems of part (1) determine a lift

PIR’f's"R
//7
e lfgt

op ., P R
(Op/o) Alg,0(C) r
through the indicated forgetful functor.

(8) The total co-category of the Cartesian unstraightening of the horizontal functor in diagram
(B.5) admits a factorization system (Lalg, Ralg) of small generation, described as follows: an
arbitrary morphism (A € Alg4,0(C)) % (B € Algg,0(C)) therein is specified by its image
A5 Bin Op,e along with a morphism A — o*B in Alg 4,0(C), and
(a) it lies in Laig if and only if o is an equivalence and moreover for every color X € A the

morphism Ax — (a*B)x in C lies in L, and
(b) it lies in Rag if and only if for every color X € A the morphism Ax — (o*B)x in C lies
mnR.

(4) In the case that O = Eo, and C is a presentably symmetric monoidal co-category with a com-
patible factorization system, Alg ,(C) has a canonical symmetric monoidal structure 2 (see
Appendiz A.8.5). The factorization system (L, R4) defined above is compatible with the sym-
metric monoidal structure.

Proof. We begin with part (1).
First of all, observe the equivalences and the adjunction
F::FﬁTriv

(B.6) Fun(A,C) ~ Fun/Q(A, C) ~ AlgATm/o(C) T AlgA/O(C).

TTA
U'_UATnv

Lemma B.2.3 furnishes the factorization system (££, R4) of small generation on Fun(A,C). Hence,
we prove part (1) by applying Lemma B.2.7, whose hypotheses it remains to show are satisfied.

We first show that the adjunction (B.6) is monadic and that its underlying monad preserves geo-
metric realizations. For monadicity, by [Lurl7, Thm. 4.7.0.3] it suffices to show that U is conservative
and preserves sifted colimits. The former follows from [Lurl7, Lem. 3.2.2.6], while the latter follows
from [Lurl7, Prop. 3.2.3.1]. Of course, F' preserves geometric realizations (being a left adjoint), and
so the monad T := UF preserves geometric realizations as well.

72Which may not be presentably symmetric monoidal, see Warning A.8.1.
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We now claim that this monad T preserves £2. This follows from the explicit description of the free
algebra functor as an operadic left Kan extension (see particularly [Lurl7, Props. 3.1.1.15, 3.1.1.16,
and 3.1.1.20]). So indeed, the hypotheses of Lemma B.2.7 are satisfied, and we obtain a factorization
system (L4, R.4) of small generation on Alg 4,0(C) as asserted.

For part (2), it suffices to note that the containment U5(Rp) C R4 follows directly from the
commutative square

ATriv - BTriv

l l

A B

in Op/p.

With parts (1) and (2) in hand, part (3) follows from Lemma B.2.4.

Lastly, part (4) follows from part (1) and the fact that the forgetful functor U: Alg 4(C) — Alg ... (C) =
Fun(A, C) is symmetric monoidal (see Appendix A.8.5). O

B.4. Factorization systems for enriched co-categories. We now prove the second main theorem
of the appendix, which gives factorization systems for enriched oco-categories (using those for algebras
over oco-operads).

Theorem B.4.1. Let'V be a presentably monoidal co-category equipped with a compatible factorization
system (L, R).
(1) The oo-category Cat[V] of V-enriched co-categories admits a factorization system (Lcat, Rcat),
described as follows.
(a) A morphism lies in Lcay if and only if it is surjective on objects (i.e. 1o-surjective) and
lies in L homuwise.
(b) A morphism lies in Reay if and only if it lies in R homuwise.
(2) If S is a set of generators for L, then the localization of 3[S] is a set of generators for Lcay.
(8) If V is symmetric monoidal, then this factorization system is compatible with the resulting
symmetric monoidal structure on Cat[V].

Remark B.4.2. Theorem B.4.1 generalizes the (fully faithful, essentially surjective) factorization
system on enriched oo-categories established by Haugseng in the recent work [Hau23] (without any
presentability assumptions).

Before we prove Theorem B.4.1, let us first consider factorization systems on categorical algebras:

Lemma B.4.3. Fiz a presentably monoidal co-category V equipped with a compatible factorization
system (L, R).
(1) The oco-category Algc,[V] of categorical V-algebras admits a factorization system (Lalg,,,, RAlge,, )
described as follows.
(a) A morphism lies in Layg,.,, if and only if it is an vo-equivalence and it lies in L homuwise.
(b) A morphism lies in Rag,,, if and only if it lies in R homwise.
(2) If S is a set of generators for L, then X[S] := {X(s)}ses is a set of generators for L., -
(3) If V is symmetric monoidal, then the factorization system (L, RAlge,,) 15 compatible with
the resulting symmetric monoidal structure on Alge,.[V].

Proof. By definition, the Cartesian fibration Algg,[V] <% S is the unstraightening of a composite

functor

codisc Alg(—)/“ﬁ V)
EE—

5% L9 (Op 5, )P prft 78

"3See [GH15, Def. 4.3.1], and note that that nonsymmetric (a.k.a. planar) co-operads are equivalent to co-operads
over Eq by [Lurl7, Thm. 4.1.3.14].
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For a space X € 8, its corresponding oo-operad codisc(X) € Op /e, has space of colors given by
pairs of points z,y € X (up to a symmetrization (i.e. the quotient by the Gs-action) coming from
[Lurl7, Thm. 4.1.3.14]), and a categorical V-algebra C with space of objects X assigns to these the
hom-object Home(z,y) € V. Hence, checking conditions on morphisms in V colorwise over codisc(X)
indeed corresponds to checking conditions on morphisms homwise, and thereafter part (1) follows by
combining Theorem B.3.1.(3) and Lemma B.2.4.

Thereafter, part (2) follows from the observation that (X[S])* = Ry, which is immediate from
the universal property of X[—].

Lastly, part (3) follows from the assumption that (£,R) is compatible with the monoidal structure
of V. O

Proof of Theorem B.4.1. Given the factorization system on Algc,.[V] of Lemma B.4.3, we wish to
apply Lemma B.2.5 to the reflective localization

L
AlgCat [V] <+> Cat [V]

We note preliminarily that the morphisms in Cat[V] that are localizations of (p-equivalences in Alge,[V]
are precisely the ¢g-surjections.

We first show that the hypotheses of Lemma B.2.5 are satisfied. To show that RL(Raig.,,) C
Ralg,,,» we simply observe that if a morphism F in Algc,[V] is homwise in R then so is its localization
L(F) and hence so is RL(F'). To show that L(Lag.,,) is stable under retracts, it suffices to observe
that £ is stable under retracts (by definition of a factorization system) and that surjections in S are
stable under retracts (since surjections in Set are).

From here, the three parts of Lemma B.2.5 respectively imply the three parts of the present result.

O



[AF15]
[AFR18]
[BDO5]
[Bén+67]
[Bén67]
[BFN10]
[BGT13]

[BKO1]

[BL11]
[BN96]
[Bon10]
[BS21]
[BS24]
[BV73)
[CF94]
[Cis19]
[CKY97]
[Coh16]
[CS24]
[EH17]
[EK10a]
[EK10b]
[E1i18]
[ES22a]

[ES22b]

REFERENCES 139

REFERENCES

David Ayala and John Francis. “Factorization homology of topological manifolds”. J. Topol. vol.
8 (4) (2015), pp. 1045-1084.

David Ayala, John Francis, and Nick Rozenblyum. “Factorization homology I: Higher
categories”. Adv. Math. vol. 333 (2018), pp. 1042-1177.

John C. Baez and James Dolan. “Higher-dimensional algebra and topological quantum field
theory”. J. Math. Phys. vol. 36 (11) (1995), pp. 6073-6105.

Jean Bénabou, R Davis, A Dold, J Isbell, S MacLane, U Oberst, et al. “Introduction to
bicategories”. In: Reports of the midwest category seminar. Springer. 1967, pp. 1-77.

J. Bénabou. “Introduction to bicategories”. In: Reports of the Midwest Category Seminar.
Springer, Berlin, 1967, pp. 1-77.

David Ben-Zvi, John Francis, and David Nadler. “Integral transforms and Drinfeld centers in
derived algebraic geometry”. J. Amer. Math. Soc. vol. 23 (4) (2010), pp. 909-966.

Andrew J. Blumberg, David Gepner, and Gongalo Tabuada. “A universal characterization of
higher algebraic K-theory”. Geom. Topol. vol. 17 (2) (2013), pp. 733-838.

Bojko Bakalov and Alexander Kirillov Jr. Lectures on tensor categories and modular functors.
Vol. 21. University Lecture Series. American Mathematical Society, Providence, RI, 2001,

pp- x+221.

John C. Baez and Aaron D. Lauda. “A prehistory of n-categorical physics”. In: Deep beauty.
Cambridge Univ. Press, Cambridge, 2011, pp. 13—128.

John C. Baez and Martin Neuchl. “Higher-dimensional algebra. I. Braided monoidal
2-categories”. Adv. Math. vol. 121 (2) (1996), pp. 196-244.

M. V. Bondarko. “Weight structures vs. t-structures; weight filtrations, spectral sequences, and
complexes (for motives and in general)”. J. K-Theory vol. 6 (3) (2010), pp. 387-504.

Clark Barwick and Christopher Schommer-Pries. “On the unicity of the theory of higher
categories”. J. Amer. Math. Soc. vol. 34 (4) (2021), pp. 1011-1058.

Shay Ben-Moshe and Tomer M. Schlank. “Higher semiadditive algebraic K-theory and redshift”.
Compos. Math. vol. 160 (2) (2024), pp. 237-287.

J. M. Boardman and R. M. Vogt. Homotopy invariant algebraic structures on topological spaces.
Lecture Notes in Mathematics, Vol. 347. Springer-Verlag, Berlin-New York, 1973, pp. x+257.
Louis Crane and Igor B. Frenkel. “Four-dimensional topological quantum field theory, Hopf
categories, and the canonical bases”. In: vol. 35. 10. Topology and physics. 1994, pp. 5136-5154.
Denis-Charles Cisinski. Higher categories and homotopical algebra. Vol. 180. Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge, 2019, pp. xviii+430.

Louis Crane, Louis H. Kauffman, and David N. Yetter. “State-sum invariants of 4-manifolds”. J.
Knot Theory Ramifications vol. 6 (2) (1997), pp. 177-234.

Lee Cohn. Differential Graded Categories are k-linear Stable Infinity Categories. 2016. arXiv:
1308.2587 [math.AT].

Kestutis Cesnavicius and Peter Scholze. “Purity for flat cohomology”. Ann. of Math. (2) vol.
199 (1) (2024), pp. 51-180.

Ben Elias and Matthew Hogancamp. Categorical diagonalization of full twists. 2017. arXiv:
1801.00191 [math.RT].

Ben Elias and Mikhail Khovanov. “Diagrammatics for Soergel categories”. Int. J. Math. Math.
Sci. vol. (2010), Art. ID 978635, 58.

Ben Elias and Dan Krasner. “Rouquier complexes are functorial over braid cobordisms”.
Homology Homotopy Appl. vol. 12 (2) (2010), pp. 109-146.

Ben Elias. Gaitsgory’s central sheaves via the diagrammatic Hecke category. 2018. arXiv:
1811.06188 [math.RT].

Jens Niklas Eberhardt and Catharina Stroppel. “Motivic Springer theory”. Indag. Math. (N.S.)
vol. 33 (1) (2022), pp. 190-217.

Elden Elmanto and Vladimir Sosnilo. “On nilpotent extensions of co-categories and the
cyclotomic trace”. Int. Math. Res. Not. IMRN vol. (21) (2022), pp. 16569-16633.


https://arxiv.org/abs/1308.2587
https://arxiv.org/abs/1801.00191
https://arxiv.org/abs/1811.06188

140

[Eti+15]

[EW16]
[GGN15]
[GH15)]
[GHW?22]
[GK17]
[GPS95]
[GW23)]

[Hau+23]

[Haul5]
[Haul7]
[Hau23)
[Hei23]
[HRW21a]

[HRW21b]

[Jons5)

[JS17]

[KhoOO]
[KhoO6a]
[KhoO6b]
[KV94al

[KV94b)

[Lur09]

[Lurl7]

REFERENCES

Pavel Etingof, Shlomo Gelaki, Dmitri Nikshych, and Victor Ostrik. Tensor categories. Vol. 205.
Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2015,
pp. xvi+343.

Ben Elias and Geordie Williamson. “Soergel calculus”. Represent. Theory vol. 20 (2016),

pp. 295-374.

David Gepner, Moritz Groth, and Thomas Nikolaus. “Universality of multiplicative infinite loop
space machines”. Algebr. Geom. Topol. vol. 15 (6) (2015), pp. 3107-3153.

David Gepner and Rune Haugseng. “Enriched co-categories via non-symmetric co-operads”.
Advances in Mathematics vol. 279 (July 2015), pp. 575-716.

Eugene Gorsky, Matthew Hogancamp, and Paul Wedrich. “Derived traces of Soergel
categories”. Int. Math. Res. Not. IMRN vol. (15) (2022), pp. 11304-11400.

David Gepner and Joachim Kock. “Univalence in locally cartesian closed oco-categories”. Forum
Math. vol. 29 (3) (2017), pp. 617-652.

Robert Gordon, Anthony John Power, and Ross Street. Coherence for tricategories. Vol. 558.
American Mathematical Soc., 1995.

Eugene Gorsky and Paul Wedrich. “Evaluations of annular Khovanov-Rozansky homology”.
Math. Z. vol. 303 (1) (2023), Paper No. 25, 57.

Rune Haugseng, Fabian Hebestreit, Sil Linskens, and Joost Nuiten. “Lax monoidal adjunctions,
two-variable fibrations and the calculus of mates”. Proceedings of the London Mathematical
Society vol. 127 (4) (2023), pp. 889-957.

Rune Haugseng. “Rectification of enriched infinity-categories”. Algebraic and Geometric
Topology vol. 15 (4) (Sept. 2015), pp. 1931-1982.

Rune Haugseng. “The higher Morita category of E,-algebras”. Geom. Topol. vol. 21 (3) (2017),
pp. 1631-1730.

Rune Haugseng. On the tensor product of enriched co-categories. 2023. arXiv: 2311.13362
[math.CT].

Hadrian Heine. “An equivalence between enriched-infinity-categories and infinity-categories with
weak action”. Advances in Mathematics vol. 417 (2023), p. 108941.

Matthew Hogancamp, David E. V. Rose, and Paul Wedrich. A skein relation for singular
Soergel bimodules. 2021. arXiv: 2107.08117 [math.QA].

Matthew Hogancamp, David E. V. Rose, and Paul Wedrich. “Link splitting deformation of
colored Khovanov-Rozansky homology”. Proc. Lond. Math. Soc. (3) (to appear) vol. (2021).
arXiv: 2107.09590 [math.GT].

Vaughan F. R. Jones. “A polynomial invariant for knots via von Neumann algebras”. Bull.
Amer. Math. Soc. (N.S.) vol. 12 (1) (1985), pp. 103-111.

Theo Johnson-Freyd and Claudia Scheimbauer. “(Op)lax natural transformations, twisted
quantum field theories, and “even higher” Morita categories”. Adv. Math. vol. 307 (2017),

pp. 147-223.

M. Khovanov. “A categorification of the Jones polynomial”. Duke Math. J. vol. 101 (3) (2000),
pp. 359-426.

Mikhail Khovanov. “An invariant of tangle cobordisms”. Trans. Amer. Math. Soc. vol. 358 (1)
(2006), pp. 315-327.

Mikhail Khovanov. “Link homology and categorification”. In: International Congress of
Mathematicians. Vol. II. Eur. Math. Soc., Ziirich, 2006, pp. 989-999.

M. Kapranov and V. Voevodsky. “Braided monoidal 2-categories and Manin-Schechtman higher
braid groups”. J. Pure Appl. Algebra vol. 92 (3) (1994), pp. 241-267.

M. M. Kapranov and V. A. Voevodsky. “2-categories and Zamolodchikov tetrahedra equations”.
In: Algebraic groups and their generalizations: quantum and infinite-dimensional methods
(University Park, PA, 1991). Vol. 56. Proc. Sympos. Pure Math. Amer. Math. Soc., Providence,
RI, 1994, pp. 177-259.

Jacob Lurie. Higher topos theory. Vol. 170. Annals of Mathematics Studies. Princeton
University Press, Princeton, NJ, 2009, pp. xviii4+-925.

Jacob Lurie. Higher algebra. Available at the author’s website (version dated 9/18/2017). 2017.


https://arxiv.org/abs/2311.13362
https://arxiv.org/abs/2311.13362
https://arxiv.org/abs/2107.08117
https://arxiv.org/abs/2107.09590

[Lur18]
[Majo1]
[Maz19]
[MMV24]
[MOS09)]
[MR20]
[MS21]
MW12]
MWW22]
[MWW23]
[Pau08]
[QW21]
[Rez01]
[Rez10]

[Rou06]

[Roul7]

[Roul9]

[RT90]
[RT91]
[Sch09]

[Sim98]
[Soe9?2]

[Str23]

[SY19]

[SY20]

REFERENCES 141

Jacob Lurie. Spectral Algebraic Geometry. Available at the author’s website (version dated
2/03/2018). 2018.

Shahn Majid. “Representations, duals and quantum doubles of monoidal categories”. In:
Proceedings of the Winter School on Geometry and Physics (Srnié, 1990). 26. 1991, pp. 197-206.
Aaron Mazel-Gee. “A user’s guide to co/cartesian fibrations”. Grad. J. Math. vol. 4 (1) (2019),
pp. 42-53.

Marco Mackaay, Vanessa Miemietz, and Pedro Vaz. “Evaluation birepresentations of affine type
A Soergel bimodules”. Adv. Math. vol. 436 (2024), Paper No. 109401.

Volodymyr Mazorchuk, Serge Ovsienko, and Catharina Stroppel. “Quadratic duals, Koszul dual
functors, and applications”. Trans. Amer. Math. Soc. vol. 361 (3) (2009), pp. 1129-1172.
Andrew Manion and Raphaél Rouquier. Higher representations and cornered Heegaard Floer
homology. 2020. arXiv: 2009.09627 [math.RT].

Aaron Mazel-Gee and Reuben Stern. A universal characterization of noncommutative motives
and secondary algebraic K-theory. 2021. arXiv: 2104.04021 [math.KT].

Scott Morrison and Kevin Walker. “Blob homology”. Geom. Topol. vol. 16 (3) (2012),

pp. 1481-1607.

Scott Morrison, Kevin Walker, and Paul Wedrich. “Invariants of 4-manifolds from
Khovanov-Rozansky link homology”. Geom. Topol. vol. 26 (8) (2022), pp. 3367-3420.

Ciprian Manolescu, Kevin Walker, and Paul Wedrich. “Skein lasagna modules and handle
decompositions”. Adv. Math. vol. 425 (2023), Paper No. 109071, 40.

David Pauksztello. “Compact corigid objects in triangulated categories and co-t-structures”.
Cent. Eur. J. Math. vol. 6 (1) (2008), pp. 25-42.

Hoel Queffelec and Paul Wedrich. “Khovanov homology and categorification of skein modules”.
Quantum Topol. vol. 12 (1) (2021), pp. 129-209.

Charles Rezk. “A model for the homotopy theory of homotopy theory”. Transactions of the
American Mathematical Society vol. 353 (3) (2001), pp. 973-1007.

Charles Rezk. “A Cartesian presentation of weak n—categories”. Geometry & Topology vol.

14 (1) (2010), pp. 521-571.

Raphaél Rouquier. “Categorification of sl and braid groups”. In: Trends in representation
theory of algebras and related topics. Vol. 406. Contemp. Math. Amer. Math. Soc., Providence,
RI, 2006, pp. 137-167.

Raphaél Rouquier. “Khovanov-Rozansky homology and 2-braid groups”. In: Categorification in
geometry, topology, and physics. Vol. 684. Contemp. Math. Amer. Math. Soc., Providence, RI,
2017, pp. 147-157.

Raphaél Rouquier. Higher tensor structures. Talk at the workshop “Categorification in quantum
topology and beyond” at the Erwin Schodinger Institute in Vienna. Available at
https://www.youtube.com/watch?v=FPJH5vvstPk. 2019.

Nicolai Yu. Reshetikhin and Vladimir G. Turaev. “Ribbon graphs and their invariants derived
from quantum groups”. Comm. Math. Phys. vol. 127 (1) (1990), pp. 1-26.

Nicolai Reshetikhin and Vladimir G. Turaev. “Invariants of 3-manifolds via link polynomials
and quantum groups”. Invent. Math. vol. 103 (3) (1991), pp. 547-597.

Chris Schommer-Pries. “The Classification of Two-Dimensional Extended Topological Field
Theories”. PhD thesis. UC Berkeley, 2009.

Carlos Simpson. Homotopy types of strict 3-groupoids. 1998. arXiv: math/9810059 [math.CT].
Wolfgang Soergel. “The combinatorics of Harish-Chandra bimodules”. J. Reine Angew. Math.
vol. 429 (1992).

Catharina Stroppel. Categorification: tangle invariants and TQFTs, In: ICM—International
Congress of Mathematicians. Vol. II. Plenary lectures. Ed. by D. Beliaev and S. Smirnov. EMS
Press, Berlin, 2023, pp. 1312-1354.

Tomer Schlank and Lior Yanovski. “The co—categorical Eckmann—Hilton argument”. Algebraic
& Geometric Topology vol. 19 (6) (Oct. 2019), pp. 3119-3170.

Tomer M. Schlank and Lior Yanovski. “On d-categories and d-operads”. Homology Homotopy
Appl. vol. 22 (1) (2020), pp. 283-295.


https://arxiv.org/abs/2009.09627
https://arxiv.org/abs/2104.04021
https://www.youtube.com/watch?v=FPJH5vvstPk
https://arxiv.org/abs/math/9810059

142 REFERENCES

[To€05] Bertrand Toén. “Vers une axiomatisation de la théorie des catégories supérieures.” K-theory vol.
34 (3) (2005), pp. 233-263.

[Wal06] Kevin Walker. Topological Quantum Field Theories. Available at http://canyon23.net/math/.
2006.

[Wit89] Edward Witten. “Quantum field theory and the Jones polynomial”. Comm. Math. Phys. vol.

121 (3) (1989), pp. 351-399.

HARVARD UNIVERSITY, DEPARTMENT OF MATHEMATICS, 1 OXFORD STREET CAMBRIDGE, MA 02138 USA
LEON2K2K2K.GITHUB.IO
Email address: yuleonliu@math.harvard.edu

CALTECH - THE DIVISION OF PHYSICS, MATHEMATICS AND ASTRONOMY 1200 E CALIFORNIA BLVD, PASADENA CA
91125, USA
Email address: aaron@etale.site

FACHBEREICH MATHEMATIK, UNIVERSITAT HAMBURG, BUNDESSTRASSE 55, 20146 HAMBURG, GERMANY
DAVIDREUTTER.COM
Email address: david.reutter@Quni-hamburg.de

MATHEMATISCHES INSTITUT, UNIVERSITAT BONN, ENDENICHER ALLEE 60, 53115 BONN, GERMANY
CATHARINA.STROPPEL.DE
Email address: stroppel@math.uni-bonn.de

FACHBEREICH MATHEMATIK, UNIVERSITAT HAMBURG, BUNDESSTRASSE 55, 20146 HAMBURG, GERMANY
PAUL.WEDRICH.AT
Email address: paul.wedrich@uni-hamburg.de


http://canyon23.net/math/
https://leon2k2k2k.github.io
https://www.davidreutter.com/
http://www.math.uni-bonn.de/ag/stroppel/
https://paul.wedrich.at/

	1. Introduction
	1.1. Overview
	1.2. Monoidality theorem
	1.3. Braiding theorem
	1.4. Context and proof outline for the braiding theorem
	1.5. Organization of the paper

	2. A prebraiding on the homotopy category of Soergel bimodules
	2.1. Review of Soergel bimodules and diagrammatics
	2.2. Review of Rouquier complexes
	2.3. Isomorphism classes of Soergel bimodules
	2.4. Prebraidings
	2.5. Prebraiding for Soergel bimodules
	2.6. Centralizers and prebraidings

	3. Stable linear algebra
	3.1. Completions of infinity-categories
	3.2. Compact generation and ind-completion
	3.3. Additive and stable infinity-categories
	3.4. From additive to stable infinity-categories
	3.5. infinity-categories of graded modules
	3.6. Derived infinity-categories of graded modules

	4. Graded-linear infinity-categories and Morita theory
	4.1. Presentably enriched infinity-categories
	4.2. Graded linear infinity-categories
	4.3. From gradings to actions
	4.4. infty-Morita theory
	4.5. Morita categories of discrete flat algebras

	5. (infinity,k)-categories and their factorization systems
	5.1. Basic notions in (infinity,k)-category theory
	5.2. Truncatedness and connectedness
	5.3. Factorization systems for (infinity,k)-categories
	5.4. Homotopy (n,k)-categories of (infinity,k)-categories
	5.5. Faithful functors and homotopy categories
	5.6. Proof of Theorem 5.45

	6. The monoidal (infinity, 2)-category of chain complexes of Soergel bimodules
	6.1. The monoidal (2,2)-category of Bott-Samelson bimodules
	6.2. The monoidal (2,2)-category of Soergel bimodules
	6.3. The Soergel (2,2)-category agrees with its classical variant
	6.4. The monoidal (infty,2)-category of chain complexes of Soergel bimodules
	6.5. The fiber functor on chain complex Soergel category

	7. Prebraidings and braidings via infinity-operads
	7.1. Recollections on unital infty-operads
	7.2. The operads A2 and T2
	7.3. Relative T2-structures
	7.4. Centralizers and centers
	7.5. A factorization system on the infinity-category of operads
	7.6. Lifting operadic structure
	7.7. From A2 tensor E1- to E2-algebras
	7.8. Lifting maps of algebras

	8. The main theorem
	8.1. Spaces of braidings and prebraidings
	8.2. Statement of the main theorem
	8.3. From prebraidings to braidings
	8.4. Proof of the main theorem

	Appendix A. Recollections, notation, and conventions regarding higher category theory
	A.1. From n-categories to (infinity,n)-categories
	A.2. Some basic notions in infinity-category theory
	A.3. Higher coherence
	A.4. Straightening and unstraightening
	A.5. Adjunctions revisited
	A.6. Set-theoretic considerations
	A.7. Presentable infinity-categories
	A.8. Some basics of infinity-operads
	A.9. Module infty-categories
	A.10. Enriched infinity-categories

	Appendix B. Factorization systems for enriched infinity-categories
	B.1. Recollections on factorization systems
	B.2. Induced factorization systems
	B.3. Factorization systems for algebras over infinity-operads
	B.4. Factorization systems for enriched infinity-categories

	References

